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PEEFACE 


rilHIS volume completes the collection of my Father’s published papers. 

The two last papers (Nos. 445 and 446) were left ready for the press^ 
but were not sent to any channel of publication until after the Author s 
death. 

Mr W. F. Sedgwick, late Scholar of Trinity College, Cambridge, who had 
done valuable service in sending corrections of my Father s writings during 
his lifetime, kindly consented to examine the proofs of the later papers of 
this volume [No. 399 onwards] which had not been printed off at the time 
of the Author s death. He has done this very thoroughly, checking the 
numerical calculations other than those embodied in tables, and supplying 
footnotes to elucidate doubtful or obscure points in the text. These notes 
are enclosed in square brackets [ ] and signed W. F. S. . It has not been 
thought necessary to notice minor corrections. 

RAYLEIGH. 
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ERRATA 

(INCLXIDING THE EBEATA NOTED IN VOLUME V. PAGE XIII.) 

VOLUME I. 

Page viii, line 4.1 read ends lie. 

„ 64, line 8. j 

,, 86, last line. For 1882 read 1881. 

,, 89, line 10. Insert comma after maximum. 

,, 144, line 6 from bottom. For X) read D, . 

„ 324, equation (8). Insert negative sign before the sintile "I Theory of Hound, Vol. I. 

integral. (1894), p. 477, equation (8) and 

„ „ line 2 from bottom. For (1) read, (5). f 47 g^ 12 . 

,, 325, line 10. For -nVlIread 

,, 442, line 9. After insert y. 

P 

,, 443, line 9. For (7) read (8). 

,, 443, line 10. For rj read 
,, 446, line 10. For (p read <f>’, 

,, 448, line 5. For v read c. 

,, 459, line 17. For 256, 257 read 456, 457. 

,, 492, line 7 from bottom. For rJ^n read r/\/2^w. 

^mr^ 2 w 

,, 494, lines 10 and 12. For - — . .cos 26 read . .>coh 26. 

,, 523, line 9. For nJX read njk. 

,, 524. In the second term of eq.uations (32) and following/or A/t""^ read A^^h 
,, 525, line 11. For f readfi. 

,, 526, line 13. For f : g readfi: gi. 

,, 528, line 3 from bottom. For read 

,, 538, line 11 from bottom. This passage is incorrect {see Vol. vi. Art. 355, p. 41). 

,, 556. In line 8 after (15) add with scp-^Tr for in line i) for 5Ag read 5.4/; and/or lino 
10 snhstitute + BAf us {cos ^.f7r + cos (•Jstt + wtt)} F. 

Throughout lines 12—25 for .dg, Ai, A^, ... Aq, dJ^ read /!/, Af, Aft ... Af, 5A/; 
for sin^STT read -cos-^stt; and reverse the signs of the expressionB for /!«/, A.i\ .4/. 
Similarly, in Theory of Sound, Vol. i. (1894), p. 427, substitute +Jtt for s<p in (32) 
(see p. 424), and in lines 11—26 for Af, A„, 5A^ read Ag, /!/, 5/1/, and for sin read 
+ COS- Also in (43) and (47) for s^~s read s'^-s. [In both cases the work done corre¬ 
sponding to 5/1 g vanishes whether s be odd or even.] 

VOLUME II. 

,, 197, line 19. For nature read value. 

,, 240, line 22. For dpjdx read dp/dy. 

,, 241, line 2. For dujdx read dujdy. 

„ 244, line 4. For kjn read njk. 

,, 323, lines 7 and 16 from bottom. For Thomson read C. Thompson. 

,, 345, line 8 from bottom. For as pressures read at pressures. 

,, 386, lines 12, 15, and 19. For cos CBD read cos CBB\ 

,, 389, line 6. For minor read mirror. 

,, 414, line 5. For favourable read favourably. 

,, 551, first footnote. For 1866 read 1886. 
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XV 


VOLUME in. 

Page 11, footnote. For lias read have. 

,, 92, line 4. For Vol. L read Vol. 11. 

,, 129, equation (12). For e*'‘d.r read 

,, 1(>2, line 19, and p. 224, second footnote. For Jellot read Jellett. 

,, 179, line 15. For Provontaye read De la ProvoHtaye. 

,, 224, equation (20). For 2x read x* ) And Theory of Sounds VoL i. (1894), 

,, ,, kocoihI footnote. For p. 179 read p. B45. ) p. 412, (?quation (12), and p. 423 (footnote). 
,, 2.31, line 5 of tirnt footnot(‘. For 171 read 172. 

,, 273, linen 15 and 20. P\tr {0 (.r)}*-^ mud / {0(.r)}“dfr. 

„ 314, line 1. /ter (38)/vod (39). 

,, 326. In the lt)Wfr part of the Table, under Ampton for I-4 read e^ \ 4, and under Terling 
(3) /hr I 6j read h-pO (and in Theory of Sound t Vol. x. (1894), p. 393), 

,, 522, e(piati<»n (31), hiaert rnt factor of hint term IjU. 

,, 54s, H(H*ond foofcnott?. For 1863 read IHflH. 

,, 569, H(‘eonil footnote. For alcohol read water, 

,, 5H0, line 3. Prof. Orr remark« that a is a function of r, 

VOLUME IV. 

,, 14, lin(!H 6 and 8. For 38 read 42. 

,, 267, linen 6, 10, and 20, and p. 269, line 1. For van t’ Hoff read van ’t Holt. Also in 
Index, p. 661 (the entry nhould he under lIoIT). 

,, 277, equation (12). For dz read dj\ 

,, 299, firat footnote. For IHH7 read IH77. 

„ 369, footntjte. For 1890 read 1896. 

,, 400, e(|nation (14). A fonnula equivalent to thia wan given by Lorenz in 1890. 

,, 418. In table oppoHitti Ofor *354 read '324. 

2 2 

,, 453, line 8 from bottom. i'Vn* , read - , . 

n I n-l 

,, 556, line 8 from iKHtcnn. For reflected read rotated. 

,, 570, line 7 (Section III). For 176 read 179. 

,, 576, line 7 from bottom.) ,, , 

y /ter end hen read endn he. 

„ 586, line 20. } 

,, 582, last line. For 557 read 555. 

,, 603. Tramfer tlie entry under ProvoHtay<^ to I)e la ProvoKtayo. 

,, 604. Tramfer the entry ii fioH from W. Weber to H. P. Weber. 

VOLUME VL 

,, 43, line 19. F(tr (5) read (2). 

„ 137, line 14. ju in here uned in two Hanses, which must be dintinguiished. 

,, 149, line 3. For P<> read Pi. 

,, 209, footnote. For xts. read Kix. 

,, 241, line 10 from bottom. For ponition read supposition. 

,, 255, first footnote. For Matthews read Mathews. 

„ 256, line 6. For 1HH9 read 1899. 

,, 265, line 16 from bottom. For % 351 read % 251. 

,, ,, ,, 15 ,, ,, F(fr Rolution read relation. 

,, 266, lines 5 and 6, and Theory of Sounds §251. An equivalent result had at an earlier date 
been obtained by i)e Morgan (nee Volume vu p. 233). 

,, 286, line 7. For a read x. 
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ERRATA 


VOLUME. V— continued. 


Page 364, title, and p. ix, Art. 320. After Acoustical Notes add vii. 

,, 409, first line of P.S. For anwer read answer. 

,, 444, line 2 of footnote. For p. 441, line 9 read p. 442, line 9. 

,, 496, equation (4). Substitute equation (19) on p. 253 of Volume vi. {see pp. 251-—253)» 

/I' l\ . fV l\ 


reading “ pj/'”'(^F + ?) • 

, equation (48). For read 
, line 3. Omit the second expression for rT^(n). 
lines 11, 12, 19. For 2*1123 7'ead 1*3447. 
line 12. For 1*1814 read 1*8558. 
line 19. For *51342 read *8065. 


See the first footnote on p. 211 of 
Volume VI. 


VOLUME VI. 

4, first footnote. After equation (8) add:—Scientific Pajurs, VoL v. p. 619. See also Errata 

last noted above. 

5, line 3. For (2n+l) z^-in {n + l) (n+2) read z^-2)i{ni‘2), so that 2 - is an integer. 

11, last footnote. For § 230 read § 250 (fourth edition). 

13, equation (17). For read 

14, footnote. For § 247 read § 251 (fourth edition). 

78, footnote. Add :— Scientific PaperSy Vol. v. p. 400. 

87, footnote. Add: —Thomson and Tait’s Natural Philosophy, Vol. i. p. 497. 

89, second footnote. For 328 read 329. 

90, second footnote. Add: — Math.-and Phys, Papers, Vol. iv. p. 77. 

138, footnote. For 1868 read 1865, and for Vol. ii. p. 128, read Vol. i. p. 520. 

148, footnote. Add: — Scientific Papers, Vol. iv. p. 407, and this Volume, p. 47. 

155, footnote. For Vol. iv. read Vol. iii. 

222, second footnote. For Vol. ii. read Vol. i. And in Theory of Sound, Vol. i. (1894), last 

line of § 207, for 4*4747 read 4*4774. 

223, line 5 from bottoin. Jhr’0*5772156 read 0*5772157. 

225, line 1. For much greater read not much greater. 

,, line 6 from bottom. For 13*094 read 3*3274. 


3, equation (19). For read • 


263, equation (24). For — read 

JtJL ZJL 


(25). + 


282, footnote. For p. 77 read p. 71. 

303, line 17. For J[bvclK) read i^{bvcK). 

307, line 8. For ^ read - ~ . 

dy dy 

315, line 2.. Delete 195. 

341f second footnote. Add :—[This Volume, p. 275]. 
351, line 13 from bottom. For Tgp read Tjgp. 



NOTE (.)N’ BES,SEi;S FUNCTION'S AS 
VIBRATIONS OF A (RRCRILAH 


ARl’i.IEi) TO THE 
MEM I CRANE. 


[PhildHtiphical, Ma(j<tz'ute, Vdl. pji. .”>.'1 n.S, HU I.] 


It often luippens that, pliysical enUHiiicratiiijis pnini it. anulytif.’il i-.iii 
chusiojis not yet fonnulated. The j»nre mallieniHtieiuii will ailtai! llmi 
arf,nnnenfcH of thi.s kind are .suggestive, wiiile tlie pliysieist may regard ih.-iii 
as conelusive. 

The first (plestion iiere 1,0 he tolielled upon relates ||. the ilepeiitienee of 
the roots of the function ./„(c) upon the order «. regardeii as siiseeptdile of 
continuous variation, it, will he shown that, each rottl intu’tatses laiutntuuliv 
with n. 

Led, us conteinpiate the transvei-se vihrations of a memhnm.' tiveii along 
the nidii 6~{) and B - li and also along the eireulnr are r 1. A typical 
simple vibration is [tressed by* 

w = J sin >iB . ctis (/“f).(I > 

wh(tre is ji finite root of ./„(2)=»0, and n ^ rrlfi. < >f these finite roois tlie 

lowest gives the principal vihnition, i.e. the one without interna! eireiihir 

nodes. For tin; vihnition com-spt.nding to i)*' the number of tntermd n.«lal 
circles is s — 1. 

As prescribed, the vibration (1) has no internal nodal dhuneter. B might 
b(^ generalized by taking n^vjrjji, where v is an integer; lint for oiir 
purpose nothing would lx; gaineil, since ^ is at dis[Misai, and a Miit.d.ie 
reduction of ^ conies to the same as the intriKluetion of e. 

In tracing the effect of a diminishing /3 it may suHii-e to commence at 
^1 = TT, or a=l. 1 he tre<|uencie8 of vibration arc then [»ro|tortioiud to tlje 
roots of the function ,/,. The reduction of ^ is Hti[){s.sed to be effecici by 

* Thcunj Ilf .Stiuml, JiS 20r», 2 ( 17 . 
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increasing without limit the potential energy of the displacement (w) at 
every point of the small sector to be cut off. We may imagine suitable 
springs to be introduced whose stiffness is gi-adually increased, and that 
without limit. During this process every frequency originally finite niu.st 
increase* * * § finally by an amount proportional to d^; and, as we know, no zero 
root can become finite. Thus before and after the change the finite I'oots 
correspond each to each, and every member of the latter series exceisls tin* 
corresponding member of the former. 

As /9 continues to diminish this process goes on until when /3 reaches Iw. 
n again becomes integral and equal to 2. We infer that every finite root of 
exceeds the corresponding finite root of Ji. In like manner every finite 
root of Ji exceeds the corresponding root oi' J^, and so onf. 

I was led to consider this question by a remark of Gray and MathewsJ - 
“ It seems probable that between every pair of successive real roots of ./„ 
there is exactly one real root of Jn+i- It does not appear that this has bcn-n 
strictly proved; there must in any case be an odd number of roots in the 
interval.” The property just established seems to allow the proof to bt- 
completed. 

As regards the latter part of the statement, it may be considered to bo 
a consequence of the well-known relation 

Jn+1 {^) ~ i^) Jn .( 2 ) 

z 

When vanishes, /n+i has the opposite sign to both these cjuantities 
being finite§. But at consecutive roots of must assume opposite signs, 

and so therefore must Jn+i- Accordingly the number of roots of /n+i in tiw 
interval must be odd. 

The theorem required then follows readily. For the first root of 
must lie between the first and second roots of We have proved that 
it exceeds the first root. If it also exceeded the second root, the interval 
would be destitute of roots, contrary to what we have just seen. In like 
manner the second root of J^+i lies between the second and third roots of 
Jn, and so on. The roots of J^+i separate those of /^ ||. 

* hoc. cit. §§ 88, 92 a. 

t [1915. Similar arguments may be applied to tesseral spherical harmonics, proportional to 
cos where <p denotes longitude, of fixed order n and continuously variable i?.] 

t BesseVs Functions, 1895, p. 50. 

§ If could vanish together, the sequence formula, (8) below, would require that every 

succeeding order vanish also. This of coarse is impossible, if only because when n is great the 
lowest root of <7,^ is of order of magnitude n. 

11 I have since found in Whittaker’s Modern Analysis, § 162, another proof of this proposition 
attributed to Gegenbauer (1897). . , 
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The |>hysit*al argiunorit may easily bc‘ extended to show in like manner 
that all the finiti^ roots of Jn{^) increase continually with 7 i. For this 
purpose it is only necessary to alter the boundary condition at 7' = 1 so as to 
make r/w/r/r = 0 instc^ad of w== 0. The only difference in (1) is that now 
denott‘s a root of /,/(2:) = (). Mechanically the membrane is fixed as before 
along 6 — 0, 6 = fi, but all points on tlu* circular boundary are free to slide 
transviU'sely. Tlu‘ re([uinal conclusion follows by the same argument as was 
appli<Ml to 

It is also true that th(‘r(‘ must. bi‘ at h^ast oiu* root of between any 

two t*onsecutiv<‘ roots of J/, Imt this is not so (‘asily proved as for the original 
ftmcllons. If Wi‘ ditferi‘ntiatt‘ (2) with resjiect to z and then eliminate 
lH‘twt‘en tht‘ etpiation so obtaiiud and the general differential equation, viz. 


Wi‘ find 




4- n 


i- + + " >/n" = o. ...(4) 


In (4) we Htippose that z is a root of so that = 0, The argument 

then prore(‘ds as Indbre if w(‘ (‘an assnnu* that z" — n- and — a + 1) are 
botli positive. l^iHsing ov(‘r this (pU‘stion for tht‘ ujoment, w(‘ notice that 
Jn an<l hav(‘ opposite signs, and that both functions are finite. In fact 
if Jn' and »/,/ could vanish tt^g<d.hi‘r, so also by (3) would and again by 
(2) J;i | j; and tliis we have aln^ady stum to be impossible. 

At (’onsiHuitive roots of «/,/,must liav(‘ opposite sigiis, and therefore 
also */'hh* Accordingly there must bi^ at li‘aHt one root of Ix^twecui 

consecutive* roots of J/. It follows as before that tlie roots of H(*parate 

tliose of «/,/. 


It nunains to prove that necessarily exeetals n{ii + 1). That excei^ds 
is well known*, but this di>es not suffict*. We can obtain what we retpiire 
from a formula giv(‘n in Theory of ^oimd, 2nd ed. § 339. If the finite roots 
taktui in ord(*r bt* wi^ may write 

log J% (z) = const. 4* (7/ - I) log z 4 It log (1 ■“ 

tin* smmnation including all finite values of Zg\ or on differentiation with 

respect to 2 

Jf (z) ^ l ^ 2z 

This holds for all values of If we put z — n, we get 



( 5 ) 


^ Biemann's Partielle Differentialgleichtmgen ; Theory of Bound, § 210. 
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In (5) all the denominators are positive. We deduce 

.(15) 

2n ~ ^ z-f - 

and therefore 

>n- + 2n>n(n+1). 

Our theorems are therefore proved. 

If a closer approximation to z^^ is desired, it may ho obtained by sub¬ 
stituting on the right of (6) 2n for z,^-n^ in the numerators and negl.'ftinK 
in the denominators. Thus 

- o"> 1 + (^2-= +z.r^+...) 

> 1 -t- 2n I A,- -P A,-^ + Ar» + . - - 2), 

N oWj as is easily proved from the asoending scries for J 

71 ” 1 “ 2 

so that finally 

Ai“ >n^+ 2n + , — .-rV n .. O) 

(n+ l)(u -P 2) 

When n is very great, it will follow from (7) that a,“ > «'-P Howt-vtu 
the approximation is not close, for the ultimate form is* 

= +[ 1 - 6130 ] 

As has been mentioned, the sequence formula 

-/„(a) = /^.(a) + J;.+.(a) .(«) 

z 

prohibits the simultaneous evanescence of J^-i and or of /n~i and 
The question arises—can Bessel’s functions whose orders (supposed integral) 
differ by more than 2 vanish simultaneously ? If we change n into + 1 
in (8) and then eliminate we get 

_ i| .( 9) 

from which it appears that if J^-i a-nd vanish simultaneously, then either 
= 0, which is impossible, or z- = 4?z (71 +1). Any common root of 
and /n+2 must therefore be such that its square is an integer. 

* P/?iZ. Mag. Vol. xx. p. 1003, 1910, equation (8). [1913. A correction is here introduced. 
See Nicholson, Phil. Mag. Vol. xxv. p. 200, 1913.] 
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I^irsniiig the |)roeesH, we find that if a common root 

thi‘n 

(2// 4-1) = 4?^ (n + 1) (n + 2), 

so that is ra-tional And however far we go, wc find that the simultaneous 
(‘vnneseence of two Bessel’s functions requires that the common root be such 
that 3“ satisfies an alg(‘l)raic ecjuation whose coefficients are. integers, the 
degn‘e of* tlu^ e({uation rising with th(‘ difi*(‘n'nce in order of the functions. 
If, as stHMUs j)rol)al)Ie, a root of a Bessels function cannot satisfy an 
intt^gral algebraic e(|uation, it would follow that no two Bessels functions 
liave. a coitunon root. Tin* (question seems worthy of the attention of 
mathematicians. 



HYDRODYNAMICAL NOTES. 


{^Philosophical Magazine, Vol. xyT, pp. 177—1!)5, 1911.] 

Potential and Kinetic Energies of Wave Motion.—Waves moving into Shallower 
Water.—Concentrated Initial Di.sturbance with inclusion of Capillarity. -Periodie Whv<>h 

in Deep Water advancing without change of Type.—Tide Race,H.*.Rotational I'liiid M otion 

in a Corner.—Steady Motion in a Corner of Viscous Kluid. 

In the problems here considered the fluid is regarded as incuinpressible, 
and the motion is supposed to take place in two dimensions. 


Potential and Kinetic Energies of Wave Motion. 

When there is no dispersion, the energy of a progres.sive wave of any 
form is half potential and half kinetic. Thus in the case of a long wave in 
shallow water, “ if we suppose that initially the surface is displaced, but that 
the particles have no velocity, we shall evidently obtain (as in the case of 
sound) two equal waves travelling in opposite directions, whose total energie.s 
are equal, and together make up the potential energy of the original dis¬ 
placement. Now the elevation of the derived waves must be half of that of 
the original displacement, and accordingly the potential energies less in the 
ratio of 4 : 1. Since therefore the potential energy of each derived wave is 
one quarter, and the total energy one half that of the original displacement, 
it follows that in the derived wave the potential and kinetic energies ar(> 
equal ” *. 

The assumption that the displacement in each derived wave, when 
separated, is similar to the original displacement fails when the medium is 
dispersive. The equality of the two kinds of energy in an infinite pro¬ 
gressive train of simple waves may, however, be established as follows. 

» “On Waves,” PUl. Mag. Vol. i. p. 257 (1876); Scientific Papers, Vol. i. p. 254. 
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Consider first an infinite series of simple stationary waves, of which the 
energy is at one moment wholly potential and [a quarter of] a period later 
wholly kinetic. If t denote the time and E the total energy, we may write 

K.E. = i;sin2n35, P.E. = JS cos- 

Upon this superpose a similar system, displaced through a quarter wave¬ 
length in space and through a quarter period in time. For this, taken by 
itself, we should have 

K.E = E cos^ nt, p.E. = E sin- nt 

And, the vibrations being conjugate, the potential and kinetic energies of 
the combined motion may be found by simple addition of the components* 
and are accordingly independent of the time, and each equal to E. Now the 
resultant motion is a simple progressive train, of which the potential and 
kinetic energies are thus seen to be equal. 

A similar argument is applicable to prove the equality of energies in the 
motion of a simple conical pendulum. 

It is to be observed that the conclusion is in general limited to vibrations 
which are infinitely small. 


Waves moving into Shallotver Water. 

The problem proposed is the passage of an infinite train of simple 
infinitesimal waves from deep water into water which shallows gradually 
in such a manner that there is no loss of energy by reflexion or otherwise. 
At any stage tfie whole energy, being the double of the potential energy, is 
proportional per unit length to the square of the height; and for motion in 
two dimensions the only remaining question for our purpose is what are to be 
regarded as corresponding lengths along the direction of propagation. 

In the case of long waves, where the wave-length (X) is long in comparison 
with the depth (Z) of the water, corresponding parts are as the velocities of 
propagation ( F), or since the periodic time (r) is constant, as X. Conservation 
of energy then requires that 

(height)*^ X F= constant; .(1) 

or since F varies as l^, height varies as 

But for a dispersive medium corresponding parts are not proportional 
to F, and the argument requires modification. A uniform regime being 
established, what we are to equate at two separated places where the waves 
are of different character is the rate of propagation of energy through these 
places. It is a general proposition that in any kind of waves the ratio of the 
energy propagated past a fixed point in unit time to that resident in unit 
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length is U, where U is the group-velocity^ equal to dcridk, where <r— hr/r, 
k = 27r/A^. Hence in our problem we must take 

height varies as (2) 

which includes the former result, since in a non-dispersive medium f7= V. 

For waves in water of depth Z, 

0-2 = gk tanh kl, .(3) 

whence 2cr Ujg = tanh kl -\-kl(l — tanh- kl) .(4) 

As the wave progresses, cr remains constant, (3) determines k in terms 
of I, and U follows from (4). If we write 

(T^lg^l', (5) 

(3) becomes A?Z.tanhH = r, .(6) 

and (4) may be written 

2aUlg = kl + {V -y^)jkl .(7) 

By (6), (7) ?7 is determined as a function of V or by (5) of 1. 

If kl, and therefore V, is very great, kl=^l', and then by (7) if Uo be the 
corresponding value of U, 

2(rUolg = l .( 8 ) 

and in general 

UIU,^kl + {V-^V^)lkl .(9) 

Equations (2), (5), (6), (9) may be regarded as giving the solution of the 
problem in terms of a known cr. It is perhaps more practical to replace cr in 
(5) by Xo? corresponding wave-length in a great depth; The relation 
between a and Xo being (f- = 2TTgl\, we find in place of (5) 

r = 27ri/Xo = /ro^.(10) 

Starting in (10) from Xo and I we may obtain l\ whence (6) gives kl, and 
(9) gives TJIUq. But in calculating results by means of tables of the hyper¬ 
bolic functions it is more convenient to start from kl. We find 


hi 

r 

UlUo 

hi 

V 

UjU, 

00 

kl 

1-000 

•6 

•322 

•964 

10 

kl 

1-000 

•5 

-231 

•855 

5 

4-999 

1-001 

•4 

•152 

•722 

2 

1-928 

! 1*105 

•3 

•087 

•566 

1-5 

1-358 

1-176 

•2 

•039 

•390 

1-0 

-762 

1-182 

•1 

•010 

•200 

•8 

•531 

1-110 

■ kl 

[klf 

m 

•7 

1 

-423 

1-048 

- I 

— 


Froc. Lond. Math. Soc. Vol. ix. 1877 ; Scientijic Pai)ers, Vol. i. p. 326. 
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It appears that UjU,^ does not differ much from unity between V — *23 and 
r = X, so that tht* shallowing of the water does not at first produce much 
effect upon tlu‘ h(‘ight of the waves. It must be remembered, however, that 
the wave-liuigth is diminishing, so that waves, even though they do no more 
than maintain their height, grow steeper. 


(kiucent rated Initial IHsturbance with inclusion of (J a pillar ity, 

A simpli‘ a})proximatt‘ treatment of tlu? gtmeral problem of initial linear 
disturbance is dm* to Kelviii^. We have for the elevation rj at any point x 
and at any titui* t 

1 

m OA >s kx COS at dk 

ttJo 

- g I cos(A’.r--at) dk 4* ^ {kx 4- at) dk, .(1) 


in which a is a function of k, det(u*mined by tin* character of the dispersive 
nu‘(liiun — ex{^ tliat tlu^ initial elevation = 0) is concmitrated at the 

origin of x. Wlnm t is grc^at, tin* angl(*s whose cosines are to be integrated 
will in g(*m‘ral vaiy ra|)idly wif.h k, and tin* cornisponding parts of the 
integral contributt* litth* to tin* total result. 3110 most important part of the 
range* <d‘int(‘gration is tin* neighbourhood of placi^s wln^re kx ± at is stationary 
with respt*ct to k, i.e, wh(*re 

. 

In the vast majority of practical ap])lications dajdk is i)ositive, so that if 
and t are also positivt* tin* second integral in (1) makes no sensibki contri- 
l)Ution. Tin* nisult then depends upon the fimt intigral, and only upon such 
parts {>f that as lie* in the mdghbourhood of the value, or values, of k which 
satisfy (2) taken with the. lower sign. If k^ be such a value, Kelvin shows 
tliat tin* corresponding term in t) has an exjiression tMjuival(*nt to 

cos (ait — A *,X — ^tt) 

^/[-^nrtd^crldk^] ' . ^ ’ 

ai lK‘ing the value of o* c()rr(‘Hponding to ki. 

In the case* of (h‘ep~water waves where or= ^{(/k), there is only one pre¬ 
dominant value of A- for given values of a? and t, and (2) gives 

ai^gtflx, . 1(4) 

making ait — kav - J^tt = gtrl4>x - Jtt, ..(5) 


and finally 


(ft \gtr TT 

'-.-"a - r 

l4;r 4 


the well-known formula of (Jauchy and Poisson. 

** Proc. Hoy. Soc. VoL jclii. p. HO (IBS?); Math, and Phys. Papers, Vol. iv. p. H03. 
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In the numerator of (3) and ki are functions of w and t. If we inquire 
what change (A) in x with t constant alters the angle by 27r, we find 



so that by (2) A = i.e. the effective wave-length A coincides with that 

of the predominant component in the original integral (1), and a like result 
holds for the periodic time* Again, it follows from (2) that Ic\x — crit in (3) 

may be replaced by j' k^dx, as is exemplified in (4) and (6). 

When the waves move under the influence of a capillary tension T in 
addition to gravity, 

cr- 4- Tk^lp, .(7) 

p being the density, and for the wave-velocity ( V) 

V'^ = (T^I]e=^glk^Tklp, .( 8 ) 

as first found by Kelvin. Under these circumstances V has a minimum 
value when 

k^^gp/T. .(9) 

The group-velocity U is equal to dajdh, or to d {hV)ldk\ so that when U 
has a minimum value, U and V coincide. Keferring to this, Kelvin towards 
the close of his paper remarks “ The working out of our present problem foi- 
this case, or any case in which there are either minirnums or maximuuis, or 
both maximums and minirnums, of wave-velocity, is particularly interesting, 
but time does not permit of its being included in the present communication.’’ 

A glance at the simplified form (3) shows, however, that the special case 
arises, not when F is a minimum (or maximum), but when U is so, since then 
d^ajdki^ vanishes. As given by (3), rj would become infinite—an indication 
that the approximation must be pursued. If /c = -f we have in general 
in the neighbourhood of 


kx — crt — k-^ X — 0 * 2 1 *4 



t 

1.2 


d^(T t d^ar 

dki^^ r. 2.3 dK^ 




...( 10 ) 


In the present case where the term in disappears, as well as that in we 
get in place of (3) when t is great 


V 




cos {kjX — (Xjt) 

27r {^t d) 
varying as t~^' instead of as 

The definite integral is included in the general form 


cos da, ...(11) 




+00 o 

cos a’”', da = — r 
) m 


\mj 


cos 


IT 


* Of. Green, Proc. Boy, Soc. Ed, Vol. xxix. p. 445 (1909). 


( 12 ) 
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I _ ^C(.H ; I ' “cos . da = r (J).(13) 

lilt* * * § fbriuer in t*inj)I()yt‘(l in the derivation of Qi). 

''i'lie occnirrinieo of stationary values of U is determined from (7) by means 
of a <|uadrati(‘. Tlnu’e is but one such value ( U^^), easily seen to be a minimum, 
and it oe(;urs when 

= .(14) 

On th<‘ other Iiand, thtj niinimuin of V oceurs when = simply. 

Whcm t is gi’eat, t.here is no important offt‘ct so long as x (positiv(i) is less 
than (jJ, For ttiis vuhu^ of x tlu^ Kelvin formula recpiin^s the modification 
oxproHHi'd by (I I), Wlum w is dt‘cidi‘dly gr(*ater than there arise two 
terms of tin* Ktdvin form, indicating that tluu’e are now two syst(‘.ms of waves 
of difl’m-tait wave-lengths, effectivti at the* sane* plac<^. 

It will lx* H(H*n that the intnxluction of capillarity greatly alters the* 
eharactm' of thc‘ solution. Tlui ({ui(‘sc(mt region inside the annular waves is 
easily ri‘cognizi‘d a few setxjuds after a very small stone is dropped into smooth 
water*, but I hav(‘ not obs(‘rv<*d t!u‘ duplicity of the annular waves them- 
selv(‘s. Probably capillary wav(*s of short wav(^-length are ra})idly damped, 
(‘Sp(H‘iaIly wlum the. water-surfact^ is not <piit(^ clean. It would be interesting 
to exptu’imtmt upim truly limuir waves, such as might be gimerated by the 
sudden ehx^trical charge* or discharge of a wire stretched just above the 
surface. But the full devidopmtmt of the* jieculiar features to be expected on 
the itisidtt of tlu! wavtt-syst.em seiunH to najuiro a space larger than is con- 
veniiuitly available in a laboratory. 


Periodic in Deep Water advancing withaut change of Type. 

The* solution of this problem when the h(‘ight of the waves is infinitesimal 
lias biarn familiar for more than a century, and the pumuance of the approxi¬ 
mation to cov(T the case of moderate height is to be found in a well-known 
paper by Stokesf. In a supplement published in 188()J the same author 
treated the problem by another method in which the space coordinates y 
an* regarded as functions of 0, the velocity and stream functions, and 
carried the approximation a stage further. 

In an early pnblicati()n| I showed that some of the results of Stokes’ 
fimt mcanoir could be very simply derived from the expression for the 

* A checkered background, t\g. the wky seen through foliage, shows the waves best. 

t Camh. Phii. Soc. Tram, VoL vni. p, 441 (1847); Math, and Phys. Papers^ Vol. i. p. 197. 

Lae. eit. VoL L p. B14. 

§ Phil Mag. VoL i. p. 267 (1876); Scientific Papers, Vol. i. p. 262. See also Lamb’s 
Hydnuignamiesj § 230, 
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stream-function in terms of x and y, and lately I have found that this method 
may be extended to give, as readily if perhaps less elegantly, all the results 
of Stokes' Supplement. 

Supposing for brevity that the wave-length is 27r and the velocity of 
propagation unity, we take as the expression for the stream-function of the 
waves, reduced to rest, 

= y — ae-2/ cos X — cos "^x — cos 3^, .(1) 

in which x is measured horizontally and y vertically downwards. This 
expression evidently satisfies the differential equation to which yfr is subject, 
whatever may be the values of the constants a, /3, <y. From (1) we find 

= {dy^rjdxf 4- (d'yfr/dyy - 2yy 

= 1 — 2'\jr -f- 2 (1 — y) y + 2^e~^ cos 2x -j- 4}ye~'^^ cos 3x 
-f- a^e~-y + -f cos x 

+ cos 2x -h 12^ye~’^y cos x .(2) 

The condition to be satisfied at a free surface is the constancy of (2). 

The solution to a moderate degree of approximation (as already referred 
to) may be obtained with omission of ^ and y in (1), (2). Thus from (1) we 
get, determining so that the mean value of y is zero, 

y = a (1 -h fa^) cos x — |a^cos 2x + fa^cos 3a?, ...(3) 

which is correct as far as inclusive. 

If we call the coefficient of cos x in (3) a, we may write with the same 


approximation 

y = acosx — cos 2x 4- cos 3a?.(4) 

Again from (2) with omission of /3, y, 

{72 _ 2gy = const. 4- 2 (1 —y — — a^) y -h cos 2x — cos 3a?.(5) 

It appears from (5) that the surface condition may be satisfied with a only, 
provided that is neglected and that 

l-y-a^ = 0..(6) 


In (6) a may be replaced by a, and the equation determines the velocity 
of propagation. To exhibit this we must restore generality by introduction 
of k (= 27r/\) and c the velocity of propagation, hitherto treated as unity. 
Consideration of dimensions ” shows that (6) becomes 


kc^—g— .( 7 ) 

or c- = gjk . (1 4- k^a^) .(8) 


Formulae (4) and (8) are those given by Stokes in his first memoir. 

By means of /3 and y the surface condition (2) can be satisfied with 
inclusion of and a®, and fi:om (5) we see that 0 is of the order and y of 
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the order The terms to be retained in (2), in addition to those given 
in (5), are 

2/3 (1 — 2y) cos 2x + 4<y cos 3^ + 4a/3 cos x 

= 2/3 cos 2x — 2ay3 (cos x + cos + 4fy cos Sx + 4a/3 cos x. 
Expressing the terms in cos x by means of y, we get finally 
{72 _ 2gy = const. -\-2y {1— g — cL^ — a^-{- jB) 

+ +2/3) cos 2x + (47 - | — 2a/3) cos ^x. .... .’.(9) 

In order to satisfy the surface condition of constant pressure, we must 
take 

= 7=tT“’> .(1^) 

and in addition 

= .( 11 ) 

correct to a® inclusive. The expression (1) for ^|r thus assumes the form 

— y — ae~y cos X + ^a^^^^cos 2x — cos 3^r, .(12) 

from which y may be calculated in terms of x as far as a® inclusive. 

By successive approximation, determining n/r so as to make the mean 
value of y equal to zero, we find as far as 

y = (a + cos X — (-^ 4 - fa'^) cos 2x + f cos Zx — cos 4^, ...(13) 

or, if we write as before a for the coefficient of cos a\ 

y = a cos ^ — (Ja- + cos 2x + fa® cos 3.^* - f cos 4^, .. .(14) 

in agreement with equation (20) of Stokes’ Supplement. 


Expressed in terms of a, (11) becomes 

g^l (15) 

or on restoration of k, c, 

g^]cc^ — (16) 

Thus the extension of (8) is 

c^ = glk.{l^k^a^-\-^k^a% .(17) 

which also agrees with Stokes’ Supplement. 


If we pursue the approximation one stage further, we find from (12) terms 
in (x\ additional to those expressed in (13). These are 

i'373 243 ,125 .1 

y = oL^ jg-^cos ^ + ^ cos 3^ + cos 5^j.(18)* 

It is of interest to compare the potential and kinetic energies of waves 

^ [1916. Burnside [Proc. Lond. Math. Soc. Vol. xv. p. 26, 1916) throws doubts upon the 
utility of Stokes’ series.] 
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that are not infinitely small. For the stream-function of the waves regarded 
as progressive^ we have, as in (1), 

cos +terms in 

so that 

{d‘fldxy+{dy\rldyY==a^G--y + teu^^ in a\ 

Thus the mean kinetic energy per length x measured in the direction of 
propagation is 

I I [ e-^ydy = j^dxe-^ = '^jdco{l-'2,y + 2f)=^^\^ + ‘2.^y"-da;^, 

where y is the ordinate of the surface. And by (3) 
j y-dx = {!■ (a^ + f «■*) + X. 

Hence correct to a*, 

K.E. = ^a^(l+aO^.(1^) 

Again, for the potential energy 

l>.E.=iy[y^dx=:iffx(ia^ + §a^); 


or since ^ = 1 — a^, 

P.E.=ia^(l + ia^)x. .( 20 ) 

The kinetic energy thus exceeds the potential energy, when a* is retained. 


Tide Races. 

It is, I believe, generally recognized that seas are apt to be exceptional 13 - 
heavy when the tide runs against the wind. An obvious explanation may be 
founded upon the fact that the relative motion of air and water is then 
greater than if the latter were not running, but it seems doubtful whether 
this explanation is adequ-ate. 

It has occurred to me that the cause may be rather in the motion of the 
stream relatively to itself, e.g. in the more rapid movement of the upper strata. 
Stokes’ theory of the highest possible wave shows that in non-rotating water 
the angle at the crest is 120° and the height only moderate. In such waves 
the surface strata have a mean motion forwards. On the other hand, in 
Gerstner and Rankine’s waves the fluid particles retain a mean position, but 
here there is rotation of such a character that (in the absence of waves) the 
surface strata have a relative motion backwards, i.e. against the direction of 
propagation*.- It seems possible that waves moving against the tide may 
approximate more or less to the Gerstner type and thus be capable of 
acquiring a greater height and a sharper angle than would otherwise be 
expected. Needless to say, it is the steepness of waves, rather than their 

* Lamb’s Hydrodynamics^ § 247. 
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mere height, which is a source of inconvenience and even danger to small 
criift. 

The above is nothing more than a suggestion. I do not know of any 
detailed account of the special character of these waves, on which perhaps a 
better opinion might be founded. 


Rotational Fluid Motion in a Corner. 


The motion of incompressible inviscid fluid is here supposed to take place 
in two dimensions and to be bounded by two fixed planes meeting at an 
angle a. If therci is no rotation, the stream-function -x/r, satisfying — 0, 
may b(‘ expressed by a series of terms 

sin irO/a, sin ^irdla, ... sin 7iir6l oc, 

where n is an integer, making 'xjr =0 when 0 = 0 or ^ = a. In the immediate 
vicinity of the origin the first term predominates. For example, if the angle 
b(‘ a right angle, 

•\/r = 7'^ sin 26 = 2a)y, .(1) 

if we introduce rectangular coordinates. 

Tile possibility of irrotational motion depends upon the fixed boundary 
not being closed If a < tt, the motion, near the origin is finite; but if a> tt, 
the velocities deduced from 'yjr become infinite. 


If there be I'otation, motion may take place even though the boundary be 
closed. For exampki, the circuit may be completed by the arc of the circle 
r = I. In the case which it is proposed to consider the rotation co is uni/orm, 
and the motion may be regarded as steady. The stream-function then 
satisfies the general ecpiation 


V-x/r = dryfridx- -f d'^yjrldl/' — 2a), 
oi- in polar coordinates 

d'^-yfr 1 dyjr 1 __ 

dr- r dr d&^ 


( 2 ) 

(3) 


When the angle is a right angle, it might perhaps be expected that there 
should be a simple expression for -x/r in powers of x and y, analogous to (1) 
and applicable to the immediate vicinity of the origin ; but we may easily 
satisfy ourselves that no such expression exists^. In order to express the 
motion we must find solutions of (3) subject to the conditions that = 0 
when 0 = 0 and when 6 = a. 

For this purpose we assume, as we may do, that 

ylr = 'ZRn sin THrOjcij .(4) 


^ In strictness the satisfaction of (2) at the origin is inconsistent with the evanescence of xp on 
the rectangular axes. 
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whsre u is integral and ^ function ot t only i and in deducing we 
may perform the differentiations with respect to 6 (as well as with respect 
to r) under the sign of summation, since -i/r == 0 at the limits. Thus 

. 

The right-hand member of (3) may also be expressed in a series of sines 
of the form 

2co = Balir .'Zn~'^ sin n-n-dja, .(6) 

where n is an odd integer; and thus for all values of n we have 

+ r ^ ‘Ig n _ (_ !)»}.(7) 

d?'^ dr 0.^ niT 

The general solution of (7) is 

+^nr + „7r(4a“- «V^) ’ ^ ^ 

the introduction of which into (4) gives yjr. 

In {S) An and Bn are arbitrary constants to be determined by the other 
conditions of the problem. For example, we might make Rn, and therefore 
yjr, vanish when r — Vi and when r = r 2 , so that the fixed boundary enclosing 
the fluid would consist of two radii vectores and two circular arcs. . If the 
fluid extend to the origin, we must make J5^ = 0; and if the boundary be 
completed by the circular arc r = 1, we have = 0 when n is even, and when 
n is odd 

. Scoa^ . .... 

~ rnr (4a“ - nV) “ ^. 

Thus for the fluid enclosed in a circular sector of angle a and radius unity 

'\lr — Scoa^ z - .-- y - - --^sin-, .(10) 

^ rnr {7iV — a ^ 

the summation extending to all odd integral values of ??. 

The above formula (10) relates to the motion of uniformly rotating fluid 
bounded by stationary radii vectores at ^ = 0, ^ = a. We may suppose the 
containing vessel to have been rotating for a long time and that the fluid 
(under the influence of a very small viscosity) has acquired this rotation so 
that the whole revolves like a solid body. The motion expressed by (10) is 
that which would ensue if the rotation of the vessel were suddenly stopped. 
A related problem was solved a long time since by Stokes*, who considered 
the irrotational motion of fluid in a revolving sector. The solution of Stokes’ 
problem is derivable from (10) by mere addition to the latter of 
for then satisfies + '^o) = 0 ; and this is perhaps the simplest 

* Garni). Phil. Trans. Vol. vm. p. 533 (1847); 3Iuth. and Phys. Papers, Vol. i. p. 305. 
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method of obtaining it. The results are in harmony; but the fact is not 
immediately a])f)arent, inasinucli as Stokes expresses the motion by means of 
th(‘ velocity-pottmtial, wluavas here we have employed the stream-function. 

That the subtraction i)f makes (lO) an harmonic function shows that 
the series multiplying r can be summed. In fact 

V 1 

^ liTT ()iV — 4a-) 2 cos a 2 ’ 

... , . , , r-cos (2^-a) , sin 7/7r(9/a 

so that = .(11) 

2{!osa //TT {//‘“TT-—4a-} 

In consid(u*ing tlu‘ character of the motion ddined by (1 1) in the Immediate 
vicu!iity of tlu* origin we see that if a< Itt, the ttuun in pn^ponderates even 
when 1. When a= ^tt exactly, the s(‘cond term in (11) and the first 
ttu'm under li corri'H})onding to 7^ — 1 become infinite, and the expression 
diuaands transformation. Wi‘ find in this casi* 

*/ t , 2r-... . , .V • a/i/'-i \ 2 _ sin 2n^ 

\lr a) = Ir 4 - {0 - Itt) cos 26^ 4- r- sm 20 log /• - ) 4- ^ ^ 

- TT \7r ^ zttJ tt n{7V‘—\)' 


tin* summation comim*ncdng at tt — d. On the middle* liiu* 0= .Itt, we have* 

‘K.U 0 ( >.»! ..10 

- h i {'■“ '*’« ~ .« + ->. 24 ~ j.^ 

Tin* following an* d(u*ivetl from (13): 


r 

' irr^ 

r 

- 

r i 

; j 

0*0 

•(M)(XM) , 

i 0*4 

•14112 

0 -fl i 

' *13030 . 

0*1 

■(W: 2(;7 

0*5 

•10507 

o-f) 

•07641 i 

i 0*2 

•OfKOfi , 

O'U 

•17306 

1-0 . 

; •(KXXK) 1 

1 0 -:, 

•10521 ’ 

0*7 

•16210 


:. 1 


The maximum valium occurs when 7*= *592. At the point r== '592, 0= |7r, 
tin* fluid is stationary. 

A similar transformation is resjuired when a = 37r/2. 

When a = TT, the boundary becomes a semicircle, and the leading terui 
(■a =1)18' 

= .( 14 ) 

which of itself represents an irrotational motion. 
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When a = 27 r, the two bounding radii vectores coincide and the containing 
vessel becomes a circle with a single partition wall at 0 = 0. In this case 
again the leading term is irrotational, being 

yfr/co = - sin |l9.(15) 


Steady Motion in a Corner of a Viscous Fluid. 

Here again we suppose the fluid to be incompressible and to move in two 
dimensions free from external forces, or at any rate from such as cannot 
be derived from a potential. If in the same notation as before 'yjr represents 
the stream-function, the general equation to be satisfled by is 


.( 1 ) 

with the conditions that when ^ = 0 and 0 — a, 

^ = 0 , d^lr/d0=O .( 2 ) 


It is worthy of remark that the problem is analytically the sa-mc^ as that of 
a plane elastic plate clamped at ^ = 0 and 0 = a, upon which (in thci region 
considered) no external forces act. 

The general problem thus represented is one of great difficulty, and all 
that will be attempted here is the consideration of one or two particular 
cases. We inquire what solutions are possible such that -x/r, as a function 
of r (the radius vector), is proportional to r^^. Introducing this supposition 
into (1), we get 

+ + = .'.(;i) 

as the equation determining the dependence on 9. The most general valiui 
of consistent with our suppositions is thus 

^j/ =r^ {A cos + £ sin mO + G cos (m—2)6 + D sin (m - 2) (9j, .. .(4) 
where A, B, C, JD are constants. 

Equation (4) may be adapted to our purpose by taking 

m = ?i7r/a, .(5) 

where n is an integer. Conditions (2) then give 

A + C = 0j + (7cos 2a —jDsin2a= 0, 

^ -S + -2jc sin 2a + — 2j D cos 2a = 0. 


k 
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\V hen we aul)stit,ut(‘ in the second and fourth of these equations the values 
of A and B, dw-ived from the first and third, there results 

0 (1 — cos 2a) + D sin 2a = 0, 

0 sin 2a ~ 1) (1 - cos 2a) = 0; 

and these can only he harnionized when cos 2a = 1, or a^sir, where s is 
an intcffiii. In pliysical probhuna, a is thus limited to the values tt and 
27r. To these cases (4) is applicable with 0 and 1) arbiti'ary, provided that 
we make 

^1 + f' 0. /i + (^1 _ 2> = 0.(5 bis) 

d’hus t = ae'‘/» jcos - 2d\- cos ”^1 


making 


+ _ <26 


\ 2.v\ . nO 

1 — sm 
n / s 


= 4 - 1 j r t»/«|(; cos - 2^) + D sin “ 2<9) | • - - -(7) 

When ,s'= 1, a = 7r, the conuir disappears and we have simply a straight 
boundary (Hg. 1). In this case m = 1 gives a nugatory I'esult. When w = 2, 

wi^ havn 

yjr — Or-(I - cos 26) = 2(h/\ .(8) 




and V'-\}r = 46\ When n = 3, 

>>|r s= 6V‘* (coH 6 — coa 36) + !)?•*** (ain 6 — J sin 8^), .(9) 

= 8r (G COB 6 + J) ain 6) = 8 {Ox- + Dy) .(10) 

In rect4ingiilar coordinates 

= + ..( 11 ) 

solutions which obviously satisfy the required conditions. 

WhiUi = 2, a = 27r, the boundary consists of a straight wall extending 
from the origin in one direction (fig. 2). In this case (6) and (7) give 
^}r = jcos {hi6 — 26) — cos 

4* jsin (ln6 — 26) — ^1 — sin , .(12) 

V^^jr = {2n - 4) [C cos (^nd -26) + D sin (|n<9 - 26)]. .. .(13) 
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Solutions of interest are afforded in the case n — 1. The (7-soliition is 

^ = iri (cos I (9 — cos \6) = — cos \6 sin- \6, .(14) 


vanishing when ^ = 7 r/as well as when ^ = 0, 0==27r, and for no other 
admissible value of 6. The values of are reversed when we write 27r — 6 
for 6. As expressed, this value is negative from 0 to tt and positive from 
TT to 27 r. The minimum occurs when 6 — 109° 28'. Every stream-line which 
enters the circle (r= 1) on the left of this radius leaves it on the right. 

The velocities, represented by d^^rldv and r~'^dy\rld6, are infinite at the 
origin. 

For the i)-solution we may take 

yjr — sin^ ^0 .(15) 

Here yjr retains its value unaltered when 27r — 0 is substituted for 6. When 
r is given, 'y^r increases continuously from 0 = 0 to ^ = tt. On the line 0 = tt 
the motion is entirely transverse to it. This is an interesting example of the 
flow of viscous fluid round a sharp corner. In the application to an elastic 
plate represents the displacement at any point of the plate, supposed to be 
clamped along 0 = 0, and otherwise free from force within the region con¬ 
sidered. The following table exhibits corresponding values of r and 0 such 
as to make -v/r = 1 in (15): 


6 

r 

e 

1 

r 

. 

180° 

1-00 

1 

! 60° 

64-0 

150° 

1*23 

j 20° 

10<x3-65 

120° 

2-37 

1 10° 

10“ X 2-28 

90° 

8-00 

j 

CO 


When n = 2, (12) appears to have no significance. 

When n=3, the dependence on 0 is the same as when- 71 = 1. Thus (14) 


and (15) may be generalized : 

yjr = (At- •+- Br^) cos ^0 sin^ ^0, .(16) 

yjr = {A'r^ -h B'r^) sin^ ^0 .(17) 


For example, we could satisfy either of the conditions \Jr = 0,or d'y^rjdr = 0, on 
the circle r = 1. 

For 71 = 4 the D-solution becomes nugatory; but for the C-solution we 
have 

'yjr = Cr^ (1 — cos 20) = 2Gr^ sin^ 0 = 2Gy\ .(18) 

The wall (or in the elastic plate problem the clamping) along 0 = 0 is now 
without effect. 
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It will be seen that along these lines nothing can be done in the apparently 
simple preblmn of a horizontal platt^ clamped along the rectangular axes of 
and //, it it l)e suppost‘{l free from forceRitzf has shown that the solution 
is not (li‘Vt‘lopal)le in pow(‘rs of a* and ;//, and it may be worth while to extend 
tlu‘ proposition to the )nor(‘ gtuieral case when the axes, still regarded as lines 
of clamping, an* inclined at any angle a. In terms of the now oblique coordi- 
n!U<\s .r, u th(‘ general e(|uation takes the form 

-f f/7#“ - 2 C()S a drjdx dt/)- w = 0, .(19) 

wlu(‘h may be differtmtiated any numlx'r of times with respect to and ?/, 
with the {‘onditi(ms 


w ^ 0, dwjdfj = 0, when // - 0, .(20) 

= dwjdx — {), wlum ,■/• = ().(21) 

W(‘ may diflerentiat<\ as often as we pleas(‘, (20) with respect to x and (21) 
witli rcnspect to y. 

Fr<im tlu‘sc‘ data it. may b(i shown that at the origin all differential 
c(H‘l!icit‘ntH of w with r<\spect to ,r a,nd y vanish. The evanescence of those 
of zero and first onFr is (‘Xpressed in (20), (21). As regards those of the 
HCHMmd order wa* liava* from (20) d'^wjdx^^O, dhojdxd.y ^{), and from (21) 
d^wjdy- 0. Himilarly for tlu* third onFr from (20) 


d^Ui^jdtd^ — 0, 

a!id from (21) 

d^'wjdif = 0, 

For tlit^ fourth ordtu* (20) gives 

d^tajda^ = 0, 

and (21) givtns 

dhifjdy^ = 0, 


dhvjdxUhj = 0, 
d^wldxdif = 0. 

d^wjdi/^^dy = 0 , 
d*w/dxdy‘^ = 0. 


So far (hijjdaf'^dff might bi^ finite, but (19) requires that it also vanish. This 
process may be continued. For the m 4-1 coefficients of the ?ath order we 
obtain four ecjuations from (20), (21) and m — 2 by differentiations of (19), so 
that all thc‘ differential coefficients of tlu‘ ?ath order vanish. It follows that 
every differential coefficient of w with respect to x and y vanishes at the 
origin, I apprehend that tlie conclusion is valid for all angles a less than 27r. 
That the displacement at a distance /‘from the corner should diminish rapidly 
witli r is easily inti‘lligil)lo, but that it should diminish more rapidly than 
luiy jK)wer of however high, would, I think, not have been expected without 
analytical proof. 


* If indeed gravity act, is a very simple solution, 

t Atm. (L Fhys. Bd. xxvni. p. 760, 1909. 
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ON A PHYSICAL INTERPRETATION OF SCHLOMILCH’S 
THEOREM IN BESSEL’S FUNCTIONS. 

[Philosophical Magazine, Vol. xxi. pp. 567—571, I!)!!.] 

This theorem teaches that any function /'(/’) which i.s finite and con¬ 
tinuous for real values of r between the limits r = 0 and r = tt, both inclusive, 
may be expanded in the form 

/ (r) = (to + «!Yo(r) + (62Jo (2?-) h- a,,(3r) + ..., .(1) 

/o being the Bessel’s function usually so denoted; and Schlomilch’s demon¬ 
stration has been reproduced with slight variations in several text-books*. 
So far as I have observed, it has been treated as a purely analytical develop¬ 
ment. From this point of view it presents rather an accidental appearance; 
and I have thought that a physical interpretation, which is not without 
interest in itself, may help to elucidate its origin and meaning. 

The application that I have in mind is to the theory of aerial vibnition.s. 
Let us consider the most general vibrations in one dimension f which ai-e 
periodic in time 27r and are also symmetrical with respect to the origiins of 
f and t. The condensation s, for example, may be expressed 

5 = 60 + cos I cos if + 62 cos 2 ^ cos 2 « -p ..., .( 2 ) 

where the coefficients 60 , &c. are arbitrary. (For simplicity it is supposed 

that the velocity of propagation is unity.) When f = 0 , ( 2 ) becomes a 
function of f only, and we write 

■^(?) = ^o + ^icosf-|- 62 cos 2 f-f..., .( 3 ) 

in which F (|) may be considered to be an arbitrary function of ^ from 0 to tt. 
Outside these limits F is determined by the equations 

^’(-a=^(?+27r) = i?’(^).(4) 

* See, for example. Gray and Mathews’ Bessel’s Functions, p. 30; Whittaker’s Modern 
Analysis, § 165. 








I 


1911] schlomilch's theorem m bessel's functions 23 

We now superpose an infinite number of components, analogous to (2) 
with the same origins of space and time, and differing from one another 
only in the direction of these directions being limited to the plane xy^ 
and in this plane distributed uniformly. The resultant is a function of 
t and r only, where ?’= 4-independent of the third coordinate and 

therefore (as is known) takes the form 

,s*= ^0 4- (r) cos4* u.i/o(2r)cos 2^4- (/-;}/(,(3r) cos3^4-..»(5) 

reducing to (1) when 35 = 0^. The expansion of a function in the series (1) 
is thus definitely suggested as probable in all cases and certainly possible in 
an immense variety. And it will Ih\ obscrvcxl that no value of ^ greater 
than TT contributes anything to the resultant, so long a.s r < nr. 

The relation here implied between F and / is of course idcmtical with 
that used in the purely analytical investigation. If ^ be tlu^ angle between 
^ and any radius vector r to a point where the value of f is required, 
| = rcoB^, and the ^nean of all the components F(^) is expressed by 

f(r) = F (r cos (p) dp .((>) 

The solution of the problem of expressing F by means of / is obtained 
analytically with the aid of Alxd’s theorem. And Inrii again a physical, oi* 
rather geometrical, interpretation throws light upon the process. 

E(iuation (6) is thci result of averaging F{^) over all directions indififerently 
in the xy plane. Let us abandon this restriction and take the averag(^ 
when ^ is ■ indifferently distributc^d in all directions whatever. The result 
now becomes a function only of /i, the radius vector in spacer If 0 be the 
angle between R and one direction of ^ ^ It cos 0, and we obtain as the 
mean 

F(R COH e) sin d (le = ^ [F, {li) - F, (0)], .(7) 

where Fi' = F, 

This result is obtained by a direct integration of F (^) over all directions 
in space. It may also be arrived at indirectly from (6). In the latter/(^') 
represents the averaging of F (^) for all directions in a certain plane, the 
result being independent of the coordinate perpendicular to the plane. If 
we take the average again for all possible positions of this plane, we must 
recover (7). Now if ^ be the angle between the normal to this plane and 
the radius vector jB, r = iJ sin 6, and the mean is 

j' f(R sm0)sin$d0 ...(8) 

^ It will appear later that the a’s and d’s are equal. 
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Wc‘ conclude that 

a f{R sin 6) sin 6 dO = Fi (R) — Fi (0), .(9; 


Jo 

which may be considered as expressing F in terms of/. 

If in (6), (9) we take F (R) = cosiJ, we find^ 

(' Jq (R sin 0) sin 6 d9 = R~'^ sin R. 

0 

DifFerontiating (9), we get 

F{ R) = f f(R sin 0) sin 6 dd + R I f' {R sin (1 — cos- 9) d9. .. .(10) 

J 0 J 0 

Now 

R j' cos- 9f' (R sin 9)d9= j cos 9 . df(R sin 9) 

= — f(0) -f j ” f(R sin 9) sin 9 d9, 

J 0 

Accordingly F (R) = f(0) + i2 [ /' (R sin 9) d9 .(11) 

J 0 

That f(r) in (1) may be arbitrary from 0 to tt is now evident. By 
(3) and (6) 

2 

f(r) = - d(f) {bo + hi cos (r cos 4>) + 6 ^ cos(2r cos <{>) + ...] 


— ho + biJ 0 (0 + b-iif ) ( 2 ?') + ..., . 

whore bo = -r bn = -T cos F(^) d^. .(13) 

TTJo TTJo 

Further, with use of (11) 

=/(0) + irdi.i. r/' (iBm0)d0, .(14) 

TTJo .U 

in = ^ J f cos . I /' (I sin 0) .(15) 


by which the coefficients in (12) are completely expressed when / is given 
between 0 and tt. 

The physical interpretation of Schlomilch’s theorem in respect of two- 
dimensional aerial vibrations is as follows:—Within the cylinder r = tt it is 
possible by suitable movements at the boundary to maintain a symmetrical 
motion which shall be strictly periodic in period 27r, and which at times 
= 0, t= 27r, &c. (when there is no velocity), shall give a condensation which 


JSnc. Brit. Art. “Wave Theory,” 1888; Scientific Papers^ Vol. in. p. 98. 
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is arbitrary over the whoh^ of tha ra-dius. And this motion will maintain 
itself without t‘xt(‘rnal aid if outsider ?* ™ tt tht‘ initial condition is chosen in 
aeeordaiice witli (b), F(^) for values of ^ greaUT than 77 Ixung' determined 
by (4). A similar statenuuit apj)lii‘s of courst* to tlu‘ vibra,tions of a st retched 
meml>raiie, tlH‘ t.i'ansverse elisplacenumt rt'placin^ .s in (5). 

Keteri'uce may bc‘ made* to a. simple* (‘xainple* ([uot(‘d l>y Whittak<*r. 
Initially l(*t /’(/*) — /\s(» that from () to tt the* feu*m e>f the* me*mbra.ne is conical. 
The*n freuu 02), (14), (15) 

TT" 2 

/>„ =; , A.j = 0 (a (*ve‘n), h,, <‘<14); 

4 //- 

and thus 

/■( r ) - y “ I */,, ( r ) + ./„ (:{/•') + J . (.")/•)+...1 . (1 li ) 

the* right-hand me*mb(‘r be‘ing e*(jual te> r fre>m r — 0 to r = tt. 

Tin* corri‘sponding vibration is eif (a)urHe‘ e*xpr(‘sst*<l by (I(>) if w<* mult iply 
e*ncli funetJem »/,>()//•) by the* timt*-fa(d*e)r voh at. 

If tins pe*rieKlic vibration is te> be* maintaimal witlumt exi(*rnal fore*e*. tin* 
initial ceaiditiem must be such tliat it is re*pr(*stmte.‘d by ( lb) fe>r all va,lue*H 
of i\ and imt. nu*r(dy feer tlujse* less than tt. Hy (II) fre>m 0 te^ tt, F{^) - 
from which again by (4) the* value* of F for ldghe*r values of | fedleews. llms 
from TT tee 277, ) "s ^TT (277 — ; frean 277 te» Hrr, — Att (f-»• 27r); and 

80 on. From tht*se /’ is to be* found by nn‘aijs e>f (b). Feu* t*xample*. from 

77 tei 277, 

f{ r} = r I sin $ d$ 4- ( (277 — r sin $) iW 

. e» , mn0 njt* 

= r — 2 VTT") 4" 277 cos""* (77/ r), .....f 17) 

where co8*“^ ( 77 /r) is to bt* taken in the* first (juadrant. 

It is hanlly necessary to add that a theorem similar to that prteved abeive 
holds for amdal vibrations which are* Hymirndirical in all din'ctions about a, 
centnj. Thus within the sphere of radius 77 it is possible to Inive a motiem 
which shall be strictly periodic and is such tliat tin* condensation is initially 
arbitrary at all points along the* radius. 
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BEEATH FIGUEES. 

[Nature, Vol. Lxxxvi. pp. 416, 417, 1911.] 

The manner in which aqueous vapour condenses upon ordinarily clean 
surfaces of glass or metal is familiar to all. Examination with a magnifier 
shows that the condensed water is in the form of small lenses, often in 
pretty close juxtaposition. The number and thickness of these lenses depend 
upon the cleanness of the glass and the amount of water deposited. In the 
days of wet collodion every photographer judged of the success of the 
cleaning process by the uniformity of the dew deposited from the breath. 

Information as to the character of the deposit is obtained by looking 
through it at a candle or small gas flame. The diameter of the halo 
measures the angle at which the drops meet the glass, an angle which 
diminishes as the dew evaporates. That the flame is seen at all in good 
definition is a proof that some of the glass is uncovered. Even when both 
sides of a plate are dewed the flame is still seen distinctly though with 
much diminished intensity. 

The process of formation may be followed to some extent under the 
microscope, the breath being led through a tube. The first deposit occurs 
very suddenly. As the condensation progresses, the drops grow, and many 
of the smaller ones coalesce. During evaporation there are two sorts of 
behaviour. Sometimes the boundaries of the drops contract, leaving the 
glass bare. In other cases the boundary of a drop remains fixed, while the 
thickness of the lens diminishes until all that remains is a thin lamina. 
Several successive formations of dew will often take place in what seems 
to be precisely the same pattern, showing that the local conditions which 
determine the situation of the drops have a certain degree of permanence. 

An interesting and easy experiment has been described by Aitken 
(Proc. Ed, Soc. p. 94, 1893). Clean a glass plate in the usual way until the 
breath deposits equally. 
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“ If wi^ now pans over this clean surface the point of a blow-pipe llamis 
usinc^ a V(*ry small ji^t, and {)assin^ it over the glass witli surticicmt <|uiekm*ss 
to pre,vt‘nt the suddtai heating bnaiking it; and if wc* imw bn^athe an tlu^ 
glass aft(‘r it is cold, we shall find tiu* tractk of tlu‘ flanut (*Jt‘arly marked. 
While most of tlu* surface looks white by tlu* liglit reflected from tin* d<*“ 
posited m(»istun% the track of tin* flame is (piite black; not a ray of liglit is 
s(*at4.eri*d by it. It looks as if then‘ wtav no moistun^ cond(*ns(*d on that 
part of the plaits as it stHuns unchangtsl; but if it* b(‘ closely (‘xamim*d by a 
hms, it will Ik* seen to In* <|uitt‘ W(‘t. But tin* water is st) evmdy distributtal, 
that it forms a thin film, in whicli, with proper lighting and tin* aid of a 
lens, a tlisplay of intt‘rft‘renc(* (colours may bt* st*en as tin* film dries and thins 

aavav.” 


“ Arnjtlna* way of studying the <‘hange pnaluctKl on tin* surfata* id* I lie 
glass by tin* atdion of the Hanu* is to taki* tin* [plate], as above (h\s(*ribtKh 
aftt‘r a lint* has Ihkvu drawn ovc‘r it with tin* bhrw-pipe jet, anti w!n*n t*«dd let 
a drt>p of wat(*r fall on any part of it when* it showed whitt* when bn‘atln*«l 
on. Now tilt tint platt*, to maki* the drop flow, anti nott* tin* resislanct* to its 
flow, and htnv it draws itself up in fin* n/ar, I<*aving the pluti* dry. Wln*n, 
howt‘ver, the moving tlroj) eomes to tin* part acft*d on l>y the flame, all 
resistanet* to flow (*(‘ases, and tin* drop rajatlly spreads itst*lf oV(*r tin* wlnde 
track, and shows a, d(‘eid<*d disimlinatitm to leuvt* it.’' 


Tln^ impression thus product*<I lasts for sonn* days or weeks, with diminisli- 
ing distinctinnsB. A pt‘rma.nent record may Ik* obtaint*d hy the doposit of a 
V(‘ry thin coat of silv(*r by the usual chemi(*al methotl, din* silver attat‘hes 
itself by prefen‘nce to tin* t-rack of tin* flann*, and esptK'ially to tin* cfA/c.*# of 
the track, wlnu’i* pn*sumably tln^ combustioti is unnst intense. It may be 
prott‘ct(‘(l with c(‘lluloid, or other, varnish. 

The view, t^xprc^sstKl by Mr Aitken, which would attribute tin* t‘f!eci to 
very fine dust dtvposited on tin* glass from tin* flame, d(K*K not (Kunmeinl itself 
to nw. And yat nmv. heat is not very (diectivi*. I was unabh* to obtain a 
good result by strongly heating tin* Ixtck of a thin glass in a Bunsen flaiiie. 
For this purposi* a long Hame on Ramsays plan is suitabh*, t*Hpecially if it be 
long enough to include, the entire width of tin* platt*. 

It seems to me that we must appeal to varying degn/es of e!ennliin*Hs 
for tlie c*xplanation, cleanliness meaning mainly fr(K*dtjm from grease. And 
one of the first things is to disabuse our minds of the idc*a tlmf anyildng 
wip(*d with an ordinary clotli can jiossihly be clean, dliis Kubj«*ct was ably 
treated many yc^ars ago by Quincke {Wied. Anth II. p. 145, 1877), who, 
however, se(‘ms to have rmnained in doubt whether a film of air might 
not give rise to the same effects as a film of grease. Quincke invc‘St-igat.iHl 
the maximum edge-angh^ possible when a drop of liquid stands upon the 
surface of a solid. In general, the cleaner the surfuct*, tin*, smalh*!* the 
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maximum e(lg(‘-iingl(‘. With alrt>hul uih! jMirulfum was u*> y 

in reducing tln^ nuiximum angh^ tn /awo. With wa,trr tai glas^ tin* angli^ 
could bo made small, but incroasrd as tina^ i*laps»‘d aftm' i‘h*aniiig. 

As a doti'rgent (j)uiiu*ki‘ tuuphwod hot snlphurio atdd. A ibw drops innv 
be p()ure<l upon a thin glass plaits which is thmi stnmgly hoa!i*d ovor n 
Bunsen burnm-. When somcnvhat ta>oh*d, tin* ijlait* may hr washed iiiitliT 
tlu^ tap, riiiHi'd with disti!h‘d watms ami tlriod twer fin* lin!ist*n wiilioiu any 
kind of wiping. 'Tlu* parts wi*ttt*d by tin* acid thou beluive mmdi ii> tlir 
track of th(‘ lihnv-pipt* flame in Aitkon’s oxpiTimriit. 

An even bettt‘r tn*atmt*nt i.s with hvdn»finorie acid, which actually rcitows 
the surface of tin* glass. A few tlrt^ps of fin* ctanincrcial acid, diluted, sa\, 
ten tim(‘S, may lx* empltytxb much as tin* siilplmric a<*i«h cady wilhoiit InsiU 
The parts so treated tniiuieiist* the brcatli in large lamina*, (‘ontrasf ing sfrongty 
with tlu‘ onlinary deptwit. 

It must Ih‘ admitted that some diflu’nlties remain in aftributna^ fin* 
b(‘haviour of a,n ordinary plate f.o a superfieial film gn*asts Cbie of these 
is the cmnparativi* p(*rmnnt*nei* of lm*ath figures, which often survive wiping 
with a cloth. Tin* thought has s*anctinn*s tieeurred U* me thiil I hi* film 
of grc‘aHe is nut (‘Utirely su{M*rfi(uah hut penetratc*H in some degrt*e iiits» the 
substance of the glass. In that case its removal aial renewid wauild not be 
BO easy. We know but litth* of the proj«*rties of matter in thin filtuH. ^ddeh 
may differ entirely fnan these of tin* sann* HubHtanc*e in mass, f t may bi* 
recalk‘d that a film of oil, (un* or tvv(* millionths (d‘a millimetn* tliiek, sutlic*es 
to stop the movimients of camphor on the surfaet* of watiT, and that much 
smaller ({uantithvs may be rendert*d i*vi<leiit by <»ptieal and other nn*fIiods. 
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ON THE MOTION OF SOLID BODIES THROUGH 
VISCOUS LIQUID. 


[Philosophical Magazine, VoL xxi. pp. 697—711, 1911.] 

§ 1. The problem of the uniform and infinitely slow motion of a sphere, 
or cylinder, through an unlimited mass of incompressible viscous liquid 
otherwise at rest was fully treated by Stokes in his celebrated memoir 
on Pendulums*. The two cases mentioned stand in sharp contrast. In the 
first a relative steady motion of the fluid is easily determined, satisfying all 
the conditions both at the surface of the sphere and at infinity; and the 
force required to propel the sphere is found to be finite, being given by 
the formula (126) 

— F =%7riJbaV, .(1) 

where g. is the viscosity, a the radius, and V the velocity of the sphere. 
On the other hand in the case of the cylinder, moving transversely, no such 
steady motion is possible. If we suppose the cylinder originally at rest to 
be started and afterwards maintained in uniform motion, finite effects are 
propagated to ever greater and greater distances, and the motion of the 
fluid approaches no limit. Stokes shows that more and more of the fluid 
tends to accompany the travelling cylinder, which thus experiences a con¬ 
tinually decreasing resistance. 

§ 2 . In attempting to go further, one of the first questions to suggest 
itself is whether similar conclusions are applicable to bodies of other forms. 
The consideration of this subject is often facilitated by use of the well- 
known analogy between the motion of a viscous fluid, when the square of 
the motion is neglected, and the displacements of an elastic solid. Suppose 
that in the latter case the solid is bounded by two closed surfaces, one of 
which completely envelopes the other. Whatever displacements (a, yS, 7 ) be 
imposed at these two surfaces, there must be a corresponding configuration 


Camb. Phil. Trans. Vol. ix. 1850; Math, and Phys. Papers, Yol. iii. p. 1 
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of equilibrium, satisfying certain differential equations. If the solid b(‘ 
incompressible, the otherwise arbitrary boundary displacements must be 
chosen subject to this condition. The same conclusion applies in two 
dimensions, where the bounding surfaces reduce to cylinders with parallel 
generating lines. For our present purpose we may suppostJ that at the 
outer surface the displacements are zero. 

The contrast between the three-dimensional and two-dimtmsional cjisos 
arises when the outer surface is made to pass oft to infinity. In the former 
case, where the inner surface is supposed to be limited in all directions, the 
displacements there imposed diminish, on receding from it, in such a maniuu* 
that when the outer surface is removed to a sufficient distance no further 
sensible change occurs. In the two-dimensional case the inner surface 
extends to infinity, and the displacement ajffects sensibly points howevtu* 
distant, provided the outer surface be still further and sufficient!}^ removed. 

The nature of the distinction may be illustrated by a simple (example 
relating to the conduction of heat through a uniform medium, if tlu‘ 
temperature v be unity on the surface of the sphere and vanish when 

r = 6 , the steady state is expressed by 



When h is made infinite, v assumes the limiting form ajr. In the coi-n^- 
spending problem for coaxal cylinders of radii a and h we have 

.cn 

But here there is no limiting form when h is made infinite. Howt^ver great 
r may be, v is small when b exceeds r by only a little; but when b is great 
enough v may acquire any value up to unity. And since the distinction 
depends upon what occurs at infinity, it may evidently be extended on tlie 
one side to oval surfaces of any shape, and on the other to cylinders with 
any form of cross-section. 

In the analogy already referred to there is correspondence between the 
displacements (a, /3, 7 ) in the first case and the velocities {u, v, w) which 
express the motion of the viscous liquid in the second. There is also anotlnu* 
analogy which is sometimes useful when the motion of the viscous liquid 
takes place in two dimensions. The stream-fanction (yjr) for this motion 
satisfies the same differential equation as does the transverse displacenumt 
{w') of a plane elastic plate. And a surface on which the fluid remains 
at rest (yjr = 0 , d'\}rjdn = 0 ) corresponds to a curve along which the elastic 
plate is clamped. 

In the light of these analogies we may conclude that, provided the square 
of the motion is neglected absolutely, there exists always a unique steady 
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motion of liquid past a solid obstacl(‘ of any form limiD‘d in all din-i-t iohn. 
which satisfices the m‘cessa,ry conditions both at the stirfaco ot tht^ Mbstarh* 
and at infinity, and furtlu‘r that tlu‘ forc(‘ nspiirod to hold tht* st>lid fmit**. 
But if the obstacle be an infiniti‘ cylindm* of any cross-sociion. ii«» such 
steady motion is possil>l(‘, an<l tin* force reqnirod to hold tin* rUindoi in 
position continually diminislu‘s as tin* mt)tion continuoK 


§ 4. For furtlnu- (Fvelopments tin* siniph*st caso is that t,f a material 
plane, coinciding with tlu* i;oordinati‘ plum* a* 0 and moving para!!**! !•» y in 
a fluid originally at rest, dlui component velocitios n, n* ar«‘ limn /* ro. and 
the third velocitysatisfuvs (c‘ven though its square bo no! noglt riodi ilio 


general e(|nation 


(iv _ d'o* 


141 


in which (‘qual to /x/p, n‘pr(‘sents the kinematic visconity. In ^ * ♦*! !iin 
memoir Stok(‘S conBid(‘rs perioclic <>s(ullutions 4»f the plam*. I lins in i h i! r 
be pro{)ortional to w<‘ have* on the positivt* side 

V = c ... -l'i I 


When ,r=(), (5) must- c.oinciilt? wit-li tJu* v<*locity ( T) ♦»! the piano. It this 
bo we hav(^ A - Ih,; so that in n‘al quant iti»*s 

r = Vjtd c<>s \nf — .r a 2iq; .. — ..t *■» i 


corres{)onds with F - F#, C4»s at . . . j T i 

for th(^ plane itH(‘lf. 

In ordcT to find tlu^ tangential forecM— 7^) t*xi*rc’isod upon iho plane \%e 
hav(‘ from (5) when a; = () 



a), 


IHI 


and 7'j = — p, ({[v/(Lr% - p F„ v( hnd 


giving th(^ force per unit area dm* tn tin* r(*action of the fluid up«iii om* sid* . 
'‘The force expr(‘ssed by the first of thest* terms tends ti* ditniim^li i!io 
amplitude? of the oscillations of the plane. TIu* force eKpri*ssf»d by ilio 
second has the sanu* effect as increasing tin* inertia of the |4ane.“ li will 
be observcsl that if F^ be given, tin? fora* diminislnNH without limit u iili #.. 

In note B Stokevs resunnvs the problem of | 7: instead of ilio 
of the plane being periodic, he supposes that tin* plane ami fiuid an* iniiiaily 
at rest, and that the plane is then {t^Q) moved with a c*onstant velociiv F. 
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This problem depends upon one of Fourier’s solutions which is easily vonfii-d*. 
We have 


dv 

V 

dx 

a/CtTZ^O 

v=^V- 

oy rxl2y/(H) 

-T 

VTT Jo 


e~^^dz .( 11 ) 


For the reaction on the plane we require only the value of dvjdx v^hoii .r = 0. 
And 

/dv\ V 

\dx/o 




^J(7^vt) 

Stokes continuest ‘^now suppose the plane to be moved in any tuainier, 
so that its velocity at the end of the time t is V (t). We may evidently 
obtain the result in this case by writing V' {r) dr for V, and t'-r h»r t 
in [12], and integrating with respect to r. We thus got 

_ 1 =_ r V' • n ‘n ” 

\dxJo i -00 — r) V(7rv) Jo ^ 

and since —— fidvldx^, these formulm solve the problem of finding tin* 
reaction in the general case. 

There is another method by which the present problem may bi‘ tr<*ati‘(h 
and a comparison leads to a transformation which we shall find useful furthesr 
on. Starting from the periodic solution (8), we may generalize it by Ft>urit‘r'H 
theorem. Thus 

{ i ) r~L .( 14 ) 

corresponds to 

V{t)^r Vn^^^dn, .(15) 

J 0 

where is an arbitrary function of n. 

Comparing (13) and (14), we see that 

fv^^^^nidn = r 

J 0 v(^7r) J _ 


\/(i7r)J^oo V'(t-T) ’ 


.( 16 ) 


It is easy to verify (16). If we substitute on the right for V' (r) from 
(15), we get 

1 dr r. , 

V(tV) i -oc V(« - t) J 0 ’ 

and taking first the integration with respect to r, 

.1 V(t-r)-Jo "" V Wj • ®‘"‘’ 

when (16) follows at once. 

* Compare Kelvin, Ed. Trans, 1862; Thomson and Tait, Appendix D. 
t I have made some small changes of notation. 


WtMkN «E8fH«eH 

bangalorf 

data 

I 


a __ 
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As a partierilur casi‘ of (Kf), Ivi us suppose that the thiid is at n\st and 
that the phuie starts at = 0 with a vi^loeity whi(‘h is muf(»nuly a«*(a‘h‘raled 
for a time Ti and aftm-wards remains eonstant. Thus from — x: to 0, 
I/(t) = 0; from 0 to Tj, from r, to t, where F(t) = //Tj. 

Thus {0<t<Ti) 


. (/r\ ^ 1 f' fn/r 

o/avQ \/( 7 r/')io \ {t-T) 


\ (ttiO ' 


All) 


and {t > Ti) 



s/iTTP) 


h (Ir 

\^{t — T) 


2 // 

v'( TTV) 


\ff - \ r^)\. 


...tlH) 


Expressions (17), (IH), takmi negatively and multiplied by yu, oiv«* tin* 
force per unit area re<pur(‘d to Jiropel tin* plane against the fluid ftu'ces 
acting upon one side. I'ln* force incrt‘as(‘s until that, is so long as 

the acceleration continut'S. Afterwants it gradually diminishes to xt*ro. For 
the differential cotdHcient of Ti) is m*gutive when t">ri\ and 

when t is great, 

— \^{t - r,) - .^T, t ^ ult imately. 


§4. In like mamu‘r we may treat any pn»hlem in whieli tin* motion of 
the mat.(*ria! plane is po'scrihecl. A more diiht*ult (piestion arises when 
it is tin*/iavT.s* propt*lIing the plane that ao* giv<*n. Suppose, fer example, 
that an infinitely thin v<‘rtieal lamina «>f superfi(‘ial d<*nsity a begins ti> fall 
from rest undi‘r the atdion of gravity when t 0, tin* llui«l being also init ially 
at rest. By (IB) the equaiitui of nmtion may be writtt'U 


(I V "Ipp^ I"' ir) (It 

(It ti t) 


(O) 


the fluid being now supposed net on Imth .sides of tin* lamina. 


By an ing{‘niouH ajiplieation of Ab(*rs th<*on*m 
integrating ecpiations which include Tin* 

If be defined by 


■^(0=1 

. 0 


(t) (It 
(t-rA ’ 


Hoggio has sinareeded in 
tiu'orem is us follows: — 

.........( 20 ) 


then r = TT 10 (0 - ^ (0)!.(2]) 

Ifor by ( 20 ), if (t — r)- — y, 

ir(t)=,2 1^' <f,'(i-f)<lr, 

. « 


^ Bog^io, RffifL d. Amid. d. Lincn^ VoL xvi. pp. C13, 7B0 ; »!««'» BiiHHfT, Quart. 

Journ. of MathenmUcn^ No. 164, 1910, from whicR I firiit beoamtj with Boggio's 

work. 
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SO that 

Ti-— = 2 i/r (^ — X-) dx.— 4 I dx \ cf)' (t— X- — y-) dy 

J 0 (^t — •yY -0 - 0 Jo 

= 27r f (j>' (t — r^) rdr = tt [(p (t) — cj) (0)}, 

J 0 

where ?'- = x^ + y\ 

Now, if t' be any time between 0 and t, we have, as in (19), 

Jo w{t — t) 

Multiplying this by {t — dt' and integrating between 0 and t, we get 

p V'(t’)dt' ^ 2 pY f ‘ dt' p' V'{T)dr ^ f* dt' _ _ _ .22) 
(t-t'f a-rr^ Jo (t-f')iJo (f - t)^ ^o (t - t')^ 

In (22) the first integral is-the same as the integral in (19). By Abel’s 
theorem the double integral in (22) is equal to 7rV(t), since F(0)==0. 
Thus 

. 

If we now eliminate the integral between (19) and (23), we obtain 
simply 

dV 4p^p jjr 4pv^ ,, 

. 

as the differential equation governing the motion of the lamina. 

This is a linear equation of the first order. Since V vanishes with t, the 
integral may be written 

. + .P-’) 

in which t' = t.^p^vjcr^. When t, or t', is great, 

= + ..(26) 

.L . 2 ^^'' , 1 /, 1 \ 

so that + + .(27) 

Ultimately, when t is very great, 

'’"-7 \/(s) .'■.(“) 
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§ 5. The problem of the sphere moving with arbitntry vrlueiiy thruiigh 
a viscous Huid is of c(mrs(‘ more difficult than tin* {*(»rr«‘sp<mding prol»lt*in «»! 
the plane lamina, but it has b(*(*n satisfacttu’ily so!vi*d by liuussiii»‘s«|* anti 
by Bassetf. The easi(‘st road to tin* n‘sult is by tin* appliealiun nf Ftiiiri<*r'N 
theorem to the periodic solution invi‘stigat(*d by Stokes. If the vel«»eiiy 
of the sphere at tinn^ t be V = h the radius, M the masH of ilie 

liquid displaced by the sphen*, and .s’ —\/t// 2nL r being as Indbre tin* 
kinematic viscosity, Stokes finds as tin* total fore** at time / 



Of the four integrals in (.21), 

tlie first I in • 1 V*; 

. 0 

tin* fourth = j V, 

2 fr/(, 2u ' 

Also the second and third t.og(‘tln*r giv** 

9(1+i,V(2...r 

*(l J« 


and this is tho only part, which could [avKoni. any ditlii-ulty. huvo, 

however, already considered this inte^Tul in eonn<-xion with the inetion of t 
plane and its value is expressed hy (lO). Tims 


F==-M' 


1 dV \)v y !)C^ r r'(T>(/T I 

2 (f-r)^ J ’ 




The first term depends upon the inertia of the fluid, and is ihe sam.- a> 
would b(' obtained by ordinary hydrodynamics when c O. If fhrie is no 
acceleration at the moment, this term vanishes. If, furthrr, thi-re hiis lic.-n 
no acceleration for a long time, the third term also vanishos. anil w«* obtain 
the result appropriate to a uniform motion 


F = - 


fhAf'V 


Vmapv I' = — imfid V, 


as in (1). The general result (32) is that of Boussinescj and Ba.s,Hct , 


C. 22. t. c. p. 935 {18H,5); ThmrU Analytiquf dr In C/mlrur, t. ii. I'ariH, 
t Phil. Tram. 1888; Hydrodynamim, Vol. n. clmp. xxn. 1HH8. 
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As an .example of (32), we may suppose (as formerly for the plan. * ilmt 
= Q from - CO to 0; V{t)-ht from 0 to t, ; F(0 = /'Ti, wh.-n t :• Tj. 

Then if t < Tj, 


F=--hM' 


1 \h't ^ 

2 


k 




and when t>rx, 


F=- hir 




(ITT- 




When t is very gi'cat (34*) n^duces to its first tcruh 

The more difficult problem of a sphtuv falling umho* tin* lulhmm^ 
gravity has been solved by Boggio {loc, alt). In tin* ease wlit*n* tin* 
and sphere are initially at rest, tin* solution is coinparat ivf*ly Hiinpli*; bnl 
the analytical form of tin* functions is found to depmnl uiHUt tin* raiiu *4 
densities of the sphere and li(jui<l. This may bi* rather miexpeeietl. but 
I am unable to follow Mr Basset in n'garding it as an tfbjeeiion It* the in«tini! 
approximate equations of viscous motiom 

§ 6. We will now endeavour to apply a sitnilar method to 
solution for a cylinder oscillating transversely in a viseous fluid. It I In* 
radius be a and the velocity Fbe expresst^d by F= Btokes finiis for 

the force 

M' in Vn (k’-(//) .. * 4 35) 

In (35) M' is the mass of the fluid (lisplac(‘d; k and // arte etuiain fuinuioti>^ 
of m, where m = |aV(?//n), which are tabtdatt^d in his §37. din* eylimhi' in 
much less amenable to mathematical treatment tlnui iln^ H|iln*re. am! wi» 
shall limit ourselves to the case where, all being initially ni rest, ttn* 
cylinder is started with unit velocity which is afterwards steatlily miiiniiiineil 

The velocity V of the cylinder, which is to be xt*ro wlnm / is negative 
and unity when t is positive, may be expressed by 


, 1 sm 

F = 4 + 

TT . 0 n 


nt 


du^ 


.C3fii 


in which the second term may be regarded as tiu? ri*al part of 

1 


[ f 

'ij( 


TTZ Jo n 


• dn. 


437) 


We shall see further, below, and may anticipate from Stokt^s’ ri'siih relniiiig 
to uniform motion of the cylinder, that the first term of (311) coiitribtifes 
nothing to ; so that we may take 


M' 

TT Jo 
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coiTesponding to (37). Diseasing the imaginaiy part, we get, eerresp^jiidiii^ 
to (36 ), 

F=- ^.- I {k cos nt + k' sill hf I du .. j 3s i 

.a> 

Since k\ // are known functions of m, or (a and p being given) of lo i3Si 
may be calculated by quadratures for any prescribeil value of f. 

It appears from the tables that k, k' are positive throiighiiiit. Whtfii 
m — Q, k and k' are infinite and continually diminish as hi increases, until 
when /«. = X, i = l, F = 0. For small values of m the limiting forms for 
k\ ¥ are 

^TT ,, 1 


= 1 + 




.«39i 


nf (log m f' nir log in ' 

fitom which it appears that if we m«ake n vanish in (35), while is given, 
F comes to zero. 

We now seek the limiting form when t is ver}^ great. The integi-and in 
(38) is then rapidly oscillatory, and ultimately the integral comes to depend 
sensiblv upon that part of the range where n is very small. And for this 
part tve may use the approximate forms (39). 

Consider, for example, the first integral in (38), from which we may omit 
the constant part of k We have 

cos nt dn 4f7rv /** cos (41/0"”*- 1 .w)dx 


k cos ntdii 


=-/ 
4 Jo 


4i7rv r* 

cf Jo 


■v(logxf 


...(40) 


.(41) 


m- (log 7nf 

Writing we have to consider 

coBt\io.dx 

Jo x(Togxy 

In this integral the integrand is positive from = 0 to x = 7rj2t\ negative 
from 7 r/ 2 f' to 37 r/ 2 f, and^so on. For the first part of the range, if we omit 
the cosine, 

dw d log x _ __ . .^^ 2 ) 


I. 


0 x(log4;)’ J (logx)= log(2i'/7r)’ 

and since the cosine is less than unity, this is an over estimate. When t’ is 
very great, log(2i7'jr) may be identified with logt', and to this order of 
approximation it appears that (41) may be represented by (42). Thus if 
quadratures be applied to (41), dividing the first quadrant into thrt»e pirts, 

we have 

cos7r/12 ^ 

]o£6t’Jir 12 [icTg St'/TT ■ 


log 6f 


'/7r_ 


ott 

4- cos 


log 2t jir log 3f/ ttJ 


of which the second and third terms may ultimately be neglected in com¬ 
parison with the first. For example, the coeflScient of cc>s(37r/12) is equal to 


St' 
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Proceeding in this way we see that the cosine factor may properly be 
identified with unity, and that the value of the integral for the first quadrant 
maybe equated to l/logt\ And for a similar reason the quadrants after 
the first contribute nothing of this order of magnitude. Accordingly we 
may take 

f hQOBntdn = .(43) 

J 0 log t 

For the other part of (38), we get in like manner 

’ sin t'x, dx 8z/ 


r h'sixintdn = -—„ r 
n a'Jo 


V r sinx 'dx' . 

x'logji'/.'v') .^ 


1 0 io log X 

In the denominator of (44) it appears that ultimately we may replace 
log (t'/x) by log t' simply. Thus 

47rz/ 


// sin nt dn = ,,, 

Jo a-log^ 


.(45) 


so that the two integrals (43), (45) are equal. We conclude that when t is 
great enough, 

__. .(46) 

log if' log (4z^if/a‘‘^) ‘ ‘ ^ 

But a better discussion of these integrals is certainly a desideratum. 


§ 7. Whatever interest the solution of the approximate equations may 
possess, we must never forget that the conditions under which they are 
applicable are very restricted, and as far as possible from being observed in 
many practical problems. Dynamical similarity in viscous motion requirc\s 
that Vajv be unchanged, a being the linear dimension. Thus the general 
form for the resistance to the uniform motion of a sphere will be 

F^pvVa.fiValv), .(47) 

where / is an unknown function. In Stokes’ solution (1) f is constant, and 
its validity requires that Vajv be small*. When V is rather large, experi¬ 
ment shows that F is nearly proportional to Fl In this case v disappears. 
“ The second power of the velocity and independence of viscosity are thus 
inseparably connected”f. 

The general investigation for the sphere moving in any manner (in 
a straight line) shows that the departure from Stokes’ law when the velocity 
is not very small must be due to the operation of the neglected terms 
involving the squares of the velocities; but the manner in which these act 
has not yet been traced. Observation shows that an. essential feature in 
rapid fluid motion past an obstacle is the formation of a wake in the rear of 
the obstacle; but of this the solutions of the approximate equations give 
no hint. 

* Phil, Mag. Vol. xxxvi. p. 354 (1893); Scientific Papers, Vol. iv. p. 87. 
t Phil. Mag. Vol. xxxiv. p. 69 (1892); Scientific Papers, Vol. in. p. 576. 
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Hydrodynaniical solutions involving surfaces of discontinuity of the kind 
investigated by Helmholtz and Kirchhoff provide indec'd for a wake, but 
here again thta-e are difficidties. Behind a blade immersed transversely in a 
stream a region of “dead water” is indicated. The conditions of sti^ady 
motion are thus satisfied; but, as Helmholtz himself pointed out, the motion 
thus defined is unstable. Practically the dead and live water are continually 
mixing; and if there be viscosity, the layer of transition rapidly assumes a 
finite width independently of the instability. One important. conse(|uence 
is the development of a suction on the hind surface of the lamina which 
contributt\s in no insignificant degree to the total n^sistance. Idle amount 
of the suction do(\s not appear to depend much on the dtgnH^ of viscosity. 
When tlu‘ latter is small, the dragging action of th<‘ Hvc^ upon tln^ d(‘.ad 
water (‘xt(‘nds to a greater distance behind. 

§ 8. If the. blade, supposed infinitely thin, be moved t‘dgeways through 
the fluid, thc,^ case becomes one of “skin-friction.” Towards det(‘rmining the 
law of r(‘Histance Mr Lanchcstcu* has put forward an argument ^ which, <W(*n 
if not rigorous, at any rate throws an intiu'esting light upon tlH‘ (juestion. 
A|)plicd to the case of two dimensions in order to find the resistance F 
per unit length of blade, it is somewhat as follows. Consid(‘ring two systems 
for which the velocity V of the blade is didVn-ent, let n be l.he propoi'tional 
width of corresponding strata of velocity. ''I''ht‘ momentum commuiiicated to 
the wake per unit length of travel is as nV, and therefore on the whole 
as wP’*-* per unit of time. Tims F varies as uV\ Again, having regard 
to the law of viscosity and considering the strata contiguous to thc‘ blade, 
we see that F varies as V/n. Hcmce, n varies as V/n,OT F varies as 
from which it follows that F varies as If this be admitbal, th(‘ general 

law of dynamical similarity recpiires that for the whole resistance 


F = cpv^ .(48) 

where I is the length, b the width of the blade, and c a constant. Mr Lanchester 
gives this in the form 

F/p = cv^a'^ V\ .(49) 


where A is the area of the lamina, agreeing with (48) if I and b maintain a 
constant ratio. 

The difficulty in the way of accepting the above argument as rigorous is 
that complete similarity cannot be secured so long as b is constant as has 
been supposed. If, as is necessaiy to this end, we take b proportional to a, 
it is bV/^i, or V (and not V/n), which varies as nV-, or bV\ The conclusion 
is then simply that bV must be constant {v being given). This is merely 
the usual condition of dynamical similarity, and no conclusion as to the law 
of velocity follows. 

* Aerodynamics, London, 1907, § B5. 


t 
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But a closer consideration will show, I think, that there is a substantial 
foundation for the idea at the basis of Lanchester's argument. If we suppose 
that the viscosity is so small that the layer of fluid affected by the passage 
of the blade is very small compared with the width (h) of the latter, it will 
appear that the communication of motion at any stage takes place much 
as if the blade formed part of an infinite plane moving as a whole. We 
know that if such a plane starts from rest with a velocity V afterwards 
uniformly maintained, the force acting upon it at time t is per unit of area, 


see (12), 

pV^/{v|7^t) .(50) 

The supposition now to be made is that we may apply this formula to the 
element of width dy, taking t equal to yjy, where y is the distance of the 
element from the leading edge. Thus 

F=lp {vj-irf ^y-^dy=’2,lp {vlirf .(51) 


which agrees with (48) if we take in the latter c == 2/^/7^. 

Thei formula (51) would seem to be justified when v is small enough, as 
representing a possible state of things; and, as will be seen, it affords an 
absolutely definite value for the resistance. There is no difficulty in extending 
it under similar restrictions to a lamina of any shape. If b, no longer 
constant, is the width of the lamina in the direction of motion at level z, 
we have 

F=2p(v/'7r)iV^jb^dz .(52) 

It will be seen that the result is nob expressible in terms of the area of the 
lamina. In (49) c is not constant, unless the lamina remains always similar 
in shape. 

The fundamental condition as to the smallness of v would seem to be 
realized in numerous practical cases; but any one who has looked over the 
side of a steamer will know that the motion is not usually of the kind 
supposed in the theory. It would appear that the theoretical motion is 
subject to instabilities which prevent the motion from maintaining its simply 
stratified character. The resistance is then doubtless more nearly as the 
square of the velocity and independent of the value of 

When in the case of bodies moving through air or water we express 
V, a, and in a consistent system of units, we find that in all ordinary cases 
v/Va is so very small a quantity that it is reasonable to identify/(z//Fa) 
with /(O). The influence of linear scale upon the character of the motion 
then disappears. This seems to be the explanation of a difficulty raised by 
Mr Lanchester (loc. cit, § 56). 
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ABERRATION IN A DISPERSIVE MEDIUM. 

[Philosophical Magazine, VoL xxii. pp. 130—134, 1911.] 

The application of the theory of group-velocity to the case of light was 
discussed in an early paper ^ in connexion with some experimental results 
announced by Young and Forbesf. It is now, I believe, generally agreed 
that, whether the method be that of the toothed wheel or of the revolving 
mirror, what is determined by the experiment is not V, the wave-velocity, ^ 
but TJ, the group-velocity, where 

U^d{hV)ldk,. 

h being inversely as the wave-length. In a dispersive medium V and U are 
different. 

I proceeded:—''The evidence of the terrestrial methods relating exclu¬ 
sively to U, we turn to consider the astronomical methods. Of these there 
are two, depending respectively upon aberration and upon the eclipses of 
Jupiter's satellites. The latter evidently gives U, The former does not 
depend upon observing the propagation of a peculiarity impressed upon a 
train of waves, and therefore has no relation to (7. If we accept the usual 
theory of aberration as satisfactory, the result of a comparison between the 
coefficient found by observation and the solar parallax is V —the wave- 
velocity." 

The above assertion that stellar aberration gives V rather than U has 
recently been called in question by Ehrenfest:!:, and with good reason. He 
shows that the circumstances do not diflFer materially from those of the 
toothed wheel in Fizeau's method. The argument that he employs bears, 
indeed, close affinity with the method used by me in a later paper §. " The 

* Nature, Vols. xxiv., xxv. 1881; Scientific Papers, Vol. i. p. 537. 

These observers concluded that blue light travels in vacuo 1* * * § 8 per cent, faster than red 

light. 

X Ann. d. Fliysik, Bd. xxxiii. p. 1571 (1910). 

§ Nature, Vol. xlv. p. 499 (1892); Scientific Papers, Vol. iii. p. 542. 
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explanation of stellar aberration, as usually given, proceeds rather upon the 
basis of the corpuscular than of the wave-theory. In order to adapt it to the 
principles of the latter theory, Fresnel found it necessary to follow Young in 
assuming that the sether in any vacuous space connected with the earth (and 
therefore practically in the atmosphere) is undisturbed by the earth s motion 
of 19 miles per second. Consider, for simplicity, the case in which the 
direction of the star is at right angles to that of the earth’s motion, and 
replace the telescope, which would be used in practice, by a pair of pcudoratecl 
screens, on which the light falls perpendicularly. We may further imagim^ 
the luminous disturbance to consist of a single plane pulse. Wlnm this 
reaches the anterior screen, so much of it as coincides with the momentary 
position of the aperture is transmitted, and the remainder is stopped, '’riici 
part transmitted proceeds upon its course through the a‘thcr indepemhaitly 
of the motion of the screens. In order, therefore, that the pulse may bt‘ 
transmitted by the aperture in the posterior screen, it is evident that tlu‘ 
line joining the centres of the apertures must not be perpcndicmlar to the 
screens and to the wave-front, as would be necessary in the cast^ of rest. 
For, in consequence of the motion of the posterior screen in its own platie, 
the aperture will be ,carried forward during the time of passages of th(‘ light. 
By the amount of this motion the second aperture must be drawn ba,ckwards, 
in order that it may be in the place required when the light reach(‘s it. If 
the velocity of light be F, and that of the earth be v, the line of apeu-turt^s 
giving the apparent direction of the star must be directed forwards through 
an angle equal to vjV!' 

If the medium between the screens is dispersive, the question aris(‘S in 
what sense the velocity of light is to be taken. Evidently in the sense of the 
group-velocity; so that, in the previous notation, the aberration anglt‘ is 
vjU. But to make the argument completely satisfactory, it is necessary in 
this case to abandon the extreme supposition of a single pulse, replacing it 
by a group of waves of approximately given wave-length. 

While there can remain no doubt but that Ehrenfest is justified in his 
criticism, it does not quite appear from the above how my original argument 
is met. There is indeed a peculiarity imposed upon the regular wave-motion 
constituting homogeneous light, but it would seem to be one imposed for the 
purposes of the argument rather than inherent in the nature of the case. 
The following analytical solution, though it does not relate directly to the 
case of a simply perforated screen, throws some light upon this question. 

Let us suppose that homogeneous plane waves are incident upon a 
"'screen” at ^ = 0, and that the effect of the screen is to introduce a reduction 
of the amplitude of vibration in a ratio which is slowly periodic both with 
respect to the time and to a coordinate x measured in the plane of the screen, 
represented by the factor cos m {vt — x). Thus, when t = 0, there is no effect 
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when iv = 0, or a multiple of 27r; but when x is an odd multiple of tt, there 
is a revi*rsal of sign, equivalent to a change of phase of half a period. And 
thi‘ pla(‘i‘S where these particular effects occur travel along the screen with 
a velocity v which is supposed to be small relatively to that of light. In the 
?ibs(UHu,‘ of tlu‘ screi‘n the luminous vibration is represented by 

cj} = cos {ilt ~ kz), .;.(1) 

(»r a,t th(‘ place of tlu^ screen, where = 0, by 

<f) = cos nt simply. 

In aeeordanet^ with the suppositions already made, the vibration just 
behind th(.‘ scrinm will be 


(f> = cos m {vt — w) . cos nt 

= I cos \{n 4- mv) t — mx] + i cos {(n — mv) 1 4- rruv ]; . (2) 

and th<‘ (jiU‘Stion is to find what form will take at a finite distance -s behind 
the scrt‘en. 


It is not (lifficult to sec that for this purpose we have only to introduce 
UmiiH proportional to < 2 r into the arguments of the cosines. Thus, if we write 

<j!) = I cos {(//. 4- m/;) t — mx -- iJbiz]+^ cos {(71 — rnv) t 4 - 7nx — ...(3) 


we may determiiu‘. gj, jm , so as to satisfy in each case the general differential 
equation of propagation, viz. 




,(4) 


In (4) V is constant when the medium is non-dispersive; but in the 
contrary case V must be given different values, say Vi and Fa, when the 
coefficient of t is aq-mt; or n--mv. Thus 


(71 4” = Fd 4- (n — = Fa^ (m‘*^ 4 .(5) 

The coefficients being determined in accordance with (5), the value 
of (f> in (3) satisfies all the requirements of the problem. It may also be 
written 

<f> == cos [mvt — mcc — ^ -- z] . cos [nt — J (/x^i 4 /is) .(6) 

of which the first factor, varying slowly with ty may be regarded as the 
amplitude of the luminous vibration. 

The condition of constant amplitude at a given time is that m^4 ^ 
shall remain unchanged. Thus the amplitude which is to be found at = 0 
on the screen prevails also behind the screen along the line 

- xlz = \{fi^-- .(7) 

so that (7) may be regarded as the angle of aberration due to v. It remains 
to express this angle by means of (5) in terms of the fundamental data. 
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When m is zero, the value of /z is and this is true 

when is small Thus, from (5), 






and 


— /xo- _ 2mv ^ nVf 1 _ 

2nlV~~V^~¥[v7- V./) 

fj'x — t; ( n V^ — Vi) .(S) 

2m V I 2mv V J 


with sufficient approximation. 

Now in (8) the difference Vn—V^ corresponds to a change hi 
of t from n -{-mv to n — mv. Hence, denoting the general coefficituil “1 ( h> 
of which F is a function, we have 


and (S) may be written 

Again, 
and thus 


Fi- V,,^2mv.dVld<r, 


and 


1 - 



.1\ 

2m 

v] 

11 



dV 

V d<r~ 

do- 

b 

b 

dk 


F do- 


-n- 


.{ih 


U = do-JdJo, 
_ - ^ O' die 


V do- k do- U’ 


where U is the group-velocity. 

Accordingly, 

(jojiz^vjTI .i hh 

expresses the aberration angle, as was to be expected. In the prostnit proljlnu 
the peculiarity impressed is not uniform over the wave-froup, ns may Ih- 
supposed ill discussing the effect of the toothed wheel; but it exists n(*v(*r’ 
theless, and it involves for its expression the introduction of iii<>rc‘. than <m«- 
frequency, from which circumstance the group-velocity takes its oiugin, 

A development of the present method would probably permit tin* solul ic»u 
of the problem of a series of equidistant moving apertures, or a jsiiigl(‘ ui<»ving 
aperture. Doubtless in all cases the aberration angle would nssuiiu* tin* 
value v/U, 







LETTER TO PROFESSOR NERNST. 


[Gonseil scientifiqiie sotis les auspices de M. Ernest Solvay, Oct 1911.] 
Dear Prof. Nernst, 

Having been honoured with an invitation to attend the Conference at 
Brussels, I feel that the least that I can do is to communicate my views, 
though I am afraid I can add but little to what has been already said upon 
the subject. 

I wish to emphasize the difficulty mentioned in my paper of 1900^ with 
respect to the use of generalized coordinates. The possibility of I'epresenting 
the state of a body by a finite number of such (short at any rate of the 
whole number of molecules) depends upon the assumption that a body may 
be treated as rigid, or incompressible, or in some other way simplified. The 
justification, and in many cases the sufficient justification, is that a departure 
from the simplified condition would involve such large amounts of potential 
energy as could not occur under the operation of the forces concerned. But 
the law of equi-partition lays it down that every mode is to have its share of 
kinetic energy. If we begin by supposing an elastic body to be rather stiff', 
the vibrations have their full share and this share cannot be diminished by 
increasing the stiffness. For this purpose the simplification fails, which is as 
much as to say that the method of generalized coordinates cannot be applied. 
The argument becomes, in fact, self-contradictory. 

Perhaps this failure might be invoked in support of the views of Planck 
and his school that the laws of dynamics (as hitherto understood) cannot be 
applied to the smallest parts of bodies. But I must confess that I do not 
like this solution of the puzzle. Of course I have nothing to say against 
following out the consequences of the [quantum] theory of energy—a pro¬ 
cedure which has already in the hands of able men led to some interesting 

* Phil, Mag, Vol. xlix. p. 118 ; Scientific Papers^ Vol. iv. p. 451. 
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conclusions. But I have a difficulty in accepting it as a picture of what 
actually takes place. 

We do Avell, I think, to concentrate attention upon the diatomic gaseous 
molecule. Under the influence of collisions the molecule freely and rapidly 
acquires rotation. Why does it not also acquire vibration along the line 
joining the two atoms ? If I rightly understand, the answer of Planclc is 
that in consideration of the stiffness of the union the amount of energy tliat. 
should be acquired at each collision falls below the minimum possible and 
that therefore none at all is acquired—an argument which certainly sounds 
paradoxical. On the other hand Boltzmann and Jeans contend that it is all 
a question of time and that the vibi'ations necessary for full statistical (‘((ui- 
librium may be obtained only after thousands of years. The calculations oi' 
Jeans appear to show that there is nothing forced in such a view. I should 
like to inquire is there any definite experimental evidence against it ? So for 
as I know, ordinary laboratory experience affords nothing decisive. 

I am yours truly. 


RAYLEIGH. 
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ON TIIK (:AI.('ULAT10N OK OllLADNl’S KKUJEKS FOR 
A SgUARK I'LA'l’K. 

\ Mtnjitzino, \'ol. XXil. |)|). 2!i^5 221), 

In iny bonk 7'hvnrjf af eh. X. (Isl. (eL 1877, "ind (‘d. ISD*^*) 

I had U) s|)(*ak of tlm ])robl(‘)n of l-ho vil»niiions of a n‘o(,ano-iila.r plaU^ wliosc' 
(•dL,^rs an*. ir{*c, ns latino* ojw of o-|H*n.t. dinicidl.y, wlnbdi ha<l Ibr (,h{‘ iikjsI part 
rc.sisl.od a,!.l,a<‘k. An oxccpt.ioii {‘oidd la‘ iiiado of llu* case in wliir.h /x{l»h(‘ 
rado of* hiU-ral <'onl.ra('(jon (.<j Kai^'tl.iidinal <‘|fjii^L(a(.lon) iido'ld- la* rc^t^ardod as 
fvanosci'iik It was shown iJial, a. roctaiii^idar plal.o (‘otdd thon vihi-a.I.c aJ’t(‘r 
{.Iio saiiu* law as olM.ains for a siiiij»lo liar, and by snjH'rposit.ion sniia* oi* l.lu* 
siiiipl(*r Cliladnis lioairos Ibr a stpian* plal.t* won* d(‘du(t(!d, for ^L(Ia.ss and 
in(‘t.!d t.la* value* oi’/z is abonl. .}, so l.hat lea* such pla.l.e*s as are* usually (^\])e‘ri” 
nieail.cel on the* rcsull.s (‘ould be* e*eaisi<lcrcel eaily as ra,thcr i-ou^’li appnaxi- 
inatieins, 

I wisli l.e» eaill atlcnlieai i^ej a rciuarkablc incinoir l)y W. Ilitz^ in wliich, 
souie'wliat eai the* above* line's, is fle*ve‘l<»j)e‘el wil.li ]L»r(*at skill wlu'it may Ixt 
re'L;ure[(.‘el as a practie^aJly e'oiupleU.e* soluf.ieiu ed’ the* prejbltun nf* (Ihladni s 
figures eui sepiare* plate-s. It is shown thatf to within a lew pe‘r c(‘nt. all the^ 
prt)pi‘r tone's e)f the* plate* may be* cxpi'e-sse'd by tlu? re>rnmla‘ 

ff'mn '//m (‘^’) 'be (//Id” 'b/e (//) 'bt (a*), 

II,fi = 11,1, {•(') nII {jj) ^b// (//} ^bt (‘^ )» 

the; functie)ns n beung those ]u*ope*r tei a Iree* liar vibrating transve*rst‘ly. The* 
cejeirdinate* axe's an.* drawm thrt.)Ugh the* (a'litn* parallel to the side^s of the* 
sepiarie. The first fu,ne‘tie)n of the* se‘rie‘s (.7') is ceaistant; the* se’cond 

Ui (.r) nonst.; is tlius the; fundame'ntal vil)ration in tlio usual semse, 

witli twe) ne)eles, and se) on. U-itz ratlu*r implies that I had overlooked the* 

“Thcorie* dcr TmnKV(*rHiilM<;h\vinf4in)K‘*Ji edne-r eiuaelrutisidufn Plattt* niit froien HaiKlorn/’ 
Anmilvn (hr Plujuik, Ud. xxvnr. 8. I’M (lUU'J). Tlie* early ditatli e)f Uiu taienitesd authen’ inu.st laa 

(II f/./i A Til f e t <1111 n f e .III 1 Di.if.twki! 
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necessity of the first two terms in the expression of an arbitrary function. 
It would have been, better to have mentioned them explicitly; but I do 
not think any reader of my book could have been misled. In § 
inclusion of all"^ particular solutions is postulated, and in § 175 a reference 
is made to zero values of the frequency. 

For the gravest tone of a square plate the coordinate axes are nodal, and 
Ritz finds as the result of successive approximations 

10 = + *0394 H- 

- •0040zi3?;3 — *0034 {ihv^ 4- u^v^) 

+ *0011 -i- - •0019it5?;B; 


in which u stands for ib{x) and v for 'it(y). The leading term UiV^, or zr//, is 
the same as that which I had used (§ 228) as a rough approximation on 
which to found a calculation of pitch. 

As has been said, the general method of approximation is very skilfully 
applied, but I am surprised that Ritz should have regarded the method itself 
as new. An integral involving an unknown arbitrary function is to be made 
a minimum. The unknown function can be represented by a series of knowji 
functions with arbitrary coefficients—accurately if the series be continiUMl to 
infinity, and approximately by a few terms. When the number of coefficients, 
also called generalized coordinates, is finite, they are of course to be di'tm'- 
mined by ordinary methods so as to make the integral a minimum. It was 
in this way that I found the correction for the open end of an orgaii-pipof^ 
using a series \vith two terms to express the velocity at the mouth. Idic 
calculation was further elaborated in Theory of Sound, Vol. n. Appendix A. 
I had supposed that this treatise abounded in applications of the metliod in 
question, see §§ 88, 89, 90, 91, 182, 209, 210, 265; but perhaps the most 
explicit formulation of it is in a more recent papery, where it takes almost 
exactly the shape employed by Ritz. From the title it will be seen that 
I hardly expected the method to he so successful as Ritz made it in the case 
of higher modes of vibration. 

Being upon the subject I will take the opportunity of showing how the 
gravest mode of a square plate may be treated precisely upon the lines of the 
paper referred to. The potential energy of bending per unit area has the 


expression 


qh^ 


if “w)i^ + 2 (1 


d'^w dhu\ 
ded^ dy-\ 


* Italics in original. 

t Fhil. Trans. Vol. clxi. (1870); Scientific Papers, Vol. i. p. 57. 

X “On the Calculation of the Frequency of Vibration of a System in its Gravest Mode, with 
an Example from Hydrodynamics,” Phil. Mag. Vol. xlvii. p. 556 (1899); Scientific Papers, Vol. iv. 





CHLADNl’s FIGURICS FOR A S(,)ITARK FLATK 


■» 


lOll] 


41) 


in which q Is Y()Uii^’’s inudulus, and 2//. the thickuosH of the 214). 

Also for the. kitictic cueroy per unit an'a we have 

T^phw\ .(2) 

p being the volunu^-density. From the symmetries of the ease lu must he ati 
odd function of x and an odd fuuetion of //, and it must also la* symimRrieal 
betw(‘en X and y, ddius we may take 

w = q^xy -t- q.xy (.r“ //*) + (‘r' 4-,(/’) 4- q.xx'y'^ -h.{rO 

lai the {u:tual ealt-ukition only thi‘. two first terms will he (‘mployed. 

M\[)i'C!Ssions (1) and (2) arc; to he intc‘gral.c‘d ov(‘r t.he septare; but. it will 
sulH(;e 1.0 include; only the lij’st ([Uadrant, so that, if wt* take {.he side of (he* 
s([uan; a.s ecjual to 2, the limits for x and // arc; 0 and I. We find 



1J (Y-7/0*’ (hr d q I (ir/.r, . 

.(4) 


' drill drill] , , „ . „ 

“ d.i:- (/./-(' '(■- ■ 

.(o) 

Thus, if WC' sc;t 

ir ‘M'*’ ir 

:{(1 + ja) . 

.(ti) 

wc iiilvc r 

= .U/r-f 2i/,ii,-h . f . 

.(7) 

In Hk(! iiijuuicr, if 



tf\ __ 2.ph 

' c) ' ’ .. 

.(N) 


V'^W+Ui’h-^d^O-^-^u) . 

. (!l) 

When W(.! iicf^lecf r/.j iuul 
give 

suppose tha.t ry, vari<*s as onnpt^ f,li<»Kc; 

cxjirrssiiins 

^ p(l.+/i) p(}+/j,)ii‘' 

.(1(1) 


if we introduca; a as tlic‘ Icmgth of the side* of the scpian*. This is tin* valiu' 
found in Theory of Hoiuid, § 228, ecpuvaleut to lliU’s first a[)j!)roximal.ion. 

In pnaaa'ding to a second ap[)roximatioji wc; may omit, the fac'tca’s already 
accounted for in (1,0). Kxpi-essions (7), (i)) arc; of the standard form it‘ 
we take; 


d - i, 7i-=2, 

i, = 1, j)/ = '.’, 

;> 



8 


I. 


> 

-/X 





20 ’ 
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and Lagrange’s equations are 

{A - )qi + {B-p^M) go = OA ^ ^ 

(B -fAI) q, + (G -fN) = OJ . 

while the equation for p- is the quadratic 

p^ {LN- ilf2) + {2MBI^A) + AG-B'^ = 0 . (12) 

For the numerical calculations we will suppose, following Ritz, tliab fi- ’22i), 


making (7=11-9226. Thus 


ZiV'-Jf2 = T37l4 


= 7-9226, 


2MB ~ ZG - = - 2 X 4-349S. 

The smaller root of the quadratic as calculated by the usual formula is 
•9239, in j)lace of the 1 of the first approximation; but the procc'ss is lU)!. 
arithmetically advantageous. If we substitute this value in the first; t(u-iii ol 
the quadratic, and determine p- from the resulting simple equation, W(' got. 
the confirmed and corrected value p^ = *9241. Restoring the ouiitti.id lactoi’s, 
we have- finally as the result of the second approximation 


in which fi — *225. 


... 96g;^^ X -9241 

^ p{l+ix)a^ . ^ 


The value thus obtained is not so low, and therefore not so good, as that 
derived by Ritz from the series of ^^-functions. One of the advanta,ges 
of the latter is that, being normal functions for the simple bar, they allow T 
to be expressed as a sum of squares of the generalized coordinates (p, foe;. 
As a consequence, appears only in the diagonal terms of tlu.^ syst(un oi‘ 
equations analogous to (11). 

From (11) we find further 

g2/gi = ~ *0852, 

so that for the approximate form of corresponding to the gravest ])itch w<i 
may take 

iu = xy - *086 2 xy (x- + y-), .(14) 

in which the side of the square is supposed equal to 2. 







3rt8. 


I’BIlliLUH.S IN TJIK CdN'DlKTIllX OK IIHAT. 


MuguzLiw., X'ol. xxil. ]>]>. IDI 1.] 


Tiik g»‘ncnil (Miiiabion I’or (.lu' (‘nu<lu(!l-i()n of h«‘al in a miilnrui inrtlinm 
may 1>(‘ wiil.tcMi 

do d'^v d 'v d'r ^. , 

. 

V r(‘|)r(‘scn(,iiin’ l.cmiHa’alun*.. Tlu^ (‘aclliiumil. (/») (liiriisibilila* is 

()mibi-i‘(l for l)r(‘vil;y fUi (.la* ri^’lil.-liaud ol'(I). II. can always In* rc.sl.nrr(| by 
c'onsidi'ratimi <»!’ “ diimmsions.” 


Ivt'hdii^ has sliowii hew t.o build u|) a varicl.y <>1 s{)«-cial soluliniiN, 
applicable tio an iniiriit'/(‘ m(*dium, on the basis of lAmriei-s sehifieii ibr 
a pointr-.simrce. A. lew e.\aim])l(^s art* <[unt(‘d a,lm«jsl» in Ivelvin’s wonls: 

I. rnsbin(<ant‘nus Mim])le peint<-s(mrc«'; a tpiantil-y (J, ni* heat snthlenly 
gtaici'ated at tlie point (0, 0, 0) at tinn^ ---0, and hdl l.n tlilluse thnmi^ii 
an iuliniU* hnmne'(an‘nus solid: 

.. 

where 7 *“ = a*“ + 7 /”- 1 -|Th(* thermal capacity is stijiposed to b{* unity.] 
V(‘.rilV that 


V dio d>y (h — d-TT I V r dr = Q ; 
J 0 


and tliat a = 0 when t~0; unl(*ss also // — (), r-. {). ICoory tdhrr 

solution is ohUviu(d)le from, this by oumimriioir 

IL Constant simjde point-source, rab^ q: 

.iM, 


.'•'> 

The formula within tin* brackcLs shows how this obvious sidution is d<*rivable 
from (2). 

* “ Compandiiuu of Fourier Matheiiiatic.s, ite.,” Pine. Hrit. IHHO; iUiJlccUul Vajwrs^ Vol. n. p. L 


A 
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III. ContiiHied point-source; rate per unit of time at time t, an arbitrary 
function, fit ): 

/.CO 

.( 4 ) 

IV. Time-periodic simple point-source, rate per unit of time at time t, 
q sin 2nt: 

V — g-Vn,r ^2'nt — 71^.7-'].(5) 

Verify that v satisfies (1); also that — ^tirr-dvldr = q sin 2?i^, where v = 0. 

V. Instantaneous spherical surface-source; a quantity Q suddenly gener¬ 
ated over a spherical surface of radius a, and left to diffuse outwards and 
inwards: 

p—{r—a]-l4t _ p—(r+a)y4t 

- = Q . 

To prove this most easily, verify that it satisfies (1); and further verify that 


47r [ vr^-dr — Q] 
J 0 


and that v — 0 when i = 0, unless also r = a. Kemark that (6) becomes 
identical with (2) when a = 0; remark further that (6) is obtainable from (2) 
by integration over the spheidcal surface. 

VI. Constant spherical surface-source; rate per unit of time for the 
whole surface, q : 

"r’i. *—. 

= 5/47r-r (r > d) — qj^ira (r < a). 

The formula within the brackets shows how this obvious solution is de¬ 
rivable from (6). 

VII. Fourier’s Linear Motion of Heat”; instantaneous plane-source; 
quantity per unit surface, cr : 


. 

Verify that this satisfies (1) for the case of v independent of y and .s, and 
that 

r+co 

vdx= cr. 


00 ; or 


Remark that (7) is obtainable from (6) by putting Q/47ra^ = cr, and a = 
directly from (2) by integration over the plane. 






I‘!l()I?LKMS IN THK <;< )N'UTt'TU )N i)K HKAT 


ii)iri 


In Kt'lviti’s Hiuiimary liiH'.ar sntin-cs ar«‘ passftl wvfi\ I{ an iustaiitani-ous 
sourca !)(' nnilunnly disl.rihut.rtl ahai^i^ (lu‘ axis ol* j, st) dial; tin* rat** p<‘r 
iiiiil- is wt‘ c.)h(,ain at, oiu*** by lnti‘L*i‘atinn irmn (2) 

'’"'j 4<7r/ .’ 

l^'rnin diis \v<* may (Intlimn t.lm nilvct- nl’an in.slanlain’niis sniin'i* unitnrmly 
(list.rilmb'd nv«‘r a cirrular rijUndcr wlmsn axis is pai*all«‘l i»> tin* >njM‘rlirial 
d(‘nsity lininn* rr. (.\jnsid(*rinL;* t-ln* ci’nss-si'nl inn dirnuL*li da* |>«»inl vvlnn*** 
V is t.n lx* t*sdma,i.nd, Inl O bn t-lm nnnd't* ainl ti tin* radius n|’ tin* nirn!**. 
TImn if P lx* a point; on tJu* cin*!**, OP w/. Oi^ r, Pip p, / Pi^iJ. \ and 


so dial 


V 


p' r-r a-’ .p r — 2(/r nos i\ 



mnlOc crn 

•I'TT/' 2/ 



(Id 


/„ (.r), (’{[Ual t.o Jn(i'r), ]n‘inu; dn* fimnl-ion nsnally so d(‘rn»j»'t!. b'rnmiUjun 
fall ba(‘k on (S) if wo pul. (/ ■ ■(), 27 r<nT //. I( Imbls lamd wln'llmr r lx- 
!4'roat.(*i* oi* loss dian a. 


Wild! .r is V(‘ry n’r<‘at; and jinsil.ivo, 


4 (ad 


6'‘‘ 


( iO) 


so dial, for Vi‘ry small vahios of / (b) assiunos llio foriri 

• (;• ./1“ 
frtf. 

f) -- , , f! , 

2 v(7rra/) 

vanisldn^L,^ wlidi /(), miloss •/* a. 


Ai»’ain, sujjposo l.hab Lin* insLanlanooiis souna* is unibu'mly disirilmtml 
ovor I In; ch'clfi ^ — 0 , --dM’.os «/>, 7;-■-(/'sin r/), Lin* ral-o por unit, nf an* !>oini( 7. 
and LliaL ?; is r(‘<|uirod at. Lin; ])'>inL a?, 0 , I’lmro is ovidmitly no In^s nf 
gonoraliLy in supposini(//-d). Wo obtain al. one** from (2) 


whon* 


V 



qa r/0f?‘ 
.Stt’’ “ ” 


(ID 


7 ’“ r™ . a*)" d- of -p 0“ -p ar 4* «*’ — 2o.r t'os (f>. 


Thus 


qa 

47r‘/~ 0'^ * 



( 12 ) 


fi’om which if wt* wrila* (ix:=^adz, and iiiLt'graLo wil.h n*spi*(!L t^o j fnmi — / to 
4 73 , wo may njcovor (b). 
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If in (12) we put q^crda and integrate with respect to a from 0 to oo, 
we obtain a solution which must coincide with (7) when in the latter we 
substitute ^ for os. Thus 


= 2t .(13) 


a particular case of one of Weber’s integrals^. 

It may be worth while to consider briefly the j)roblem of initial in¬ 
stantaneous sources distributed over the plane (f = 0) in a more general 
manner. In luctangular coordinates the typical distribution is such that the 
rate per unit of area is 

<7 cosZ^. cos mr} .(14) 

If we assume that at os, y, z and time t, v is proportional to cos las . cos my, 
the general differential equation (1) gives 

, /7o . ox d-v 

or ~ i v} = ~ < v} ] 

so that, as for conduction in one dimension, 

v — A cos lx cos my ^ .^ 25 ^ 


*+ 00 

vdz = 2 aJtt . A cos lx cos mv ^ 

j-X . ^ ' 


Putting ?5 = 0, and comparing with (14), we see that 


By means of (2) the solution at time t may be built up from (14). In 
this way, by aid of the well-known integral 


e cos 2cx dx = ~ 

a 


we may obtain (15) independently. 

The process is of more interest in its application to polar coordinates 
If we suppose that v is proportional to cos nO. Jn{kr\ 

^ 1 dv 1 d-v 

+ ^ + = .(IS) 


* Gray and Mathews’ Bessel’s Functions, p. 78, equation (160). Put u-0 ^-rl a 
also (31) below. ^ ^ = 0- See 
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SO that ( 1 ) gives 

. 

p-zyu 

and V — A cos nO {kr) — j— .(20) 

■\jt 

From ( 20 ) 

[ vdz== 2 Vtt . A cos nO Jn (kr) .(21) 

. —00 

If the initial distribution on the plane ^ = 0 be per unit area 

cr cos nd Jn{kr\ . (22) 

it follows from ( 21 ) that as before 

. 

We next proceed to investigate the effect of an instantaneous source 
distributed over the circle for which 

f = 0 , f = C 6 cos 7} = a sin 0 , 

the rate per unit length of arc being q cos ncf>. From ( 2 ) at the point so, y, z 

„ _ geos 

jo 87r»/'^i“/'^ . 

in which 

^2 _ (|r _ ^y. 4 - _ y )2 4 - ^2 _ ^^2 4 . p 2 4 _ ^2 _ 2ap cos — 6\ 

if 00 = p cos 6, y~p sin 6, The integral that we have to consider may be 
written 

I cos iicf) d(^=^ j cos?i(0 -h ^/r) e'^'cosi// 

= cos 710 I cos ?l\[r eP'cos<|r I gp'cos . ^25) 

where i/r = 0 — i9, and p' — apj^t In view of the periodic character of the 
integrand, the limits may be taken as — tt and -f tt. Accordingly 

I COS Tl^jr ^ dyfr — 2 I cos 7^^fr 

•J —TT Jo 

j ^ sm7^^j^e^'^^^'^d^fr —0; 

and cos = 2 cos nijJ’'cos cos.fr .^26) 

The integral on the right of (26) is equivalent to tt/^ (p'), where 

In(p) ~ Jn (^p )j . 
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being, as usual, the symbol of Bessel’s function of order n. For, if n 
be even, 


J 

rn Ctt 

' cos = 1 - 

0 "Jo 

cos nyjr (e^'cosi^ _j_ ^ p'cosi|/^ 




rn 

cos 7iy}r cos 

0 

{ip cos yfr) d^jr — iri Jn(ip) = (p) j 

and, if n be odd, 



j 

f cos 71'ilr d'ifr = — |- 

0 

f cos n'^ (e~p'cos<A _ ^p'cosi/'^ 

'0 




=-iJ 

"tt 

cos ii'yjr sin (ip' cos ^Jr) dyj/> — ttIu {p )» 

0 


In either case 





[ cos 7l^jr e^' dyjr = nrln (p) . 

J 0 

,(28) 

Thus 

J 

r2Tr 

1 cos 7i(j) — 27r cos n6(p'), . 

' 0 

,(29) 

and (24) becomes 

_qa cos ne ap\ - u 

4 .^ 1 / 243/2 . 

(SO) 


This gives the temperature at time t and place {p, z) due to an initial 
instantaneous source distributed over the circle a. 

The solution (30) may now be used to find the effect of the initial source 
expressed by ( 22 ). For this purpose we replace q by a da, and introduce 
the additional factor subsequently integrating with respect to a 

between the limits 0 and oo. Comparing the result with that expressed in 
(20), (23), we see that 

' a cos nO 

2 

is a common factor which divides out, and that there remains the identity 

fo (§) = (hp) .(31) 

This agrees with the formula given by Weber, which thus receives an 
interesting interpretation. 

Reverting to (30), we recognize that it must satisfy the fundamental 
equation ( 1 ), now taking the form 

dz°- dp- p dp M-~di‘ . 

and that when t=0 v must vanish, unless also z=0, p = a. 


(32) 
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11)11 I 


a i 


If We inlv!j;’r.'it,r (,‘1()) with rrsprrh to ^ Ix'l.wcrn ± x, 7 ' 

th.'ii ^rctis//^:) r{‘|)n‘S{*nts l.lu* .superficial density nf (.In* insiantaiM'ous smins* 
distrihuli'd (iv(*r (he njHndvr of radius u, we olitain 

(TdA'M^nO . /(ijA ' "'I/' 

V’^ ... In . 


whieli may he r(‘t»-ard<‘d as a ufemu’alij^atinn dI* (‘)). And it :ipp«'ar> that 
(dd) satisfies (d2), in which the term <l‘d'!(h- may now he omiHod. 

In \h Kelvin t^uves (.lu' t.empi'rature at a distance r Irom i h** e.uuri* 
and at. l.ime t dm* to an instant.anenus source unilormly disti'ihuied oM-r 
a splieim'al siirfma*. In (h^rivine’ (.In* n‘sult hy inteeration IVom (2) it In of 
course simplest, to dividi* the spherieid surface inlet elementary eireh-.N uhieh 
are symnietriiN'illy sil.ual.(*d with i*e.spc*el, l.o the line joining I he coni re id 
tin* s])lnu’(‘ 0 tro (he point. Q wlnu’e the enee.l, is n*«[ulre'<h IhtI If tin* eii'ch-N 
he drawn round amd.her axis OA, a eomparis<in ol’ resnlls will ei\e a delinit*- 
intej^U’al. 


Ada[)tinf^ (l^)i wril.n (/•■wJsin^A fj h(‘In^;’ the ratlins of the Nplnae, 
'n — ()(^ sin 0' *= r sin 0\ r r cos 0' — c cos 0^ st> (hat- 


sin dti , /r:/’sin d sin d' 


.tvrP'*: /='/'** 






)'• 


rr t‘nM «I'siN n 
V( 


.(d l ) 


dliis has now to Is* int.eorat.ed with respi;el, (,u 0 lrt>m d to tt. Sin*’«- the 
ri.*sult musti he int|ependen(, of 0', we set* liy ()U(.(ini( dA-0 that 


-rr 

7„{/jHin 0»n\O') (f'""’'"am 0 dO 
i U 


r »r [ 

, /.‘i*'‘"‘‘^sin d (10 — r »').t 

. 0 P 


Usine’ (he simplified fttrin and )>u(.(.ini»‘ r/■ wrrr/d, where (r is the siijieiiieial 
density, wt* obtain h>r t.lnr eomph'tt* sphere 


f 


(/• rV 
If 


ic i r) ‘ 


ddftt 


ai(rei‘ino with (()) wln*n wc* remiemlier tliat. "‘tTreV. 

\Vt* will now etmsid(‘r (.he. [irohleni of an instantaneous sourei* arbitrarily 
distributed ovt*r the surfaei* of (.he sjiheri* whose I’.adius is e. It suHier-., 
of eoiirsi*, t.o tn‘at the ease (d* a splieri(*.al harmonic distribution: and u»* 
supjiose thal per unit-of area of tin* spheri<*al surfaia* I lie rale isN,,. A»-sununi^^ 
that V is evmywhere proportional lo w<* know tJial. r .sa(isfie> 


1 d 
sin d tlO 



diA 1 
do) siii“ 


(l-r 
0 d (d^ 


•f ?i (;/ ‘f 


1 )r r-n, 


(dm 
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8, CO being the usual spherical polar coordinates. Hence from (1) as a 
function of r and t satisfies 

dv __ d?v 2 dv n {n -h _ q 

dt ~ dr'"- r dr r- 


or 


d {rv) _ d^ (rv) n {n + 1) 
di dr- r'^ 


(rv) = 0. 


(38) 


When n = 0, this reduces to the same form as applies in one dimension. 
For general values of n the required solution appears to be most easily found 
indirectly. 

Let us suppose that Sn reduces to Legendres function where 

/jb = cos 8y and let us calculate directly from (2) the value of v at time t 
and at a point Q distant r from the centre of the sphere along the axis of 


The exponential term is 

rcy. 

e~ u e u ^ e u ^ 


(39) 


if /o = ro\2t Now (Theory of Sound, § 334) 

Pn ( m ) df. = 2^™ y {p), . (40) 

whence | ^ P„ (m) dp. = 2i"+i /f Jn+h .(41) 

or, as it may also be written by (27), 

. 

Substituting in (2) 

Q = 27rc“ Pn(fT}dfjb, .(43) 


we now get for the value of v at time t, and at the point for which p = 
= 


rv = -- 


r, 


It may be verified by trial that (44) is a solution of (38). When /a 
is not restricted to the value unity, the only change required in (44) is the 
introduction of the factor (fi). 

When n — 0, P.,i(/x) = l, and we fall back upon the case of uniform 
distribution. We have 

^i(*) = y(^-)sm*, .(45) 


or 


Jh(— iP) = 


V (2Trx) ’ 


(46) 


Using this m (44), we obtain a result in accordance with (6), in which Q, 
representing the integrated magnitude of the source, is equal to 47 rc“ in our 
present reckoning. 











iniOIiLKMS IX TIIK i'()M)l?(‘Tl()X OK JIKAT 


ini I I 

Wlifii ii I, ifi) “ and 




// 2 \ (sin a* 
V Way ( a; 


r(>s a*,';; 


no 


.(47) 


aial \vhati'V(‘r inta^'ral value u may assmm* ,! Is rxjn’i-ssible in iinile 
terms. 


W'e have suppe.seil that, t-he i’at<‘ of dist.ril»ut ion is rojn’i'scaited Im a 
Ue^’midro’s funetinn In the umre ui;‘*iH‘ral t‘asr It, is evident, that. 

\V(* have merely In nndiaply iIh^ riLflitdiand m«*mher of (•l-l-) ])v insload 

nr y^. 

St» Dir we have hoeii {‘niisitierino’ iiistantaneinis .soureos. As in Ih, iho 
• •{’feel-nC lunistiuit smirei^s may he dedueed hy inijnn, allhmu^h tin* result 
is ntlen uiijre reailily ehlained et.herwisr. A eomiiarison will, howt^vor. i.t;ivo 
th(‘ valm- of a. definiti’ in(c‘jj;'raL Li’l- us a[»[)ly this proeess to tda) repn-- 
s(‘ul.iu,L[ t he (‘ilei’t. of a (’ylindricNil s<iunM‘, 

Tilt* required snliitien, heint;' ind«‘peu<lenl. of f, is uhtailU'd at nma* 
tVem (1). We hav(? insiih* tlu^ <’yliuder 

V A //' ei >s ii()y 

and niitsidt* " ens//d, 

wit.h /la" lift The intensity of I,he snitree is represented ly i.he dil’ler- 
eiiee in th(‘ values uf (lr/(l() just insid(> and just, outside tin* {’vlindrieal 
surliiei*. Thus 

rr^ ens ces//d (//a ‘-I'da" *). 


wlieiiei* 4'la/^ ■ />’a. ™ {/a 'lit, 

a'eus//d heint;* t.lie eeuslaul. lime rai.e. Aeet»rdinL^ly, within tin* eylimha’ 


and witheiil. (In^ eylinder 


rr a //rP' . ,,, 

a ■ ( I (’ns //d... .(-h^) 

"lit \it* 

(A .OiH 

za \(t/ 


'ITese values an* apjilieahle wlu'u // is any positive intei»'er. When a is /em, 
then* is no jjermanent dist-rihul-ion of temperatnr** jiossihh*. 

Tht‘sr' .solutions should eoineide with tin* vahn* olUained Irom (dd) ly 
[jul-line (T^-a dt and intei^ratino- with respe<»t t-o t Ironi 0 to a , Or 



// ■ i ,i« 


\f 


a Va/ ' 


taO) 


Un^ sion in tin* amhii^uity tak(*n whi'U p<a, and tlie si^n wln‘n 

p > (L I have not. (!onfirmed (at)) imlepeiidently. 
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In like manner we may treat a constant source distributed over a sp/uur. 
If the rate per unit time and per unit of area of surfaces be we iiiid, 
as above, for inside the sphere (c) 


V — 


c 



(ol) 


and outside the sphere 


c 

2^r+T 



(52) 


and these forms are applicable to any integral seru 'inclvded, 
with (44), we see that 






r2+f3 

k r , 


'irc\ 2 /'/'Yi-ivefi) 


Conipai'ing 


(5;i) 


which does not differ from (50), if in the latter we supp<jse n == ini.tjgei* + 

The solution for a time-periodic simple poiut-suui*ce has aln?ady bcuei 
quoted from Kelvin (IV.). Though derivable as a particida,r case from (d<), 
it is more readily obtained from the differential e(|uation (1) taking here i.ln' 
form—see (38) with n = 0— 

d- (rv) _ dl“ (rv) 
dt dr" ' 


or if V is assumed proportional to 

d" (rv)ldr~ — ip (rv) = 0, .(54) 

giving rv = ....( 55 ) 


as the symbolical solution applicable to a source situated at r = 0. Denoting 
by q the magnitude of the source, as in (5), we get to determine ^1, 



qe^rt 


so that r = —2~ . " (bii) 

47r'r .■ 

If from (56) we discard the imaginazy part, we have 

^ i cos {pt - r V'(l>/2)}, .(57) 

corresponding to the source q cos pt 

From (56) it is possible to build up by integration solutions relating tu 
various distributions of periodic sources over lines or surfaces, but an ind(‘- 
pendent treatment is usually simpler. We will, however, write down tin* 
integral corresponding to a uniform linear source coincident with the axis 
of If p- == a:- + y-, ^ and (p being constant) r dr = 5 dz. Thus 

putting in (56) qidz^ we get 

_ q,^^^ e-’VM dr 
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In considering tin* efleot of periodic sources distributed over ii plane 


we may su[)})<>se 

V X cos liv . eos 7;^7/, .(59) 

Of again v x (kr ). cos ii.9, .(60) 


whe.re -f In either case if we write I-vir Ic\ and assume v 

])ro})orti()nal to (1) gives 


(Iri)ldz' == (A:- + vip) y.( 61 ) 

Tims, if 

/i-' + ‘l‘p = /A (cos a + i sin a), .( 62 ) 


V = . 

where? A ine.ludi?s tin? factors (51)) or (60). If tin? valm? of v l)e given on the 
plane 0, that of A follows at once. If the magnitude of the source be 
giv(‘n, A is to bt* found from tlu? value ivl' dnjdz when ^ = 0. 


Tli(‘ simpl(*st ca,s(‘ is of course that wlujre /j = 0. If Ve'^ be the value 
of V wlieti -3^ = 0, we find 


or when realiztid 
eorn‘H|)on(ling to 


V — ; .(64) 

v; = ees V(/V^)l» . 

V r= y cos pt wlum j == 0. 


From (64) 



( 60 ) 


if cr be th(i source })er unit of area of tlu‘ plant? rt‘gardt.?d as operative in 
a m(*(lium indefinitely ext(mded in both directions. Thus in terms of o*, 


or in nsal form 


^ {I'in 

2 Vi? 


’’ ‘=‘’” - .l-^ - - sAiV-Jj. 


corn^sponding to the uniform source? crQ.m pt 


(67) 

( 68 ) 


In the al)ovc formula? ^ is supposed to be positive. On the other side of 
the sourcti, where z itself is negative, the signs must lx.? changed so that the 
terms containing z may nimain negativt? in character. 

When ])eri()dic sources are distributed over the surface of a sphere 
(radius —c), we may suppose that v is proportional to the spherical surface 
harmonic Sn> As a function of r and A, v is then subject to (88); and when 
we introduce the? further supposition that as dependent on A, v is proportional 
to 6*?'^ we have. 


d"{rv) n{n + 1) 
d}'^ ” .r-.. 


(69) 
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When n = 0, that is in the case of symmetry round the pole, this equation 
takes the same form as for one dimension; but we have to distinguish 
between the inside and the outside of the sphere. 

On the inside the constants must be so chosen that v remains finite 
at the pole {r = 0). Hence 

TV = A .(70) 

or in real form 

rv =•• cos \/(p/2)} — Ae~^''^ cos [pt — r \J{pj2)\. .. .(71) 

Outside the sphere the condition is that rv must vanish at infinity. In this 


TV = B .(72) 

or in real form 

rv = cos { 2 ^t — rAj{p/2)} .(73) 

When 11 is not zero, the solution of (69) may be obtained as in Stokes' 
treatment of the corresponding acoustical problem {Theory of Somd, ch, xvil). 
Writing r f{ip) = -S’, and assuming 

rv Ae^ Be~^, .(74) 

where A and B are functions of 2 ;, we find for B 


. 


The solution is 


B = B,ffz), 


where Bq is independent of ^ and 

/. W -1 ++. 

as may be verified by substitution. Since n is supposed integral, the series 
(77) terminates. For example, if «, = 1, it reduces to the first two terms. 


The solution appropriate to the exterior is thus 

rv = r).(78) 

For the interior we have 

rv = (^-ipV) - /„ (_ i^pV)}, .(79) 

which may also be expressed by a Bessels function of order n + 


In like manner we may treat the problem in two dimensions, where 
everything may be expressed by the polar coordinates r, 6, It suffices to 
consider the terms in cos nO, where n is an integer. The difterential equation 
analogous to (69) is now 


d^v 'I dv 
dr^ r dr 


:^^v = ipv, 
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which, il' \vc take r \/(tp) = z, as before, may be written 


(ii. — ^) (v +-k) 
ds- ~ .” 2 -.■ 


= Z^V, 
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(81) 


;ui(l is ol t;h(‘ siuuo form ;is (61)) when in the hiUor oi — is written for v. 

As appoars at oiuas from (80), thii si)lntion for the interior of the cylinder 
may he expressed 

V == A cos ii.O t'A*' f/n 'I'), .(82) 

Jn as usual the .Ihxssers function of tln' y/tli order. 


her (Jii* exttu’ior we have from (81) 


r- p = /)■ coH 110 e'>' 6'-''^' (i- p- r) .(.S:J) 


where 


-- pJ — p“)(4yf“ — 8“) 

^ 1.8^ ^ 1.2, (8,3)- 

(4a“ - 1“) (4/r ~ 8-) (4//- - TV-) 
1.2 . b . (82)'' . 


.(84) 


'‘Phe s(‘ries (84), unlikti (77), (lo(!s not tiMininate. It is nltimatt^ly {liv(‘ri,^eut, 
l)u(. nriy hi‘ employ(‘(l for (‘omputation wlnui s is mod(!ral,(4y gr(‘at. 

In lhes(' pe.riodie solutions the snui*{’(‘s diHti*ihut(‘{l ovtu* the plane, spluire, 
or (’vliiid<‘r are su[)pose(l to havc^ ixsui in operation for so lone-a time that 
any antecedent distrihution {»f temperature, throughout the uuulium is with¬ 
out iiiilmuice. ily Fouritu's theorem t.his procedure may h(‘ geiierali/.ed. 
What(‘V(‘r h(? the character* of tlu^ sources witli I’espect to time, it may l)e 
restdved into simph^ (KMUodic tcu'uis; and if tlu‘ character h(i known through, 
the whoh‘ of i)ast tiim*, th<^ solution so obtained is unambiguons. Tin* same 
conclusion follows if, instead of tln^ magnitude of tlu^ sources, th(^ temperature 
at tin* surfae(.‘s in (pnxstion he known through past tiim*. 

An imp(jrtant particular case is wlnui the character of tin* function is such 
that the superfunal value, having heem constant (zero) for an inlinib^ time, is 
suddenly raised to another valms say unity, and so maintained. Tlu^ Fourier 
(‘xpression for such a function is 



the dehnite, integral being independent of the arithnn4ical value of tj ])ut 
cliaiiging sign win*!! t passixs through 0; or, on the uiKlerstanding that only 
the* null part is to he n‘tained, 


1 1 


Qipt 
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We may apply this at once to the case of the plane 2 = 0 whicli has bet'ii ah 
0 temperature from —oo to i — 0, and at teiiiperatiire 1 from ^ = 0 to 
= 00 . By (64) 

] oil't-zsj (ip) 

v = i+~ dp .(87) 

-ittJoP 

By the methods of complex integration this solution may be transformod iiH.o 
Fourier’s, viz. 

^=_ p .(SH) 

ch V (irt) ^ 

2 fziisjt 

v = \ — j— .;.(80) 

V TT 7 0 

Avhich are, however, more readily obtained otherwise. 

In the case of a cylinder (?’ = c*) whose, surfact* has Ikhui at 0 up to t = 0 
and afterwards at ^ = 1, we have from (83) with n = 0 


V — ^ • 


qI ^ f xOi^p^-iOdj) 

/ pilM- {<^-r) sj (ip) i 2 ^ \ ^ 




of which only the real part is to be retained. This ap])lies to th(‘ region out¬ 
side the cylinder. 

It may be observed that when t is negative (87) must vanish for positive 
and (90) for r > c. 










ON OI^NKIOVL PROBLICM OF PHOTOGRAPNIC REPRO- 
i )UOTl( )N, Wrri [ S1TGGES1RONS FOR ENHANCING 
(}RAI)A^ri.ON ()RIGINALLY INVLSIBLli;, 


\riuloHophicitl Miujazine, Yol. xxu. pp. 734—740, 1.911.] 

In (‘tJpyin^L^ a siil)j(.‘c{; hy plHJtograpliy Lh(^ pi*<)(j(‘(lur{‘ usually involvc.is two 
(lislrinO. st,(‘ps. first yi<‘l(ls a so-callcHl iieyntivo, froni whinh, hy tlu^ sainc^ 

nr anndicr prnc.i‘ss, a- s(‘C()ih 1 op(‘i’atinn i(iv(‘S tlie dcsii-od pofiitive. Siuco 
nrdinaiy phn(.oi>’rapliy afidnls [mdain^s in inonnclirouu?, tlie i*(*pi‘o<Iuctinn can 
bn c'nni|)U‘l.<‘ only wluai thn. nri|.(inal is of tho. same colour. Wo may su])posi% 
tor siiuplicit.y of sfal.oiiHait, Uial. tlio ori^i^inal is itself a traiispanaicy, e.fj. a 
la-ui;(U’n-sli(l(!, 

fi.die charae.t(*r of tlu* original is rogjirded as given ])y s]Kicifying the 
trails])a,ren(;y (t) a-t tivery point, i.e. tlu*.’ ra.Iio of light transmitt(‘(l to light 
incident. But lu‘r(t an ambiguity should bt^ notic<Ml. It may l)o a (piostion 
of tli(‘. placeat wliich the transmitt.ed light is obseiwed. When light 
peu(‘trat(?s a stained glass, or a. layer of colourc'd liepiid contained in a. tank, 
the dirx^ctiou of propagation is uualtenHl. If tlu* incident rays are noianal, so 
aJso are the. rays transmitb'd. Tlu*. action of tlio photogi-aphic image, con¬ 
stituted hy an iinjKufectly aggregated (h'posit, ditfei's somewhat. Rays 
incidi'iit noi’inally arc more or loss diffused after transmission. Tlu; e.ffective 
transparency in tlu; half-tones of a negn-tivt; us(*d for contract printing may 
thus be* sensibly gr(.*ate.r than wluui a camera and lens is employed. In the 
first cas(; all the transmitted light is olfectivo 5 in the second most of that 
diffused tJirougli a finite angle fails to reach the lens^. In defining t —the 
ti 7 iMsj)arency at any place--—account must in strictness be taken of the 
manner in wliich the picture is to he viewed. There is also another point 
to 1)0 considered. The transparency may not bo the same for diffor(*nt. Icinds 

* In tlie. Gxtrcuui caso a no.{»ativG seen against a dark background and lighted obliquely from 
behind may even appear as a positive. 
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of light. We must suppose either that one kind of light only is employiMl, 
or else that t is the same for all the kinds tliat need to he ^‘garded. I he 
actual values of ^ maybe supposed to range from 0, n'pivsmiting eumplete 
opacity, to 1, representing complete transparency. 

As the first step is the production of a negative, tlu‘ (jU(‘stioii naturally 
suggests itself whether we can define the idi^al cha.ract(*r ol such a n(‘gali\o. 
Attempts have not been wanting; but when we reMt‘ct tliat tlu' iu‘g;itiv(‘ is 
only a means to an end, we recognize that no answer can h(‘ given withoui 
reference to the process in which the negative is to he employed !»> }>ro(lu(M' 
the positive. In practice this process (<)f printing) is usually dilleivnl from 
that by which the negative Avas itself nuide; hut lor simplieity wc shall 
suppose that the same process is employed in hotli o})(‘rations. This repuin*'* 
ment of identity of procedure in the two cast's is to he ('onstrued sf rietly, 
extending, for example, to duration of development and degree of intensifica¬ 
tion, if tiny. Also we shall suppose for the prestait that f-Iie c.rpfisnrr is tlie 
same. In strictness this should be understood to retpiire ihai. ht>lh the 
intensity of the incident light and the time of its oj)eration ht‘ mainlaiiietl; 
but since between wide limits the effect is known to d(q)(‘nd only upon the 
product of these quantities, we may bo cont(ait to i’egai*d (vxposnre as diiiiK'd 
by a single quantity, viz. intensity of lUjkt x tinw. 

Under these restrictions the transparency l! at any point of* tin* negalivi* 
is a definite function of the transparency t at the coiTesponding point of the 
original, so that we may write 

«'=/( 0 ..(') 

/ depending upon the photographic procedure and l)eing usually sueh lliaf. 
as t increases from 0 to 1, t' deceases continually. When tln^ op(‘ral.ion is 
repeated upon the negative, the transparency f at the. corresponding ])aii; of 
the positive is given hy 

<"-/«-) . «, 

Complete reproduction may be considered to demand thn.t at ev(‘ry point 
— t Equation (2) then expresses that t must be the same fiim'tion (jf 
f that t' is of t. Or, if the relation between t and t' bc‘, Avi-itt(‘n in tin* foi‘m 

F{t^t')^0, .CD 

F must be a symmetrical function of the two variables. If wi* rt'gard t, i' as 
the rectangular coordinates of a point, (3) expresses the relationship hy a 
curve which is to be symmetrical with respect to the bist^cting line f == t. 

So far no particular form of f or F, is demanded; no particular kind of 
negative is indicated as ideal. But certain simple cases call for notice. 
Among these is 


i “P = 1, 


(4) 
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which obviously satisfies the condition of symmetry. The representative 
curve is a straight line, equally inclined to the axes. According to (4), when 
t = 0, t' = 1. This requirement is usually satisfied in photography, being 
known as freedom from fog—no photographic action where no light has 
fallen. But the complementary relation t' — 0 when ^ = 1 is only satisfied 
approximately. The relation between negative and positive expressed in (4) 
admits of simple illustration. If both be projected upon a screen from 
independent lanterns of equal luminous intensity, so that the images fit, the 
pictures obliterate one another, and there results a field of uniform intensity. 

Another simple form, giving the same limiting values as (4), is 

+ .( 5 ) 

and of course any number of others may be suggested. 

According to Fechner’s law, which represents the facts fixirly well, the 
visibility of the difference between t and i + clt is proportional to dtit. The 
gi'adation in the negative, constituted in agreement Avith (4), is thus quite 
different from that of the positive. When t is small, large differences in the 
positive may be invisible in the negative, and vice versa when t apjiroaches 
unity. And the want of correspondence in gradation is aggravated if we 
substitute (5) for (4). All this is of course consistent with complete final 
reproduction, the differences which are magnified in the first operation being 
correspondingly attenuated in the second. 

If Ave impose the condition that the gradation in the negative shall agree 


with that in the positive, Ave have 

dtjt - - dt'jt', .(6) 

whence . (7) 


where C is a constant. This relation does not fully meet the other require¬ 
ments of the case. Since t' cannot exceed unity, t cannot be less than G. 
HoAvever, by taking G small enough, a sufficient approximation may be 
attained. It will be remarked that according to (7) the negative and positive 
obliterate one another when superposed in such a manner that light passes 
through them in succession— a combination of course entirely different from 
that considered in connexion with (4). This equality of gradation (Avithin 
certain limits) may perhaps be considered a claim for (7) to represent the 
ideal negative; on the other hand, the word accords better Avith defini¬ 
tion (4). 

It Avill be remembered that hitherto we have assumed the exposure to be 
the same in the two operations, viz. in producing the negative and in copying 
from it. The restriction is somewhat arbitrary, and it is natural to inquire 
Avhether it can be removed. One might suppose that the removal Avould 
alloAv a greater latitude in the relationship between t and t* \ but a closer 
scrutiny seems to shoAV that this is not the case. 


5—2 
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The effect of varying the exposure (e) is tlu* same as of ;ui iiivrrse 
alteration in the transparency; it is the product et with which we milly 
have to do. This refers to the first operation ; in the' sc'cond, I" is d(‘|n'ii(hoit. 
in like manner upon e'i'. For simplicity and without loss of goiioraliiy W(‘ 
may suppose that e — 1 ; also that e le=^ni, where on is a niiinerit‘al (|iuiiit.i(y 
greater or less than unity. The equations which re[)lace (1) and {2) an* now 

— t — f —f(ont') ; .() 

and we assume that / is such that it decrea.ses continually as i(s arguinoiit 
increases. This excludes what is called in photography 

We observe that if t, lying between 0 and t, anywhon^ niaki‘s t' — /, ilnui 
■VI must be taken to be unity. For in thti case supposed 

and this in accordance with the assumed chara.cte.r of/ cannot. In* tnio, nnlo.sN 
= Indeed without analytical formulation it is (^viih'iit that, sinco tho 
transparency is not altered in tlie negative, it will r(‘({uir(‘ tlu; sanu‘ expoMin* 
to obtain it in the second operation as that by which it was produced in (ho 
first. Hence, if anywhere t' = t, the exposur('.s must 1)e the sann^. 

It remains to show that there is no escape from a. local ('({iinlity ot‘ f and 
When ^ = 0, = 1, or (if there be fog) some smalhu* positiviMpiantity. .As 

t increases from 0 to 1, t' continually decreases, and must t.hcivforo pass / at, 
some point of the range. We conclude that complete ]‘(q)r()diic,t.ion n-qiiiros 
on = 1, ie, that the two exposures be equal; but we must not forgot (.hat. wo 
have assumed the photographic procedure to be exactly tlio sanui, oxeMpt, as 
regards exposure. 

Another reservation requires a moments considimitioii. Wo havi- iut.or- 
preted complete reproduction to demand e(]uality of f and t This somiis t,(i 
be in accord with usage; but it might be argued that ■praptnimnnHiij of V' 
and is all that is really required. For although the pictiin's cousid(‘r(Ml in 
themselves differ, the effect upon the eye, or upon a photographic ])lato, mav 
be made identical, all that is needed being a suitable variation in tho iiit onsil-v' 
of the luminous background. But at this rate we should havi* to rogard a 
white and a grey paper as equivalent. 

If we abandon the restriction that the photographic ])roccss is (,o 1>(‘ t,ln* 
same in the two operations, simple conclusions of generality cau hardly bo 
looked for. But the problem is easily formulated. We may write 

=/i (^0) = t" =/; (eY), .(IP) 

where e, e' are the exposures, not generally equal, arid/, yi represent twt; 
functions, whose forms may vary further with details of diwolopment and 
intensification. But for some printing processes / might be treated as a 
fixed function. It would seem that this is the end at which discussitni 
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slinuld (Jit* pi-intiiin’ |>roc(‘ss is laid down and cliarac'loi* nf 

tin* I'rsidls yii'ldi‘d l.lua'ohy is doi.cnnlia^d, it- ln‘(*,oiu(‘s j)()ssil)!(‘ l.o say wliat. 
is r<Mjuirf<l in tin- nonfat ivc ; bul- it is not |)(>ssil)l(‘ luddri'. 

In many jihold^Taphs it woidd apjx'ur that. tj;*radatitai (.(‘iids to l)e‘ Itjsl. at 
Iho riitls (d’t lio scalo, that is in t.lu* hi^^'h li^'lils and (loop shadows, and (as a 
norcssary ooiisotjutaioo, if tln^ full ran^L;‘i‘ is ja’osorvod) to la* oxaL^oorat.t‘d in 
lh<‘ half"(onos. some purposos, wlun’t* prociso I'oproduclion is not, dosiro(l, 

ihis foal tiro may bo of ad vanl.aL,^o. (-onsidor, for oxampha t.ho oxpcriiiumtal 
prohli'iii, disoussod by 11 iioitins, of pliotoo-rajihin«_;‘ tin* solar (‘orona wit bout an 
oolipso, dlio corona is always pr<‘S(‘nt, but. is ovoi-jioworod by alniosphorio 
u;hu‘c. 'Hk' ])ro])h«ni is t-o laaidor ovidmtt. a vm’y simdl ndativi* difft'nmco of 
luminous int.onsity. If tho diflbnmco is oxao'o-cratod in a suitably oxposod 
and developed photon'raph, so much tht‘ bet.tor. A repetition <»f suocessi\‘e 
cijpyiiiLts mi^'hl. rtmdor conspicuous a didbr(*nc(‘ originally invisible. At. ea(*h 
oper.'ition We may suppose* a. factor rr to bt* introdiK’od, a b(‘ini^ t(n*a.l(*r than 
unity. After n (‘tipyinos dllt b(‘co]nos (bdess the t^ain oa(‘h lime 

wi'i'o \’i‘ry do{'ided, t.his would be* a, slt»w proc('ss, and it. wmdd bo liable to fail 
in pi'act ico owini;’ t o multiplicat ion of slight irregular photographic markings, 
but a m«*tho(l proposed by iMach’^' and tJn* })rosent writ.i‘ri" should be of 
sciaice hcri*. \)y the aid ed* n*lh‘xion light, at. t‘ach stage is transmit.I(‘d /ii*lrt' 
through the pict.iiro. Hy this nmans almu* a is raised l.o eepiality with 2 , and 
upon it any piirol}' photograj)hi(‘ oxaggerat.itui «)f gi’adation is suporposml. 
Thve'e su(tc(*ssiv<‘ (ajpyiugs (Ui this plan should e‘n.sur(* at least, a, (.onefold 
cxaltai ion of contrast. 

Another nu‘l.hod, simpler in ex<t(’ut.ion, <‘«msists in supei-posing a cimsider- 
abh' mimb(‘r {ti) of similar pi(?ttu*es. In this way tin* c.ontrast. is multijilied 
)t times. Kays from a. small, but powerful, source o{‘ light lldl lirst upon 
a collimat.iiig li‘ns, .so as to traverse t.In* pile of pict ures as a. )»araliel licam. 
Another (‘ondensing h*ns brings t.ho rays a. focus, at. whi(‘h point, l.hi* eye is 
])laced. Souk* trials on this [)lan made a. year ago ga-vs* promising results. 
Ten lanlern-slid(‘s W(*re prt'pared from a [lortrait uegat.ivc. d'In* (*xposure (to 
gas-light) was for about K se(*onds through l.ln* negat.ive and Ibr KO secimds 
l)are, Ac. wit.li n(*gative. remov(*d, and t.he d(‘velopment was ralJu*)' liglrt. On 
.single pla(.(‘S tin? picturi^ was but just visible. Sonu* rough phot-oinetry 
indicated tliat each |)late transmitt,ed about om*”t3hird of t.he in(*id(‘nt, light. 
In carrying out tlu* {*x])osur(‘s suibabh* st.ops, c.emeut.ed t-o the negat.ive, must 
l)e provided to guidt' the lant(!zai“])lat(‘S into posit.ion, and tlms to ensure tlu'ir 
suh.siMpient exact su]H‘rpositi()u by^ simple im‘C!liauical means. 

\Vlu*u mdy a fi.nv jdates are. combined, the, light of’ a W(‘Isl)ach mauth* 
suilua's; l)ut, as was t<j b(j i^xj)i‘cted, tin.* utilisation of the wlnde niiinbi‘r (t(*n) 

^ Jtihrhurh f. Phot(Kjrtipfiii\ 

t Diil. Vol. .KLiv. p. ‘2H‘2 (1 hU7) ; Srirutijir. VaperHf Vol. iv. ]>. 
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ON THE PROPAGATION OF WAVES THROUGH A STRATIFIED 
MEDIUM, WITH SPECIAL REFERENCE TO THE QUESTION 
OF REFLECTION. 


[^Proceedings of the Royal Society^ A, Vol Lxxxvi. pp. 207—2(1(), 11)12.] 

The mcHlium is supposed to be such that its properties are (‘.vcu'ywhere. 
a function of but one coordinate x, being of one uriiforin cpiality where x is 
less than a certain value Xiy and of another unifonn quality (in gcauiral, 
different from the first) where x exceeds a greater value .'/-'jh-i; ^huI the 
principal problem is the investigation of the reflection which in general 
ensues when plane waves in the first medium are incident upon the strati¬ 
fications. For the present we suppose the quality to be uniform through 
strata of finite thickness, the first transition occurring wlren the 

second at x — the last at x = 

The expressions for the waves in the various media in order may be taken 
to be 

^2 = I + ^ .(1) 

(^3 = 4ge^tct+%-%{a3-a:a)3 J3,^gi[cfi+6y4-a3 (x-(«a)l^ ^ 

and so on, the A's and R’s denoting arbitrary constants. The first teriuH 
represent the waves travelling in the positive direction, the vsecond those 
travelling in the negative direction; and our principal aim is the determina¬ 
tion of the ratio Ri/Aj imposed by the conditions of the problem, including 
the requirement that in the final medium there shall be no negative wave. 

As in the simple transition from one uniform medium to another {Theory 
of Sound, § 270), the symbols c and b are common to all the media, the first 
depending merely upon the periodicity, while the constancy of the sectuid is 
required in order that the traces of the various waves on the surfaces of 
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transition should move together—equivalent to the ordinary law of refrac¬ 
tion. In the usual optical notation, if F be the velocity of propagation and 
0 the angle of incidence, 

c = 27 r V/\ h = (27r/A) sin (9, a = (27r/A) cos .(2) 

where F/A, sin 6 are the same in all the strata. On the other hand a is 
variable and is connected with the direction of propagation within the 
stratum by the relation 

a = 6 cot 6 .(3) 

The as are thus known in terms of the original angle of incidence and of 
the various refractive indices. 

Since the factor runs through all our expressions, we may regard 


it as understood and write simply 

(^1 .(4) 

<^o ^ ^ .(5) 

^3 === .( 6 ) 


^ .(7) 


In the problem of reflection we are to make = 0 , and (if we please) 
-4m ” !• 

We have now to consider the boundary conditions which hold at the 
surfaces of transition. In the case of sound travelling through gas, where 

is taken to represent the velocity-potential, these conditions are the 
continuity of d<^ldx and of crcf), where <j is the density. Whether the 
multiplier attaches to the dependent variable itself or to its derivative is 
of no particular significance. For example, if we take a new dependent 
variable i/r, equal to cr<f), the above conditions are equivalent to the con¬ 
tinuity of and of (T~'^d'>\rjdx, Nor should we really gain generality by 
introducing a multiplier in both places. We may therefore for the present 
confine ourselves to the acoustical form, knowing that the results will 
admit of interpretation in numerous other cases. 

At the first transition x — x-^^ the boundary conditions give 

ai (-Bi - Ai) = ao (Bg - (Bj -f A^) = o-g (Bg - 1 - Ag).( 8 ) 

If we stop here, we have the simple case of the juxtaposition of two 
media both of infinite depth. Supposing Bg = 0 , we get 

JBi iTg/^i ^^2/^1 ^2/^1 cot ^g/cot 0^ 

AI (Ta/o’i + ag/oti CTg/o-i 4-cot 6 ^ 2 /cot .^ 

For a further discussion of (9) reference may be made to Theory of 
Sound {loc, cit). In the case of the simple gases the compressibilities are 
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tho sanu-s and 0o. The general formula (9) thou identifies 

itself with Frt'.siu^rs expression 


tan (0, - dn) 
tan (i9i -f (9a) ‘ 


( 10 ) 


On th(‘ oth(,*r hand, if cry —ctj, the change being one of compressibility 
only, we find 


Fresiu'l’s other i‘X]m'HHion. 


sin (0., - 0,) 
sin {0^ 4- (9i) ’ 


( 11 ) 


In th(‘ above it is Hup]H)Hed that (and 0o) are real. If the wavt.^ be. 
ineidc'iit in tlu^ juore refractive mediuni and the angle of incidtuice la? too 
great, (f.j b(*com(‘s imaginary, say --ia./. In tliis case, of course, the i’(‘Heeth)n 
is total, tlu‘ modulus of (9) b(*coming unity. The change of pliast* incurred 
is giv(‘n hy (9). In accordance with what lias been vsaid these results are at 


oncH’ available for th(j corresponding ojitical problems. 

If tlieri? arc? mon? than two media, the boundary conditions at = 
are 

o, j = (ty (74 /I,), .,,.,(12) 

cr,, {4 (74 4 a), . (1 Jl) 

and Ho on. For extended calculations it is desirable to write these ocjuations 
in an abbreviated shape*. Wc? set 

74-^-i/a, Il,^A,^K,, etc., ....(14) 

cos as — .■i.’i) = c'i, i sin (^y — iVi) = Su etc.,.(15) 

<ra/cra-/32, etc.; .(Ifi) 

and the series of tiquations then takes the form 

= (17) 

Cj/Za 4 SiKo = aJ/jj, sJL^ 4 cJC^ = jSa/Zj,, .(18) 

cat'll) 4 'Vy/la ~ 0Cj|Z?4, 'SaZiTg 4 CJ^J/v3 = /3a7\.4, . ,(19) 

and so on. In the reflection problem the special condition is the numerical 
ecpuUity of// and K of highest suffix. Wo may make 

//=-l, /i' = 4l. (20) 


As wo have to work backwards from the terms of highest suffix, it is 
convenient to solve algebraically each pair of simple equations. In tliis 


way, remembering that c“ —6’“==1, we get 

/4=: aJL, 7 / 1 = .(21) 

//j =s Citta/Tg /i.2 4 .(^^) 

/Tg = c^ciji 4 — 4 , A 3 = — S 20 .^H 4 4 4 , .(23) 

















74 


ON THE PROPAGATION OF WAVES 


[360 


and so on. In these equations the c’s and the /3’s are real, and also the 
a’s, unless there is “ total reflection ”; the s’s are pure imaginaries, with the 
same reservation. 


When there are three media, we are to suppose in the problem of reflection 
that = Ks = 1. Thus from (21), (22), 

= - «i (Ci«2 + SiA). -^1 =/3i (si«2 + cA); 

_ Ki + Hj Cj (^1^2 ~ ^ 1 ^ 2 ) + Si (®2/3i — Qj^a) ^'9A^ 

Kj - H, Cl (/^i/Sa + ttiOfs) + Si (ofo/Si + oti/Ss) 

If there be no ''total reflection/' the relative intensity of the reflected 
waves is 

Cl" (A A ^1 {^201 ~~ *^ 1 /^ 2 )" (25) 

(/3i^2 H- {^ 2^1 + ai/?2)“ 

where Ci — cos^ a .2 { 0 C 2 “ — Si‘ = sin- {x^ — ^Ci).(26) 

The reflection will vanish independently of the values of Ci and 
whatever may be the thickness of the middle layer, provided 


)Si ^2 - == 0, ofgA “ <^ 1^2 = 0; or — ^0 = 0 : 2 , 


since these quantities are all positive. Reference to (9) shows that these 
are the conditions of vanishing reflection at the two surfaces of transition 
considered separately. 


If these conditions be not satisfied, the evanescence of (25) requires that 
either Ci or be zero. The latter case is realized if the intermediate layer 
be abolished, and the remaining condition is equivalent to o-g/o-i = ajj/ai, as 
was to be expected fi:om (9). We learn now that, if there would be no 
reflection in the absence of an intermediate layer, its introduction will have 
no effect provided —a?i) be a multiple of tt. An obvious example is 
when the first and third media are similar, as in the usual theory of 
"thin plates." 

On the other hand, if Ci, or cos (xq — Xi), vanish, the remaining require¬ 
ment for the evanescence of (25) is that /32/«2 = 


In. this case 


"" 0^1 _ 02 ^2 . 

01 + «! /3g + ttg ^ 


SO that by (9) the reflections at the two faces are equal in all respects. 


In general, if the third and first media are similar, (25) reduces to 
_ {0i/^i - ^il0iY“ sin" Ug (^2 - ^1) _ 

4 COS" ttg (^2 — a)i) + {0i/ai H- cxil0iY <^2 (^2 — ^ 1 ) ’ .^ 

which may readily be identified with the expression usually given in terms 
Of (9). 

It remains to consider the cases of so-called total reflection. If this 
occurs only at the second surface of transition, Uj, Ug are real, while is a 
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pure imaginary. Thus is real, and ofg is imaginary; Ci is real always, 
and Si is imaginary as before; the j3’s are always real. Thus, if we 
separate the real and imaginary parts of the numerator and denominator 
of (24), we get 

“^1 _ •h ~~ CiCti dQ — SiUi^n (28) 

■AI d* d" CiC(iC(2 “h Si0(i^2 

of which the modulus is unity. In this case, accordingly, the reflection 
back in the first medium is literally total, whatever may be the thickness 
of the intermediate layer, as was to be expected. 

The separation of real and imaginary parts follows the same rule when 
ag is imaginary, as well as For then ai is imaginary, while org, 
real. Thus SiOfa/Sj remains real, and CiUia^, Si^i^o remain imaginary. The 
reflection back in the first medium is total in this case also. 

The only other case requiring consideration occurs when is imaginary 
and as real. The reflection is then total if the middle layer be thick enough, 
but if this thickness be reduced, the reflection cannot remain total, as is 
evident if we suppose the thickness to vanish. The ratios «!, «« are now 
both imaginary, while Si is real. The separation of real and imaginary 
parts stands as in (24), and the intensity of reflection is still expressed 
by (25). If we take ^2 = — ia^'y we may write in j)lace of (25), 

(A A — oci« 2 )"cosh^ a 2 (o ^2 ^i) — (<^2/3 i — sinh^ Ua' (^2 ~ ^ 1 ) 

(A A + cosh^ (^2 — ^ 1 ) ““ (« 2 A + «iA)^ sinh^ (^2 — ^ 1 )' 

When X 2 — Xi is extremely small, this reduces to 


...(29) 


(AA- 


or 


(cTa/g*! 


(AAd-aiCifg)^^ (o-a/cri-i-Org/a-i)^ ’ 

in accordance with (9). 

When on the other hand x^ — Xi exceeds a few wave-lengths, (29) approaches 
unity, as we see from a form, equivalent to (29), viz., 

(A^ ~ (A" - CQsfl" (^2 - ^1) + (0^2 A 0^1 A )^ /qA\ ■ 

(/3i2 -- gl^) (^ 2 ' — ^i) cosh^ {x^ — x^ -f (otoySi + «i/32)^.^ 

It is to be remembered that in (30), oto^ ^ 1^2 have negative values. 

The form assumed when the third medium is similar to the first inay be 
noted. In this case (Xia^ = 1, AA“ 1; ^rid we get from (29) 

(A/tti “ cfi/A)'' sinh^ a2 (xo - Xj) 


{$1/^1 - ^i/A)^ sinh^ A (^2 — Xi) — 4 i' 


.(31) 


In this case, of course, the reflection vanishes when X 2 — Xi is sufficiently 
reduced. 

Equations (21), etc., may be regarded as constituting the solution of the 
general problem. If there are m media, we suppose 13]^=-1, 
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requires a more powerful source. Good results were obtained with a lime¬ 
light ; the portrait, barely visible at all on the single plates, came out fairly 
well under this illumination. If it were proposed to push the experiment 
much further by the combination of a larger number of plates, it would 
probably be advantageous to immerse them in benzole contained in a tank, 
so as to obviate the numerous reflexions at the surfaces. 

It has been mentioned that in the above experiment the development of 
the plates was rather light. The question may be raised whether further 
development, or intensification, might not make one plate as good as two or 
three superposed. I think that to a certain extent this is so. When in 
a recent experiment one of the plates above described was intensified with 
mercuric chloride followed by ferrous oxalate, the picture was certainly more 
apparent than before, when backed by a sufficiently strong light. And tlie 
process of intensification may be repeated. But there is another point to be 
considered. In the illustrative experiment it was convenient to copy all the 
plates from the same negative. But this procedure would not bo the proper 
one in an attempt to render visible the solar corona. For this purpose a good 
many independent pictures should be combined, so as to eliminate slight 
photographic defects. As in many physical measurements, when it is desired 
to enhance the delicacy, the aim must be to separate feeble constant effects 
from chance disturbances. 

It may be that, besides that of the corona, there are other astronomical 
problems to which one or other of the methods above described, or a com¬ 
bination of both, might be applied with a prospect of attaining a further 
advance. 
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thence calculate in order from the pairs of simple equations j 

etc., until H, and K^ are reached; and then determine the 
ratio B^jA,, The procedure would entail no difficulty in any special case 
numerically given; hut the algebraic expression of Hi and Ki in terms of 
H,,, and soon becomes complicated, unless further simplifying conditions 
are introduced. Such simplification may be of two kinds. In the first it m 
supposed that the total thickness between the initial and final media is 
small relatively to the wave-lengths, so that the phase-changes occurring 
within the layer are of subordinate importance. In the second kind of 
simplification the thicknesses are left arbitrary, but the changes in the 
character of the medium, which occur at each transition, are supposed small. 

The problem of a thin transitional layer has been treated by several 
authors, L. Lorenz^, Van Rynf, DrudeJ, Schott§, and MaclaurinH. A full 
account will be found in Theory of Light by the last named. It will 
therefore not be necessary to treat the subject in detail here; but it may be 
worth while to indicate how the results may be derived fi’bm our equations. 
For this purpose it is convenient to revert to the original notation so far as 


to retain a and cr. Thus in place of (IT), etc., we write 

ctiHi^a^H^i cTiKi-cT^K^j .( 32 ) 

(I2 (ciH^ + SiK^ = otsjETa, cTg ^ 


In virtue of the supposition that all the layers are thin, the c’s are nearly 
equal to unity and the 5s are small. Thus, for a first approximation, we 
identify c with 1 and neglect s altogether, so obtaining 

aiHi^ = = ... = am^m, <^ 1^1 = = ... = •. .(34) 

The relation of Hi, Ki to H^n, Hm is the same as if the transition between 
the extreme values took place without intermediate layers, and the law of 
reflection is not disturbed by the presence of these layers, as was to be 
exiDected. 

For the second approximation we may still identify the c’s with unity, 
while the s's are retained as quantities of the first order. Adding together 
the column of equations constituting the first members of (32), (33), etc., we 
find 

diJHi q* CI 2 S 1 JL 0 q~ q-... q^ 1 ^ni —2 H^^^i = cij/nH^i ,..... .(35) 
and in like manner, with substitution of cr for a and interchange of K and H, 

CTiHi q* O'^SiHn “1“ ... q* 1 2 1 ^ .(^6) 

* Pogg. Ann. 1860, Vol. cxi. p. 460. 
t Wied. Ann. 1883, Vol. xx. p. 22. 

X Wied. Alin. 1891, Vol. xliii, p. 126. 

§ Phil. Trans. 1894, Vol. clxxxv. p. 823, 

II Roy. Soc. Proc. A, 1905, Vol. lxxvi. p. 49. 
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In l.lu; Hiimll U'l'iUH coiitaiuiug .v’s we may Hul).s(,iLutt‘ the apjiroximaUi 
values Ilf II and K from (114). For tlie prolileui of reflection we suppo.se 


Um + K,n~-[). Hence 




I + V 


I ^ ui 
(Tni 


_ 

it.. 


In (H7), .s‘i— (*/’yand so on, so Uiai> 

I (t^chr. ^,(T.,S, 


. a,.s\ 


-1 


r/o 


cr dXy 




.(dS) 


tho intfgnitioii oxitniding ovia* t-lui laym* of truusit-ion. 

()nt‘ foiudusion may l>o drawn at' tuu'i*. '.rt) ihin dogri‘i* of a))|)rnxiumtit)n 
tlu* roflcation is indopondtaili of tin* ordc/r of tla^ strata. It will la^ iiotial 
that Uu‘ Hums in (l\7) am puro imagiunrit‘s. In what, follows \v(* sliall 
stipposo that u,n in roah 

As tho final rcssnlt for tlio judlooticm, \V(‘ find 


wluTt‘ 


j 

/^ 


A^ + 11, 

/A 




tan S - 2 


Wm/o-, 

- «m <'l 

cr iitfO j 

•1 "m/"l ’ 

((n, 1 

CTlir-''' 

J 

<>, 


’ ft" (lx 

(T 


Uja<Ti 




.(iW) 

A MY) 

.(41) 


To this order of approximation the uitensit// tin*. r(4h*etiou is unchanged 
by the pn^seuce of the intermediate layers, \udesH, indetah tlu' cirtmmstunceH 
arc such that (40) is itself amalL U afnlcr, — absolutely, wh‘ have 




il""' 


.(42) 


and S=5 Jtt, This case is important in Optics, as repreHciiting tlie reflection 
at the polarising angle from a contaminatisl surface. 

Th(^ two important optical casos: (i) where or is constant, leading (when 
there is no transitional layer) to Fresriers formula (11), and (ii) wlu*rc 
<7 siri^ d is constant, leading to (10), are now easily tr(*ated as special c*xampl(.‘s. 
Introducing the refractive index find after reduction for case (i) 




.(4;i) 


where X,, ,u, relate to the first medium, is the index for the last meclium, 
and the integration is over the layer of transition. The application of (413) 
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should he noticed when the layer is in effect abolished, either by supposing 
jii == /tim, or, on the other hand, ju. = 

In the second case (42), corresponding to the polarising angle, becomes 

f ~ ~ do!. .(44) 

In general for this case 


S" = ~ 


47r cos 6 


I cos^ f(Mm^ 

1 _ J _ J _ \ M Mm / 

(cos= 6^--!— sitf 
\ Mm f 


The second fraction in (45) is equal to the thickness of the layer of 
transition simply, when we suppose fjL — fii. 

f (Mm“ ~ M^) {m^ Ml") 

Father. — ..W 


the difference of phase vanishing, as it ought to do, when [jl = //i, or or 
again, when = 0. 

It should not escape notice that the expressions (10) and (11) have 
different signs when 6i and 6^ are small. This anomaly, as it must appear 
from an optical point of view, should be corrected when we consider the 
significance of 8" — S'. The origin of it lies in the circumstance that, in our 
application of the boundary conditions, we have, in effect, used different 
vectors as dependent variables to express light of the two polarisations. For 
further explanation reference may be made to former writings, e.g. '' On the 
Dynamical Theory of Gratings*.” 

If throughout the range of integration, //, is intermediate between the 
terminal values //.j, the reflection is of the kind called positive by Jamin. 
The transition may well be of this character when there is no contamination. 
On the other hand, the reflection is negative, if yu has throughout a value 
outside the range between yu-i and yu-^. It is probable that something of this 
kind occurs when water has a greasy surface. 

The formula required in Optics, viz. (43), (44), (45), (46), are due, in 
substance, to Lorenz and Van Ejtl. The more general expressions (41), (42) 
do not seem to have been given. 


There is no particular difficulty in pursuing the approximation from 
(32), etc. At the next stage the second term in the expansion of the cj’s 


* Roy. Soc. Proc. A, 1907, Vol. lxxix, p. 413. 
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imist hr n‘taiut*(l, \vlul(» tlu* are Hl.iU HufKciently rc‘pvcsente(l by the first 
terms. The rt*sult, aualo^uns to (;i7), is 


!l, 

h\ 


^ni<h 


1 - I 



j 

0 Jn <r ((,J 

1) O' 


r^rdv. (lx+ i 

0 -Ml CTmJ 

fUr 

(1 


(47) 


in \v!uc‘h tht* lermiual ubseisBui of tlu^ variable layer ar<‘ tak<*.n to be. 0 and (/, 
insleutl of j\ anti .r,,, e I <ln RtJt follow out the application to particular 
cases such as rr - tMJUsUuit, or <r sin® 61 — couRtant. For this refereiict^ may bt‘ 
made |o .Maelauria, who, however, UHt‘H a diffenuit method. 


T!u» seetuid case which allows t)f a simple approxiiuatt^ t‘xpn'Hsit)n for tlu‘ 
rt‘(h*etitai arist*H wluui all the partial rtdle.ctions are small. It is then hardly 
nece.s.s{iry to appt'al to tht* geruu’al (sjuations: the methotl usually tuuphiytsl 
in Optics siirtices. Tin* assumptions are that at (‘ach sui’fact* of transition tin* 
incident waves may be takt*!! to la* tin* same as in tin* hast medium, nuu’ely 
n*tarded by tlu^ appropriati* amount, and that eacli partial rt*llt*ction i’i*acln*H 
the first nieilium no otlu*rwise modifuKl tliau by such n‘tardation. This 
amounts to tin* nc*glect of wave.s three times ndlected. ^'Ims 

dj + A Tor., 


An intt*reHtinf( ipiestion suggests itH(‘lf as to the manmu’ in which tin? 
transition from om* uniform me<lium to another must be eiletTed in onh*?* to 
obviate ndlention, and (‘specially as to the lt‘aHt thickness of th(’ layer of 
transition consistent with this result. If thmu* be* two transiti<ms only, tlie 
l(*as(. thickni'SK of tin* layer is obtaimxl by supposing in (48) 


/6ii _ /?3 ““ 

T A T OTa 


{4h) 


and 


2na(^'a-^'i)==7r; 


m 


and tliis conclusion, as we havi* semi already, is not limittal to tin* ease of 
small ditierences of (juality. lu its application to perpendicular incidence, 
(50) expr(‘sscs that the thickness of thti layer is oiuxpiarttu- of tlu^ wave¬ 
length proper t(^ the layer. The two partial reflections are e(pial in magnitude* 
and sign. It is evident that nothing better than this can be done so long as 
the reHc'.ctions are of oru^ sign, however numerous tlie surfaces of transititm 
may lie. 

If we allow the partial r(*liections to be of different signs, some reduction 
of the nec(^.SHary thickn(‘ss is possible. For example, suppose* tliat tlu'n* ai’c 
two intermediate laye.rs of ecpial thickness, of which the first is similar r,o the 
final uniform nicdium, and the second similar to the initial uniform nuBlium. 
Of the three partial refiectiuns the first and third arc similar, but tiu* si'cond 
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is of the opposite sign. If three vectors of equal numerical value compensate 
one another, they must be at angles of 120° The necessary conditions are 
satisfied (in the case of perpendicular transmission) if the total thickness 
(2Z) is in accordance with 

q _ ^—4!TrU}k Q—BiriljK ^ Q 

The total thickness of the layer of transition is thus somewhat reduced, 
but only by a very artificial arrangement, such as would not usually be 
contemplated when a layer of transition is spoken of. If the progress from 
the first to the second uniform quality be always in one direction, reflection 
cannot be obviated unless the layer be at least JA thick. 

The general formula (48) may be adapted to express the result appropriate 
to continuous variation of the medium. Suppose, for example, that cr is 
constant, making /3 — 1, and corresponding to the continuity of both (/> and 
djijdx^. It is convenient to suppose that the variation commences at = 0, 
Then (48) may be written 



a at any point x being connected with the angle of propagation by the usual 
relation (3). In the special case of perpendicular propagation, a = 27 rya/Ai/ai, 
fjL being refractive index and Aj, relating to the first medium. 


A curious example, theoretically possible even if unrealizable in experi¬ 
ment, arises when the variable medium is constituted in such a manner that 
the velocity of propagation is everywhere constant, so that there is no 
refraction. Then a is constant, a= 1, and (48) gives 


A, 



(52) 


Some of the questions relating to the propagation of waves in a variable 
medium are more readily treated on the basis of the appropriate differential 
equation. As in (1), we suppose that the waves are plane, and that the 
medium is stratified in plane strata perpendicular to x, and we usually omit 
the exponential factors involving t and y, which may be supposed to run 
through. In the case of perpendicular propagation, y would not appear 
at all. 


Consider the differential equation 


d^(f> 

dx^ 


+ = 0 , 


(53) 


in which (unless k- can be infinite) it is necessary to suppose that <j> and 
dipjdx are continuous; k- is a function of x, which must be everywhere 

* These would be the conditions appropriate to a stretched string of variable longitudinal 
density vibrating transversely. 
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positive when the transmission is perpendicular, as, for example, in the case 
of a stretched string. When the transmission is oblique to the strata, 
may become negative, corresponding to total reflection,but in most of 
what follows we shall assume that this does not happen. The continuity of 
4> and d<plda), even though be discontinuous, appears to limit the applica¬ 
tion of (53) to certain kinds of waves, although, as a matter of analysis, the 
general differential equation of the second order may always be reduced to 
this form^. 


In the theory of a uniform medium, we may consider stationary waves or 
progressive waves. The former may be either 

(j> = A cos JcqOo cob pt, or (p — B sin JcqX sin ; 

and, ii B = ± A, the two may be combined, so as to constitute progressive 
waves 

<f} == A COB {pt ± kf^x). 

Conversely, progressive waves, travelling in opposite directions, may be 
combined so as to constitute stationary waves. When we pass to variable 
media, no ambiguity arises respecting stationary waves; they are such that 
the phase is the same at all points. But is there such a thing as a pro¬ 
gressive wave? In the full.sense of the phrase there is not. In general 
if we contemplate the wave forms at two different times, the difference 
between them cannot be represented by a mere shift of position proportional 
to the interval of time which has elapsed. 

The solution of (53) may be taken to be 

</>=4'^^(4+^'%(^), .(54) 

where '>\r(co), %(^) are real oscillatory functions of x; A\ B\ arbitrary 
constants as regards x. If we introduce the time-factor, writing p in place of 
the less familiar c of (1),. we may take 

<jl^ = 4 cospjit. (ic) + 5 sin p^. % (.r); .(55) 

and this may be put into the form 

= H cos (pt — d), .(56) 

where H cos 0 = A^jr (x), IT sin 0 = Bx . 


or = 4" {x)Y -i- B^ [x (x)Y, .(58) 

. 

But the expression for cp in (56) cannot be said to represent in general 
a. progressive wave. We may illustrate this even from the case of the 
uniform medium where yfr (x) cos kx, ;p^(^) = sinfe In this case (56) 
becomes 

<p = {4^ cos^ kx -h B^ sin- kx]^ cos \pt — tan“^ f — tan /cic'jl. .. .(60) 


R. VI. 


Forsyth’s Differential Equations^ § 69. 


6 
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If B reduction ensues to the familiar positive or negative pro¬ 

gressive wave. But if B be not equal to ± A, (55), taking the form 

+ jB) cos {'pt — kx) + ^ (4 — £) cos {pt -1- kx), 

clearly does not represent a progressive wave. The mere possibility of 
reduction to the form (57) proves little, without an examination of the 
character of H and 6, 


It may be of interest to consider for a moment the character of 6 in (60). 
If B/A, or, say, m, is positive, 6 may be identified with kx at the quadrants 
but elsewhere they differ, unless Introducing the imaginary ex¬ 

pressions for tangents, we find 

6 — kxAM sin -h \M'^ sin ^kx H- sin %kx + ..., .(61) 

where M = ^.(62) 

+1 

When h is constant, one of the solutions of (53) makes proportional to 
^-ikx^ Acting on this suggestion, and following out optical ideas, let us 
assume in general 

^ = .(63) 

where the amplitude rj and a are real functions of x, which, for the purpose 
of approximations, may be supposed to vary slowly. Substituting in (53), 
we find 

^ ^ + (A"-a")»7-2m^^(ci^i7) = 0.(64) 


For a first approximation, we neglect (p7]ldx^. Hence 


k a, k^T]^ 0, .(65) 

so that = .(66) 

or in real form, (f> — Gk~i cos {pt — jkdso) .(67) 


If we hold rigorously to the suppositions expressed in (65), the satis¬ 
faction of (64) requires that or "■ = 0. With omission 

of arbitrary constants affecting merely the origin and the scale of x, this 
makes k^ — x~\ corresponding to the differential equation 

+ ..( 88 ). 

whose accurate solution is accordingly 

= .(69) 

In (69) the imaginary part may be rejected. The solution (69) is, of 
course, easily verified. In all other cases (67) is only an approximation. 
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As an example, the case where may be referred to. Here 

jhdx = n log ^ — e, and (67) gives 

^ cos (pi — ?2 log a; + e) .(70) 


as an approximate solution. We shall, see presently that a slight change 
makes it accurate. 

Reverting to (64), we recognize that the first and second terms are real, 
while the third is imaginary. The satisfaction of the equation requires 


therefore that 

a^n==G, . 

.(71) 

and that 

. 

.(72) 

while (63) becomes 

. 

.(73) 

Let us examine in what 

cases p may take the form Dx'^. 

From (72), 


k^ = x~^'*' — r (r — 1) x~- .(74) 

If r —0, P is constant. If r = l, k- = G^D~^x~'^, already considered in 
(68). The only other case in which k^ is a simple power of x occurs when 
T = making 

k^ = (C^D-i + 1 ) ^-2 _ (say).•.(75) 

Here rj = Dx^, C- jdx — . log x — e, and the realized form of (73) is 

</) = Dx^ cos [pt — V(^^ “■ i) ^ + e}, .(76) 

which is the exact form of the solution obtained by approximate methods 
in (70). For a discussion of (76) reference may be made to Theory of 
Sound, second edition, § 148 

The relation between a and t) in (71) is the expression of the energy 
condition, as appears readily if we consider the application to waves along 
a stretched string. From (53), with restoration of 

dcf> ipt -iiadx • d(f) Jpt -i\adx {dp . ] 

If the common phase factors be omitted, the parts of d<j>ldt and d^jdx 
which are in the same phase are as pp and ap, and thus the mean work 
transmitted at any place is as ap’^. Since there is no accumulation of energy 
between two places, ap^ must be constant. 

When the changes are gradual enough, a may be identified with k, and 
then poz as represented in (67). 

If we regard p as a given function of x, a follows when G has been chosen, 
and also k^ from (72). In the case of perpendicular propagation k^ cannot be 
negative, but this is the only restriction. When p is constant, k^ is constant; 
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and thus if we suppose rj fco pass from one constant value to another through 
a finite transitional layer, the transition is also from one uniform to 
another; and (73) shows that there is no reflection back into the first 
medium. If the terminal values of r) and therefore of ¥ be given, and the 
transitional layer be thick enough, it will always be possible, and that in an 
infinite number of ways, to avoid a negative and thus to secure complete 
transmission without reflection back; but if with given terminal values the 
layer be too much reduced, k- must become negative. In this case reflection 
cannot be obviated. 

It may appear at first sight as if this argument proved too much, and that 
there should be no reflection in any case so long as k^ is positive throughout. 
But although a constant t? requires a constant k-, it does not follow con¬ 
versely that a constant k^ requires a constant t;, and, in fact, this is not true. 
One solution of (72), when k- is constant, certainly is r}'^ = G‘^jk\ but the 
complete solution necessarily includes two arbitrary constants, of which G is 
not one. From (60) it may be anticipated that a solution of (72) may be 

'if = A- cos^ kx + sin® kx — \ (A® + 5®) + J (J.® — B®) cos %kx _(77) 

From this we find on differentiation 

. + = 

and thus (72) is satisfied, provided that 

.(78) 


It appears then that (77) subject to (78) is a solution of (72). The 
second arbitrary constant evidently takes the form of an arbitrary additiori^ 
to X, and 77 will not be constant unless = 5 ®. 

On the supposition that 77 and a are slowly varying functions, the 
approximations of (65) may be pursued. We find 


. 

.(79) 

. 

.(80) 


The retardation, as usually reckoned in optics, is Jkdx\ The additional 
retardation according to (80) is 

As applied to the transition from one uniform medium to another, the- 
retardation is less than according to the first approximation by 

, ffdk~^\K 
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The supposition that r) varies slowly excludes more tlian a very small 
reflection. 

Equations (79), (80) may be tested on the particular case already referred 
to where h = njx. We get 




a. = ~ n — 


so that 


When nr^‘^ is neglected in comparison with unity, n — may be identified 
with :J). 

Let us now consider what are the possibilities of avoiding refl( 3 ction when 
the transition layer — Xi) between two uniform media is reduced. If 
^ 1 ) hi V 2 » h iiTe the terminal values, (79) requires that 

We will suppose that 'r) 2 >Vi- transition from 7}x to ij^ be made 

too quickly, viz., in too short a space, cpTjjdx^ will become somewhere so 
large as to render Jc^ negative. The same consideration sliows that at the 
beginning of the layer of transition (xi), dy/dx must vanish. The quickest 
admissible rise of y will ensue when the curve of lise is such as to make 
vanish. When y attains the second prescribed value y.^, it must suddenly 
become constant, notwithstanding that this makes k^ positively infinite. 

From (72) it appears that the curve of rise thus defined satisfies 

S-O'’-.(8^) 

The solution of (82), subject to the conditions that y — yi, dyjdx — O, 
when oj = a?!, is 

- yi^ = 0%^-^ {x - x^y == h^y (x - XiY .(83) 

Again, when y == 973 , x^x^, so that 

= = .(84) 

giving the minimum thickness of the layer of transition. 

It will be observed that the minimum thickness of the layer of transition 
necessary to avoid reflection diminishes without limit with h — /-g, that is, as 
the difference between the two media diminishes. However, the arrange¬ 
ment under discussion is very artificial. In the case of the string, for 
example, it is supposed that the density drops suddenly from the first 
uniform value to zero, at which it remains constant for a time. At the end 
of this it becomes momentarily infinite, before assuming the second uniform 
value, The infinite longitudinal density at X 2 is equivalent to a finite load 


V 2 " - Vi 
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there attached. In the layer of transition, if so it may be called, the string 
remains straight during the passage of the waves. 

If, as in the more ordinary use of the term, we require the transition to 
be such that ¥ moves always in one direction from the first terminal value 
to the second, the problem is one already considered. The minnnnni 
thickness is such that k- has throughout it a constant intermediate valm, 
SO chosen as to make the reflections equal at the two faces. 

It would he of interest to consider a particular case in which varies 
continuously and always in the one direction. As appeai;s at once from 
d-'nldx-, as well as dvjdx, must vanish at both ends of the layer, and thtuv 
must also be a third point of inflection between. If the layer be from = 0 
to a? = /3, we may take 

= Ax{x — a)(x’- /3) . 


We find that /3 = 2a, and that 


V^Vi _ j 


—(« - a) - 2a). .(«7) 

- rji dx^ 4iQP ^ ^ 

From these k- would have to be calculated by means of (*72), and one 
question would be to find how far a might be reduced without interferix^g 
with the prescribed character of fcl But to discuss this in detail would lead 
us too far. 

If the differences of quality in the variable medium are small, (72) 
simplifies. If tjq, ko be corresponding values, subject to Jcq^ = wo 

may take 

7? = -^0 V> .) 

where 77' and hk- are small, and (72) becomes approximately 

g + 4*„V = -%».(89) 


Replacing x by t, representing time, we see that the problem is the same 
as that of a pendulum upon which displacing forces act; see Theory of 
Sound, § 66. The analogue of the transition from one uniform medium 
to another is that of the pendulum initially at rest in the position of 
equilibrium, upon which at a certain time a displacing force acts. The 
force may be variable at first, but ultimately assumes a constant vahie. If 
there is to be no reflection in the original problem, the force must be of 
such a character that when it becomes constant the pendulum is left at rest 
in the new position. If the object be to effect the transition between the 
two states in the shortest possible time, but with forces which are restricted 
never to exceed the final value, it is pretty evident that the force must 
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immediately assume the maximum admissible value^ and retain it for such 
a time that the pendulum, then left free, will just reach the new position 
of equilibrium, after which the force is reimposed. The present solution 
is excluded, if it be required that the force never decrease in value. Under 
this restriction the best we can do is to make the force assume at once half 
its final value, and remain constant for a time equal to one-half of the free 
period. Under this force the pendulum will just swing out to the new 
position of equilibrium, where it is held on arrival by doubling the force. 
These cases have already been considered, but the analogue of the pendulum 
is instructive. 


Kelvin^ has shown that the equation of the second order 

. 

can be solved by a machine. It is worth noting that an equation of the 
form (53) is solved at the same time. In fact, if we make 


dy^ 

dx' 



(91) 


we get on elimination either (90) for y,, or 

. 

for ^ 2 * Equations (91) are those which express directly the action of the 
machine. 


It now remains to consider more in detail some cases where total reflection 
occurs. When there is merely a simple transition from one medium (1) to 
another (2), the transmitted wave is 


<^2 = J 


(93) 


If there is total reflection, becomes imaginary, say — ia ^; the trans¬ 
mitted wave is then no longer a wave in the ordinary sense, but there 
remains some disturbance, not conveying energy, and rapidly diminishing 
as we recede from the surface of transition according to the factor 
From (2) 


ai = 


47r2 

^2^ 


COS^ ^2 


47r^ / Fi" 

V VT? 



or 


O-r 

*y(sitf^i-FiVF/). 

Ai 


(94) 


It appears that soon after the critical angle is passed, the disturbance in 
the second medium extends sensibly to a distance of only a few wave-lengths. 

The circumstances of total reflection at a sudden transition are thus very 
simple; but total reflection itself does not require a sudden transition, and 

* IXq]}, Soc. Proc. 1876, Yol. xxrv. p. 269. 
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takes place however gradual the passage may be from the first mediuiii 
to the second, the only condition being that when the second is reached 
the angle of refraction becomes imaginary. From this point of view total 
reflection is more naturally regarded as a sort of refraction, reflection proper 
depending on some degree of abruptness of transition. Phenomena of this 
kind are familiar in Optics under the name of mirage. 

In the province of acoustics the vagaries of fog-signals are naturally 
referred to irregular refraction and reflection in the atmosphere, due to 
temperature or wind differences; but the difficulty of verifying a suggested 
explanation on these lines is usually serious, owing to our ignorance of the 
state of affairs overhead*. 


The penetration of vibrations into a medium where no regular waves can 
be propagated is a matter of considerable interest; but, so far as I am 
aware, there is no discussion of such a case, beyond that already sketched, 
relating to a sudden transition between two uniform media. It might have 
been supposed that oblique propagation through a variable medium would 
involve too many difficulties, but we have already had opportunity to see 
that, in reality, obliquity need not add appreciably to the complication of 
the problem. 


To fix ideas, let us suppose that we are dealing with waves in a membrane 
uniformly stretched with tension T, and of superficial density p, which is a 
function of co only. The equation of vibration is {Theory of Sounds § 194) 



or, if be proportional to as in (1), 

g + (cV/r-6^)<^ = 0, .(95) 

agreeing with (53) if = c-pjT — Ir .(96) 


The waves originally move towai^ds the less dense parts, and total reflection 
^will ensue when a place is reached, at and after which is negative. The 
case which best lends itself to analytical treatment is when p is a hnear 
function of cc, is then also a linear function j and, hy suitable choice of 
the origin and scale of /r, (9o) takes the form 

s+*»■(-<'. 


^ An observation during the exceptionally hot weather of last summer recalled my attention 
to this subject. A train passing at high speed at a distance of not more than 150 yards was 
almost inaudible. The wheels were in full view, but the situation was such that the line of vision 
passed for most of its length pretty close to the highly heated ground. It seemed clear that the 
sound rays which should have reached the observers were deflected upwards over their heads, 
which were left in a hind of shadow. 
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The waves are now supposed to come from the positive side and are totally 
reflected at x = 0. The coefficient and sign of x are chosen so as to suit the 
formuloe about to be quoted. 

The solution of (9*7), appropriate to the present problem, is exactly the 
integral investigated by Airy to express the intensity of light in the 
neighbourhood of a caustic*. The line x = 0 is, in fact, a caustic in the 
optical sense, being touched by all the rays, Airy’s integral is 

TT == I cos Itt (w^ — omu) dw .(98) 

Jo 

It was shown by Stokesf to satisfy (97), if 

ir (in his notationn) == .(99) 


Calculating by quadratures and from series proceeding by ascending powers 
of m, Airy tabulated W for values of 77 i lying between m = ± 5-6. For larger 
numei'ical values of m another method is necessary, for which Stokes gave 
the necessary formuloe. Writing 

= 2 (^.^)«/2 = TT (^ m )«/^ .( 100 ) 


where the numerical values of m and x are supposed to be taken when 
these quantities are negative, he found when ??! is positive 

Tf = 2^ {R cos («^ — Jtt) -f 8 sin — ^tt)}, .(101) 

, ^ , 1.5.7.11.1.5.7.11.13.17.19.23 

where 11 = 1 i 2 (f 2 ^y+ 1.2.3.4,(724>y •••>•••( 


S = 


1.5 1.5.7.11.13.17 

1.72(^ " 1.2.3(720)^ 


.(103) 


When m is negative, so that W is the integral expressed by writing 'm 
for m in (98), 


F = 2-H3m)-ie-^ 



1.5 1.5.7.11 ) 

1 . 72 (;)'^ 1 .' 2 ( 72(#>)5 


.(104) 


The first form (101) is evidently fluctuating. The roots of Tr=0 are 
given by 


(jEj/tt = i — 0'25 4* 


0-028145 

4i-l 


0J)26510 
^4i- l)’ 


.(105) 


i being a positive integer, so that for i = 2, 3, 4, etc., we get 
m = 4-3631, 5-8922, 7-2436, 8-4788, etc. 

For f = 1, Airy’s calculation gave m = 2-4955. 


* Camb. Phil. Trans. 1838, -Vol. vi. p. 870; 1849, Vol. vin. p. 595. 
t Gamb. Phil. Trans. 1860, Vol. k. ; Math, and Phys. Papers, Vol. ii, p. 328. 
:j: Here used in another sense. 
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The complete solution of (97) in series of ascending powers of x is to be 
obtained in the usual way, and the arbitrary constants are readily determined 
by comparison with (98). Lommel* showed that these series are expressible 
by means of the BesseFs functions Jj, J The connection between the 
complete solutions of (97), as expressed by ascending or by descending semi- 
convergent series, is investigated in a second memoir by Stokesf. A repro¬ 
duction of the most important part of Airy’s table will be found in Mascart’s 
Optics (VoL I. p. 397). 

As total reflection requires, the waves in our problem are stationary as 
regards x. The realized solution of (95) may be written 

cj>= W cos (ct + by), .(106) 

W being the function of x already discussed. On the negative side, when x 
numerically exceeds a moderate value, the disturbance becomes insensible. 

* Studien iiher die BesseVschen Functioned, Leipzig, 1868. 
t Gamh, Phil. Trans. 1857, Vol, x. p. 106. 
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SPECTROSCOPIC METHODS. 

[Nature, Vol Lxxxvni. p. 377, 1912.] 

In hiH ini.tuvHting address on spectroscopic methods, Prof, Michelson Mis 
into II not micounuon error when ha says that, in order to obtain a pure 
“two inipijrtant iuodificati()ns must he made in Newton's arrange- 
nuait. hirst, tin*, light must he allowed to pass through a very narrow 
aptudure, and, secondly, a sharp image of this aperture must he formed by a 
hms or mirror,” 

Ihjth fch(*.sc modifications were made by Newton himself, and with a clear 
und(‘r.standing of thtnr advantages. .In Ogtioks, Exper. 11, we read:—“In 
tlu‘ Sun H Light kit itito my darkened Chamber through a small round hole 
in my Wiiultav—sliut, at about 10 or 12 feet from the Window, I placed 
a Lems, by which the Image of the hole might be distinctly cast upon a sheet 
ol wliite Paper, placed at the dist(mce of six, eight, ten, or twelve Feet from 
tiui Ijens....For in this case the circular Images of the hole which comprise 
that. image...wm’e terminated most distinctly without any Penumbra, and 
tlu*rt‘fori‘ (‘xtended into one another the least that they could, and by conse- 
epumee, th(‘ mixture of the Heterogeneous Rays was now the least of all.” 

And further on :— 

“ Yt‘t iustciad of the circidar hole F, 'tis better to substitute an oblong 
hole sliaped like a long Parallelogram with its length .Parallel to the Prism 
ABCl For if this hole be an Inch or two long, and but a tenth or twentieth 
part of an Inch broad or narrower: the Light of the Image pt will be as 
Simple as before or simpler [Le. as compared with a correspondingly narrow 
circular hok.^.], and the Image will become much broader, and therefore more 
lit to hav(‘ Experiments tried in its Light than before.” 

Again, it was not Bunsen and Kirchhoff who first introduced the collimator 
into the spcictroscope. Swan employed it in 1847, and fully described its use 
in Edin, Trmw, Vol. xvr. p. 875,1849. See also Edin. Tmns, Vol. xxi. p. 411, 
1857; Fogg, Ann, C, p, 30G, 1857. 

These', are very minor matters as compared with what Prof Michelson 
has to tell of his own achievements and experiences, but it seems desirable 
that tlu'y should be set right. 
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ON DEPARTURES PROM FRESNEL’S LAWS OF REFLEXION. 

[Philosophical Magazine^ Vol. xxiil. pp. 431—439, 1912.] 

In the summer of 1907, in connexion with my experiments upon re¬ 
flexion from glass at the polarizing angle*, I made observations also upon 
the diamond, a subject in which Kelvin had expressed an interest. It was 
known from the work of Jamin and others that the polarization of light 
reflected from this substance is very far from complete at any angle of 
incidence, and my first experiments were directed to ascertain whether this 
irregularity could be plausibly attributed to superficial films of foreign 
matter, such as so greatly influence the corresponding phenomena in the 
case of waterf. The arrangements were of the simplest. The light from 
a paraffin flame seen edgeways was reflected from the diamond and examined 
with a nicol, the angle being varied until the reflexion was a minimum. 

In one important respect the diamond offers advantages, in comparison, 
for instance, with glass, where the surface is the field of rapid chemical 
changes due presumably to atmospheric influences. On the other hand, 
the smallness of the available surfaces is an inconvenience which, however, 
is less felt than it would be, were high precision necessary in the measure¬ 
ments. Two diamonds were employed—one, kindly lent me by Sir W. Crookes, 
mounted at the end of a bar of lead, the other belonging to a lady's ring. 
No particular difference in behaviour revealed itself. 

The results of repeated observations seemed to leave it improbable that 
any process of cleaning would do more than reduce the reflexion at the 
polarizing angle. Potent chemicals, such as hot chromic acid, may be 
employed, but there is usually a little difficulty in the subsequent prepa¬ 
ration. After copious rinsing, at first under the tap and then with distilled 
water from a wash-bottle, the question arises how to dry the surface. Any 
ordinary wiping may be expected to nullify the chemical treatment; but if 

* Phil. Mag. Vol. xvr. p. 444 (1908); Scientific Papers^ Vol. v. p. 489. 
t Phil. Mag. Vol. xxxiii. p. 1 (1892); Scientific Papers, Vol. iii. p. 496. 
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tlunjs Hit' allnWfd to dry on, the ettect is usually bad. Sometimes it is 
IJnssiblo in shake the drops away sufficiently. After a successfol operation 

llus sort Nvipin^r with an ordinarily clean cloth usually increases the 
ujiuimum reiloxion, arid of course a touch with the huger, however prepared, 
iH uuudi Worse. As tlu‘ r(‘Hult of numerous trials I got the impression that 
tlu* rellexinn could not In* n‘duced below a certain standard which left the 
flume still {MLsily visihle. Rotation of the diamond surface in its own plane 
.soimicd {(^ ho without effijct. 

I hiring (lu* lust few uumths I havi* resumed thesci observations, using 
t ht* saim* diaiuonclH, but with sneli additions to the apparatus as are necessaiy 
for obtaining measure's of the residual reflexion. Besides the polarizing nicol, 
tlnui* is rtM|uir(‘d a (|uartt'r-wavc mica plate* and an analysing nicol, to be 
tiiiversetl siu'cessivejy by the light after reflexion, as described in my former 
papers. I he jirmlysing nicol is set alternately at angles ^ = ± 45^ At each 
of these angh‘H extinction may be obtained hy a suitable rotation of the 
jsilarixing nicol; and tlu* olmervation consists in determining the angle of — a 
iaUwi-en tlu* two positionH. Jamius /*, n^presenting the ratio of reflected 
ampliiutlt*s for tlu* two jirincipal planes when light incident at the angle 
tun ‘is polarized at 45" to tliese planes, is ecpial to tan ^ (a' —a). The 
sign nf a' a is ri‘Vt*rHcil wlu‘u the mica is rotated through a right angle, 
and tlu* absolute sigm of k must be. found independently. 


Wipinl with an ordinarily clean cloth, thc^ diamond gave at first a' — a = 2®‘3. 
Hy viirirms treatnu'Uts this angle could bt* much n.slucc^d. There was no 
liiflii’uliy in gi*Uiug down to 1". On the whole the best results were 
nl»!aiiu*(l wlu*n tlu* surface was finally wiped, or rather pressed repeatedly, 
n\Hni s!ua»t asla^stos which had been ignited a few minutes earlier in the 
bliiwpipe flame; but they were nob very consistent. The lowest reading 
was 0 4; and we may, I think, conclude that with a clean surface a'- a 
would not I'xceed ()“‘5. No more than in thc3 case of glass, did the effect 
Ht‘t*m Hensitive to moisture, no appreciable differmice being observable when 
ehemic*Hlly driecl air played upon the surface. It is impossible to attain 
fdisolute em'taiuby, but my irnprcHsion is that the angle cannot be reduced 
mucli further. Ho long as it exceeds a few tenths of a degree, the paraffin 
flame is {piite adequate m a source of light. 


If Wi* take for diamond a! — a — 30', we get 

h tan J- (a' - a) = *0044. 

Jamins value for k is *019, corresponding more nearly with what I found for 
a men‘ly wipc*d surface. 

Himilar observationH have been made upon the face of a small dispersing 
prism which has been in my possession some 45 years. When first examined, 
it gavi^ a a » ff', or thereabouts. Treatment with rouge on a piece of 





94 OK DEPARTUKES FROM FRESNEL’S LAWS OF REFLEXION [302 

calico, stretched over a glass plate, soon reduced the angle to 4° or 3°, but 
further progi'ess seemed more difficult. Comparisons were rendered some¬ 
what uncertain by the fact that different parts of the surface gave varying 
numbers. After a good deal of rubbing, a'—a was reduced to such figures 
as 2°, on one occasion apparently to Sometimes the readings were 

taken without touching the surface after removal from the rouge, at otlunvs 
the face was bi'eathed upon and wiped. In general, the latter troatineiit 
seemed to increase the angle. Strong sulphuric acid was also tricul, but 
without advantage, as also putty-powder in place of or in addition to rouge. 
The behaviour did not appear to be sensitive to moisture, or to alter 
appreciably when the surface stood for a feAv days after treatment. 

Thinking that possibly changes due to atmospheric influences might in 
nearly half a century have penetrated somewhat deeply into the glass, 
I re-ground and polished (sufficiently for the purpose) one of the originally 
unpolished ffices of the prism, but failed even with this surface to reduce 
a — a below 2°. As in the case of the diamond, it is impossible to prove 
absolutely that a' — a cannot be reduced to zero, but after repeatcKl trials 
I had to despair of doing so. It may be well to record that the refractive 
index of the glass for yellow rays is 1*680. 

These results, in which k (presumably positive) remained large in spite 
of all treatment, contrast remarkably with those formerly obtained t)n less 
refractive glasses, one of which, however, appears to contain lead. It was 
then found that by re-polishing it was possible to carry k down to zero and 
to the negative side, somewhat as in the observations upon water ib was 
possible to convert the negative k of ordinary (greasy) water into one with a 
small positive value, when the surface was purified to the utmost. 

There is another departure from Fresnel’s laws which is observed when a 
piece of plate glass is immersed in a liquid of equal index* Under such 
cifcumstances the reflexion ought to vanish. 

The liquid may consist of benzole and bisulphide of carbon, of which the 
first is less and the second more refractive than the glass. If the adjust¬ 
ment is for the yellow, more benzole or a higher temperature will take the 
ray of equal index towards the blue and vice versd. ‘'For a closer exami¬ 
nation the plate was roughened behind (to destroy the second reflexion), and 
was mounted in a bottle prism in such a manner that the incidence cou}d 
be rendered grazing. When the adjustment of indices was for the yellow 
the appearances observed were as follows: if the incidence is pretty oblique, 
the reflexion is total for the violet and blue; scanty, but not evanescent, for 
the yellow; more copious again in the red. As the incidence becomes more 
and more nearly grazing, the region of total reflexion advances from the blue 

* *‘Ou the Existence of Reflexion when tlie relative Refractive Index is Unity,” Brit. Asaoc, 
Beporty p. 585 (1887) ; Scientific FaperSj Vol, ni. p. 15. 
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end closer and closer upon the ray of equal index, and ultimately there is a 
very sharp transition between this region and the band which now looks 
very dark. On the other side the reflexion revives, but more gradually, 
and becomes very copious in the orange and red. On this side the reflexion 
is not technically total. If the prism be now turned so that the angle of 
incidence is moderate, it is found that, in spite of the equality of index for 
the most luminous part of the spectrum, there is a pretty strong reflexion of 
a candle-flame, and apparently without colour. With the aid of sunlight it 
was proved that in the reflexion at moderate incidences there was no marked 
chromatic selection, and in all probability the blackness of the band in the 
yellow at grazing incidences is a matter of contrast only. Indeed, calculation 
shows that according to Fresnel’s formuhe, the reflexion would be nearly 
insensible for all parts of the spectrum when the index is adjusted for the 
yellow.” It was further shown that the reflexion could be reduced, but not 
destroyed, by re-polishing or treatment of the surfixce with hydrofluoric 
acid. 

I have lately thought it desirable to return to these experiments under 
the impression that formerly I may not have been sufficiently alive to the 
irregular behaviour of glass surfaces which are in contact with the atmosphere. 

1 wished also to be able to observe the transmitted as well as the reflected 
light. A cell was prepared from a tin-plate cylinder 3 inches long and 

2 inches in diameter by closing the endvS with glass plates cemented on with 
glue and treacle. Within was tlie glass plate -to be experimented on, of 
similar dimensions, so as to be nearly a fit. A hole in the cylindrical wall 
allowed the liquid to be poured in and out. Although the plate looked 
good and had been well wiped, I was unable to reproduce the old effects; 
or, for a time, even to satisfy myself that I could attain the right com¬ 
position of the liquid. Afterwards a clue was found in the spectra formed 
by the edges of the plate (acting as prisms) when the cell was slewed round. 
The subject of observation was a candle placed at a moderate distance. 
When the adjustment of indices is correct for any ray, the corresponding 
part of the spectrum is seen in the same Mirection as is the undispersed 
candle-flame by rays which have j)assed outside the plate. Either spectrum 
may be used, but the best for the purpose is that formed by the edge nearer 
the eye. There was now no difficulty in adjusting the index for the yellow 
ray, and the old effects ought to have manifested themselves; but they did 
not. The reflected image showed little deficiency in the yellow, although 
the incidence was nearly grazing, while at moderate angles it was fairly 
bright and without colour. This considerable departure from Fresnel’s laws 
could only be attributed to a not very thin superficial modification of the 
glass rendering it optically different from the interior. 

In order to allow of the more easy removal and replacement of the plate 
under examination, an altered arrangement was introduced, in which the 
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aperture', at the top of the coll extended over the whole length. The general 
dimensions being the same as before, the body of the cell was forintal by 
bending round a rectangular piece of tin-plate A (fig. b) and securing tln^ 
imds, to which the glass faces B were to be 
conuaited, by enveloping copper Avire. The 
plafce (./ could then be removed for cleaning 
or polishing without breaking a joint. In 
emptying the coll it is nectissaiy to employ a 
large funnel, as the li((uid pours badly. 

The plate tried behaved much as the 
oTU' just spoken of. In the reflected light, 
wh(‘4;her at moderate angles or neiirly grazing, 
the yt'llovv-green ray of equal index did not 
appt'ar to bo missing. A lino or ratln^r band 
of polish, by putty-powder applied with the 
iiug(‘r, sliowed a great alteration. Near 
grazing there was now a dark band in the 
spt'ctrum of rofhicted light as formerly described, and the eHect wan 
intimsified when the polish affected hath faces. In the transmitter 1 liglit 
the spi'ctrum was .shorn of blue and greim, the limit coming down a.s grazings 
is approached—a consequence of the total reflexion of certain riiyn which 
them sets in. But at incidences far removed from grazing the place of (M[ual 
index in tlie spectrum of the reflected light showed little weakening. A 
fiw days’ standing (after polishing) in the air did not appear to ult(‘r tin* 
behaviour materially. On the same plate other bands were treated with 
hydrofluoric acid—commercial acid dilated to one-third. This seemed more 
{‘ffective than the putty-powder. At about 15” off grazing, the Bi)ectru]n 
of tile refle-cbed light still showed some weakening in the ray of equal index. 

In the coll with parallel faces it is not possible to reduce the angle of 
incitlence (reckoned from the normal) sufficiently, a circumstance Ayhioh led 
me to revert to the 60® bottle-prism. A strip of glass half an inch Avidc* 
could be insertc'd through the neck, and this Avidth suffices for the obser¬ 
vation of the reflected light. But I experienced some trouble in finding the 
light until I had made a calculation of the angles concerned. Sixpjiosing 
the plane of the reflecting surface to be jiarallel to the base of the prism, let 
us call the angle of incidence upon it %, and let 6, </> be the angles Avhich 
the ray makes Avith the normal to the faces, externally and internally, 
me^isured in each case towards the refracting angle of the prism. Then 

X ~ 60® — (jb, </> = siri”^ (I sin 6). 

The smallest x ^^ccurs when 6 == 90”, in which case x == 1^'* Thiw value 

cannot be actually attained, since the emergence Avould be grazing. If 
X = 90®, giving grazing reflexion, 0 = — 48® 36'. Again, if 0 = 0, = go®; 


Fig. 1. 





98 


ON DEPAETURES FROM FRESNEL’s LAWS OF REFLEXION [362 


ill which K, jjl are the electric and magnetic constants for the first medium, 
ifi, /Xj for the second^. The relation between 6 and is 

Jfi/xi : Kfji^ sin: 6 : sin^ 9^ .(C) 

It is evident that mere absence of refraction will not secure the evaiiescenco 
of reflexion for botli polarizations, unless we assume both fx and Ki — A". 
In the usual theory /l6i is supposed equal to fi in all cases. (A) then idontiht‘s 
itself with FresneFs sine-formula, and (B) with the tangent-formula, and 
both vanish when = K corresponding to no refraction. Furthei', (B) 
vanishes at the Brewsterian angle, even though there be refraction. A slight 
departure from these laws would easily be accounted for by a difforc^nct' 
between and /x, such as in fact occurs in some degree (diamagnetism). 
But the effect of such a departure is not to interfere with the complete 
evanescence of (B), but merely to displace the angle at which it occurs from 
the Brewsterian value. If /Xi/ya== 1-Hwhere h is small, calculation shows 
that the angle of complete polarization is changed by the amount 




hn^ 


(D) 


n being the refractive index. The failure of the diamond and dense glass to 
polarize completely at some angle of incidence is not to be explained in 
this way. 


As I formerly suggested, the anomalies may perhaps be connected witli 
the fact that one at least of the media is dispersive, A good deal depends 
upon the cause of the dispersion. In the case of a stretched string, vibrating 
transversely and endowed with a moderate amount of stiffness, the boundary 
conditions would certainly be such as would entail a reflexion in spite of 
equal velocity of wave-propagation. All optical dispersion is now supposcnl 
to be of the same nature as what used to be called anomalotis dispersion, 
i.e, to bo due to resonances lying beyond the visible range. In the simplcKst 
form of this theory, as given by Maxwellf and Sellmeier, the resonating 
bodies take their motion from those parts of the aether with which they are 
directly connected, but they do not influence one another. In such a case 
the boundary conditions involve merely the continuity of the displacement 
and its first derivative, and no complication ensues. When there is no 
refraction, there is also no reflexion. By introducing a mutual reaction 
between the resonators, and probably in other ways, it would be possible 
to modify the situation in such a manner that the boundary conditions 
would involve higher derivatives, as in the case of the stiff string, and thus 
to allow reflexion in spite of equality of wave-velocities for a given ray. 


* “ On the Electromagnetic Theory of Light,” PlviL Mag. Vol. xii. p. 81 (1881) ; Scientific 
Papers t Vol. i. p. 521. 

t Cambridge Calendar for 1869. See Phil. Mag, Vol. xlviii. p. 151 (1899) ^ Scientific 
Papers, Yol. iv. p. 413. 








1912] ON OEPARTUKES FROM FRESNEL’S LAWS OF REFLEXION 


97 


and if ^ = 45'"^ ^ = 22° 51'. We can thus deal with all kinds of reflexion 
from x = 90° down to nearly 18°, and this suffices for the purpose. 

The strip employed was of plate glass and was ground upon the back 
surface. The front reflecting face was treated for about 30^ with hydro¬ 
fluoric acid. It was now easy to trace the effects all the way from grazing 
incidence down to an incidence of 45° or less. The ray of equal index was in 
the yellow-green, as was apparent at once from the spectrum of the reflected 
light near grazing. There was a very dark band in this region, and total 
reflexion reaching nearly down to it from the blue end. The light was from 
a paraffin flame, at a distance of about two feet, seen edgeways. As grazing 
incidence is departed from, the flame continues at first to show a purple 
colour, and the spectrum shows a weakened, but not totally absent, green. 
As the angle of incidence % still further decreases, the reflected light weakens 
both in intensity and colour. When = 45°, or thereabouts, the light was 
weak and the colour imperceptible. After two further treatments with 
hydrofluoric acid and immediate examination, the light seemed further 
diminished, but it remained bright enough to allow the absence of colour 
to be a-scertained, especially when the lamp was temporarily brought nearer. 
An ordinary candle-flame at the same (2 feet) distance was easily visible. 

In order to allow the use of the stopper, the strip was removed from the 
bottle-prism when the observations were concluded, and it stood for four 
days exposed to the atmosphere. On re-examination it seemed that the 
reflexion at % = 45° had sensibly increased, a conclusion confirmed by a fresh 
treatment with hydrofluoric acid. 


It remains to consider the theoretical bearing of the two anomalies which 
manifest themselves (i) at the polarizing angle, and (ii) at other angles when 
both media have the same index, at any rate for a particular ray. Evidently 
the cause may lie in a skin due either to contamination or to the inevitable 
differences which must occur in the neighbourhood of the surface of a solid 
or fluid body. Such a skin would explain both anomalies and is certainly a 
part of the true explanation, but it remains doubtful whether it accounts for 
everything. Under these circumstances it seems worth while to inquire what 
would be the effect, of less simple boundary conditions than those which lead 
to Fresnel’s formula^. 

On the electromagnetic theory, if 0, 6-^ are respectively the angles of 
incidence and refraction, the ratio of the reflected to the incident vibration is, 
for the two principal polarizations. 


and 


tan ^i/tan 6 — fijfMi 
tan ^i/tan 6 4- ya/yu,i ’ 

tan ^i/tan 6 — KjK^ 
tan ^i/tan 0 KjKi 


(A) 

•(B) 
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P.S. Jan. 15.—vSome later observations upon a surface of fused quartz 
are of interest. The plate, prepared by Messrs Hilger, was ^ inch square, 
and the surfaces were inclined at a few degrees so as to separate the reflexions. 
From these surfaces the reflexion at the polarizing angle sensibly disappears. 
The image of the paraffin flame could be quenched by the operation of the 
polarizing nicol alone. When the quarter wave-plate and analysing nicol 
were introduct‘d, a! and a could not be distinguished, the difiFerence probably 
not t^xciH'ding •05", i.e. 3 minutes of angle. 

In order to i‘.xamiue the reflexion when the quartz was in contact with a 
liquid of ecpial index, I had to mix alcohol with the benzole. The behaviour 
was then much the same as with glass of which the surlace had been renewed 
by hydrofluoric acid. No precise lueasui'es could be taken, but the reflexion 
at 45'"'’ incidi'ucc vseemed less than from the glass, though still easily visible. 
In spit(i of repeated trials with intermediate cleanings, it was difficult to feel 
sure that tlu.^ residual effect might not be due to foreign matter, the more as 
differenc(‘s could sometimes be detected between various parts of the surface^. 
Even if tin,', surface could be regarded as clean on immersion, thei’e is no 
CiU’taiuty that a capillary film of some sort might not be deposited upon 
it from the licpiid. The cause of the small residual reflexion must remain 
for tln^ ;i>reHent an open (juestion. 

* At t)ic top of the plate, where it was attached to a handle, a slight invasion of gelatine 
(used as a aement) gave rise to a copious reflexion; but this film was easily visible in the air. 


THE PRINCIPLE OF REFLECTION IN SPECTROSCOPES. 


{Nature, Vol. Lxxxix, p. 167, 1912.] 

The application of a reflector to pass light back through a prism, or 
prisms, is usually ascribed to Littrow. Thus Kayser writes {Handhuch der 
Spectroscopie, Bd. i. p, 513), “Der Erste, der Rtickkehr der Strahlen zur 
Steigerung der Dispersion verwandte, war Littrow'' (0. v. Littrow, Wien. 
Ber. XLVii. ii. pp. 26-32, 1863). But this was certainly not the first use of 
the method. I learned it myself from Maxwell (Phil. Trans. Vol. CL. p. 78, 
1860), who says, “ The principle of reflecting light, so as to pass twice through 
the same prism, was employed by me in an instrument for combining colours 
made in 1856, and a reflecting instrument for observing the spectrum has 
been constructed by M. Porro." 

I have not been able to find the reference to Porro; but it would seem 
that both Maxwell and Porro antedated Littrow. As to the advantages of 
the method there can be no doubt. 


ON THE SELF-INDUCTION OF ELECTRIC CURRENTS IN 
A THIN ANCHOR-RING. 


[Proceedings of the lioyal Society, A, VoL lxxxvl pp. 562—571, 1912.] 


In thidr uHcdiil compendium of Formulae and Tables for the Calculation 
of M.utual and Self-Inductance^/' Rosa and Cohen remark upon a small 
(liscn.ipancy in the formuko given by myself f and by M. WienJ for the self- 
induction of a coil of circular cross-section over which the current is uniformly 
distributed. With omission of n, representative of the number of windings, 
my formula was 

8a 7 , 8a 


L = 4 ™ 


log 


4^8ct= 




•d) 


wht'rc! p is fclui iwlius of the suction and a that of the circular axis. The 
first two terms were given long before by Kirchhoft'§. In place of the 
fourth term within the bracket, viz., + Wien found - -OOSSp^/aK 

In either case a correction would be necessary in practice to take account of 
the space occupied by the insulation. Without, so far as I see, giving a 
reiisou, Rosa and Cohen express a preference for Wien’s number. The 
difference is of no great importance, but I have thought it worth while to 
repeat the calculation and I obtain the same result as in 1S81. A con¬ 
firmation after 30 years, and without reference to notes, is perhaps almost as 
good as if it wore independent. I propose to exhibit the main steps of the 
calculation and to make extension to some related problems. 

The, starting point is the expression given by Maxwell ll for the mutual 
induction M between two neighbouring co-axial circuits. For the ]present 


* Bnlletin of the. Bureau of Standards, WaBhiugton, 1908, Vol. hi. No. 1. ^ 
t Boy. Soc. Brae. 1881, Vol. xxxii. ]i. 104; Scientific Papers, Vol. ii. p. 15. 
t Ann. d. Fhyeik, 1894, Vol. wii. p. 984; it would appear that Wien did not know of my 

earlier calculation. 

§ Fogg. Ann. 1864, Vol. oxxi. p. 661. 

II Electricity and Magnetism, § 705. 
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purpose this requires transformation, so as to express the inductance in 
terms of the situation of the elementary circuits relatively to the circular 
axis. In the figure, 0 is the centre of the circular axis, A the centre of 
a section B through the axis of symmetry, and the position of any point P 
of the section is given by polar coordinates relatively to A^ viz., by PA (p) 
and by the angle PAG(<p). If ^2 be the coordinates of two 

points of the section P^, Pg, the mutual induction between the two circular 
circuits represented by Pj, P^ is approximately 

=: j 1 I p i (f)j + pn cos cj)2 pi^ 4- p2^ + 2 pf sin^ + 2p2^ sin^ 02 
^Tra ( 2a 1602 


2 pipa cos (01 


02 )_ 4 - 4pi p 2 sin 01 sin 02 
16 c 6 ^ 



2a 


_l_ S (pi^ 4- Pe^) - 4 (pi^ sin^ 01 - 1 - pgS sin^ 02) 4- 2p,p2 cos (0i - 02) 

in which r, the distance between Pi and Pg, is given by 

r- = pi 2 4 . P 22 _ 2 pip 2 cos (01 - 0o).(3) 

Further details will be found in Wien^s memoir; I do not repeat them 
because I am in complete agreement so far. 



For the problem of a current uniformly distributed we are to integrate 
( 2 ) twice over the area of the section. Taking first the integrations with 
respect to 0 i, 02 , let us express 



of which we can also make another application. The integration of the 
terms which do not involve logr is elementary. For those which do 
involve log r we may conveniently replace 00 by 0i 4- 0, where 0 = 02 - 0^, 
and take first the integration with respect to 0 , 0 i being constant. 
Subsequently we integrate with respect to 0 i. 

It is evident that the terms in ( 2 ) which involve the first power of p 
vanish in the integration. For a change of 0 i, 02 into tt — 0 ^, 7 r ~02 
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rcKpectively reverses cos cj>i and cos while it leaves r unaltered. The 
dehnite integrals required for the other terms are* 

r -hn- 

( (pi“ + P‘/ - ^PiPi cos <j>) d4> = greater of 4'7r log p^, and 47r log (5) 

r-fTT 

j cos log (pi“ -f p./ — 2 p]p 2 cos j>) d<f> 

= - X smaller of (??)” and , .(6) 

VI being an integer. Thus 
Iff 1 f 

4^2 j) j j d(^ logr =greater of log and log p^. (7) 

So far as the more important terms in (4)—those which do not involve 


p as a factor—we have at once 

(^<^0 ““ 2 - greater of log p^ and log .(8) 

If. po and pi are equal, this becomes 

log(8a/p)«~2......(9) 

We have now to consider the terms of the second order in (2). The 
contribution which these make to (4) may be divided into two parts. The 
first, not arising from the terms in logr, is easily fouild to be 

^'s'^'’^[log(8«) + |].(10) 


The dilfcrence between Wien's number and mine arises from the inte¬ 
gration of the terms in log r, so that it is advisable to set out these somewhat 
in detail. Taking the terms in order, we have as in (7) 


1 

47r'‘^ 


a H-TT 

\Qgr d<^xcl<p2 

— rr 


= greater of log ps and log pi. 


( 11 ) 


In like manner 


and 



j 1 sin- tf>i log r dcjii dej)^ - ^ [greater of log p„ and log pi J .. 

..(12) 

1 

47r“ 

J j sin^ </)2 log r d(/)i dej^n has the same value. Also by (6), with 

11 

1 

ivT-, 

jj COs{4>.y 

- ()[>i) log r (i<^id (^2 = — i [smaller of pg/pi and pi/p 2 ]. • • 

.(13) 

Finally 

j" sin (/>! sin log r d^i dj)^ 




1 r-)rTr r+«’ . . - 




= dej^x sin (j>x (sin cos H- cos cj^x sin cp) iogrd(j) 

47r^ j -TT -TT 



= — J [smaller of pa/pi and pi/pe]. 

..(14) 


* Todhunter’s InU Gale, §§ 287, 289. 
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Thus altogether the terms in (2) of the second order involving log r yield 
in (4) 


smaller of — and — 
Pi PsJ 


. ...(15) 


~ [greater of log and log p,] - 

The complete value of (4) to this order of approximation is found by 
addition of (8), (10), and (15). 

By making and p^ equal we obtain at once for the self-induction of a 
current limited to the circumference of an anchor-ring, and uniformly dis¬ 
tributed over that circumference, 


L = 47ra 




.(16) 


p being the radius of the circular section. The value of L for this case, when 
is neglected, was virtually given by Maxwell 

When the current is uniformly distidbuted over the area of the section, 
we have to integrate again with respect to pi and p^ between the limits 0 
a,nd p in each case. For the more important terms we have from (8) 

^ [log 8a — 2 — greater of log pg and log pj 

= log 8a-2-~l dp,^ [log p,^ . Pi^ + p^ (logp^ -1) - (logpi^ - 1 )] 

.(17) 


log 8a - 2 - log p + i = log -1. 


A similar operation performed upon (10) gives 

g. 

In like manner, the first part of (15) yields 




For the second part we have 

1 


~ 8^^^ II [smaller of p,^ p,^] = “ ^; 

thus altogether from (16) 

-£(logP + ^). 


.(19) 


The terms of the second order ai’e accordingly, by addition of (18) and 

(19). 


8a^ 


, 8a !■ 


3J' 


.(20) 


Electricity and Magnetisvi, §§ 692, 706. 
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To this are to be added the leading terms (17); whence, introducing ^ira, 
we get finally the expression for L already stated in ( 1 ). 

It must he clearly understood that the above result, and the corresponding 
one for a hollow anchor-ring, depend upon the assumption of a uniform 
distribution of current, such as is appi’oximated to when the coil consists 
of a great number of windings of wire insulated from one another. If the 
conductor be solid and the currents due to induction, the distribution will, 
in general, not be uniform. Under this head Wien considers the case where 
the currents are due to the variation of a homogeneous magnetic field, 
parallel to the axis of symmetry, and where the distribution of currents is 
governed by resistance, as will happen in practice when the variations are 
slow enough. In an elementary circuit the electromotive force varies as the 
square of the radius and the resistance as the first power. Assuming as 
before that the whole current is unity, we have merely to introduce into (4) 
the factors 

(a + Pi cos < 561 ) (a -h P 2 cos . 


retaining the value given in ( 2 ). 

The leading term in ( 21 ) is unity, and this, when carried into (14), will 
reproduce the former result. The term of the first order in p in ( 21 ) is 
(PiCos^i + P 2 COS<^ 2 )M must be combined with the terms of order 

p® and pi in ( 2 ). The former, however, contributes nothing to the integral. 
The latter yield in (4) 

{log 8 a -1 - greater of log and log p^} + . ( 22 ) 

The term of the second order in ( 21 ), viz., pipg/a^. cos cos needs to 
be combined only with the leading term in ( 2 ). It yields in (4) 

smaller of pi^ and pa^ 

40 ^ .^ ^ 


If Pi and Pa are equal (p), the additional terms expressed by (22), (23) 
become 

b '»s 7. 

If (24), multiplied by 47 ra, be added to (16), we shall obtain the self- 
induction for a shell (of uniform infinitesimal thickness) in the form of an 
anchor-ring, the currents being excited in the manner supposed. The 
result is 


^ = + .( 25 ) 








106 


ON THE SELF-INDUCTION OF 


[364 



We now proceed to consider the solid ring. By ( 22 ), (23) the terms, 
additional to those previously obtained on the supposition that the current 
was uniformly distributed, are 



smaller of pi and 
2 a 2 


2 I _ 2 

H- jlog 8 a — 1 — greater of log pi and log ^ 2 } 

The first part of this is p^/6a\ and the second is £— [log 8a — 
The additional terms are accordingly 


. ...(26) 


■logp4-^} 



These multiplied by 47 ra are to be added to ( 1 ). 


(27) 


We thus obtain 


L = 47ra 


, 8a 7 3p“ 



(28) 


for the self-induction of the solid ring when currents are slowly generated 
in it by uniform magnetic forces parallel to the axis of symmetry. In 
Wien's result for this case there appears an additional term within the bracket 
equal to — 0*092 pYal 


A more interesting problem is that which arises when the alternations in 
the magnetic field are rapid instead of slow. Ultimately the distribution of 
current becomes independent of resistance, and is determined by induction 
alone. A leading feature is that the currents are superficial, although the 
ring itself may be solid. They remain, of course, symmetrical with respect 
to the straight axis, and to the plane which contains the circular axis. 

The magnetic field may be supposed to be due to a current Xi in a circuit 
at a distance, and the whole energy of the field may be represented by 

, T — \MiiX~c + + ... + + Mi^XiX^ -f ... 

+ + •*., .(29) 

Xo, x^, etc., being currents in other circuits where no independent electro¬ 
motive force acts. If x^ be regarded as given, the corresponding values 
of ^ 3 , ••• to be found by making T a minimum. Thus 

M 1 .X 1 + -t ilfgaiTs + ... = 0,1 

Mi^Xi -h il/23^2 + + ... = 0 , J 


and so on, are the equations by which x^, etc., are to be found in terms of ^ 1 . 
What we require is the corresponding value of T\ formed from T by 
omission of the terms containing Xi. 

The method here sketched is general. It is not necessary that x^, etc., 
be currents in particular circuits. They may be regarded as generalized 
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coordinates; or rather velocities^ by which the kinetic energy of the system 
is defined. 


For the present application we suppose that the distribution of current 
round the circumference of the section is represented by 


{oco + «! cos (j>i -h ofa cos 2cl)i + 


d4, 

27r 


(31) 


SO that the total current is Wq. The doubled energy, so far as it depends 
upon the interaction of the ring currents, is 

^2 J [ (^0 + cos + Ota cos 2</)i + ...) (tto + cos </)2 -h ...) ; (32) 


where has the value given in (2), simplified by making pi and both 
equal to p. To this has to be added the double energy arising from the 
interaction of the ring currents with the primary current. For each element 
of the ring currents (31) we have to introduce a factor' proportional to the 
area of the circuit, viz., tt (a + p cos 4>i)\ This part of the double energy may 
thus be taken to be 

H jd(/)i (a-i- p cos (uq -{- cos <^a + (Xq cos 2<^i H- ...), 

that is [(a^ "H "^p”) ccq ctpcti + .(33) 

ctg, etc., not appearing. The sum of (33) and (32) is to be made a minimum 
by variation of the a’s. 


We have now to evaluate (32). The coefficient of is the quantity 

already expressed in (16). For the other terms it is not necessary to go 
further than the first power of p in (2). We get 


47ra 


oTo" jlog y (l + ^ 2 ) - 2| + i («i“ + + i«s- + • • •) 

i {¥ 7 " t +2-% +O + 


.(34) 


Differentiating the sum of (33), (34), with respect to c^o, aa, etc., in turn, 
we find 

Sa 


H (a^ + ip^) + 4>aa, jlog ^ (l + - 2| + pa, (log • 


8a 1\ . 3a! 


fIp+«. + ^7aoilog7-i)4-7[=0, 


= 0, (35) 
.(36) 


Hp'^ + 2aa2 + p (~ + = 0. 


(37) 
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The leading t(‘riu Ls, of course, of„. Relatively to this, oci is of order p, cfo of 
order p\ and so on. Acc(»rdiiigly, ofo, a,, etc., may he omitted entirely from 
(84), which is only i‘X])eet(‘d to he Jiccurat(‘ up to inclusivi*. Also, in 
only th(‘ leadiiif,^ term need he rt^taiued. 


Th(‘ rat io of oTj to is to l)o found by elimination of 7/ hotwt'cu (85), 

(8(1). Wo g’et 


^ P 
an a 


i<.g - 


.(:w) 


SiiliHt il.ut.iug this in (lU). avc lind as tl\i' e.oiilHcii'Ut, of suit-induction 


1/ ~ “Wa 




8 f/, 15 


5 log 


Ha l7^ 


. (89) 


'Phe. approximate* vahu* of a„ in te.nns of 7/ is 



A closer approximation can 1)(* found hy idimination of Wi Ixitwiam (85), (8(J). 

In (8h) tlu* cmrrtmts art*. HUj>pc)Hed to he induced hy tlui variation (in time) 
of an unlimitixl uniform magmatic field. A problem, .simplm* from the 
t.hi‘ort‘tieal prjiut of view, arisim if we suppuHe tht^ uniform fitdd to Ix^ liunitcsl 
to fi cylindrlcxil apaet* co-axial with the ring, and of (liam(*ter h\ss than the 
Hmallest diauu'ter of the ring (2a — 2p). Such a field may hii supposed to he 
due to a cylindrical curnnit sheet, tlu? length of the cylituha* hchng inlinite. 
The ring (•urrenls to he investigati?d art? those? arising from the instantaneous 
abolition of tlu? cum?nt Hh(‘(?t and its conductor. 


If be the area of the cylinder, (88) is replaced simply by 


II Jd(pi ¥ (a,, H- a, cos <;6i 4- .. 0 ~ -7r7/6-ao.(41) 

The exprcBsiou (84) remains unaltered and tlu? ecpuitions replacing (85), 
(80) are thus 

Jl¥ + 4«a„ |log (l 4- ^^1) - 2| -f- pa, (log = 0, ....(42) 

8a 1' 

P 

The introduction of (43) into (34) gives for the coefficient of self-induction 
in this case— 


. 


L = 47ra 


.(44) 


It >vill be observed that the sign of aija^ is different in (38) and (43). 







VM2] KLKCTHU' CtniHKNTS LV A TIIIX AX«‘IIuR-UlXc J HH) 

Tlu* ]H‘t‘uliarity of tlu‘ {>rt>l)lt‘iu last rniisidm-il is that tlu‘ priinary t*urr«*ut 
iKTasiuns nt» magtH*tit* turn* at. tlu/ .surfaft* t»r tin* ring. I'ht* ninsft|Hi*nrrH 
\vi*n‘.sft= oitt 40 y<airs agu by .Maxwfll in a [lassagi** whuM* signifh'anrf* was 
vtay slowly apiin‘c*iat(*(l. “In (he oaso <4* a ournait shoot of nu rosisfaiirr, 
tilt' surfac*(* intt'gnil of luagnotii^ iiahuRinn rriuains ronstaiu at j^iint * 4 ’ 

tlif riuTont^ .sht't‘l. 

“ir, thondoro, by tlu* luution tjf magnols nr \ariatitais of t*urri*ul.H in tin* 
lunghlKairluHxh tho inugntMit* fioltl is in any way aborod, oh-ctrh' riinonts will 
ho Ht*t lip in tilt* enrront shont^mioh tluit thrir maguotio otitH*!.oomtiinod with 
that of (ht* tnagnt‘ts or t‘urn‘ntH in tht* hidtl, isill maintain tin* iinnnitl 
c!Mrn[)t>ru*nt of magiudJt* indtuRion at cvory pnint nf tin* short nnohangod. If 
at first (hen* is n<i inagm*tif aotitiu, ami no onrronis in tin* shrrR ihm lln* 
ma*innl oompi»m*nt of iiiagnotio imlnnli«jn will always Im* i^rrn ai mny pninf 
of tln^ sln‘t‘t, 

“Tin* shiM't may tlnnadbro hr r(*gnrdt'(l ns imp« r\inns in magiiriir in- 
dmUitm, ami tin* linns t»f magnntin intlnntion will hr dtdlorirjl by tin* sJirri 
exactly in tin* sann* way as tin* lim*s nt* ilnw nf an olrofrit* tauif ii? in an 
inlinib* ami unifttnn nomhn'ting muss wmdii Im* tlrdroirtl by ffn* intrMdmiiMn 
(jf a slus't of tin* .Hunn* form mado nf a snbsiam*r nf' intiniio irsKiruior. 

“ If tshn Hln*i‘t fnrniH a c*lnsc*tl ni* an inlinito surlarr, un tnagin fir aoiiMnn 
which may bikt* pl;icn t»n lan* sidt* nf tin* short will pirtim-*- magmim 
elTect on tin* other side.” 

All that Maxvvell says ni’ a eurn*nt she**! nf mntM*, upp!iojtbin in ihr 
surface of a peiiectly etanhnuing Holitl, sneh ns nttr iiiinln»r ring may 
HUppoHt'd to In*. The {uirnuitH h*ft in tin* ring alb-r tin* ahoiitntn *4 tlo' 
primary current must be such that the nmgnotie fnrer duo in ihoin m 

. . . / ■ 

iamjeMltd tn the Hurfacd of tlie ring. Ibider this f*<iriiiiUon | mimi 

. ■» 

be indi’pcndent of (^i, and we might have invoMigatei! tin* pmbiein iipm thin 
basis. 

In Maxwells notation a, j&J, 7 denote the coinj>*»ut‘nts of magnofie fnn*r, 
and the whole tuuu’gy of the field T is given by 

T £= IJJ(Cl® 4* 4* 7 '^) (Ltdtjilz - A 4 451 

Moreoviu’ bilal current, multiidit*d by 4^ in eiptal to tin* **eirini!alit»ir* 

of magnetic force rfiurid the ring. In tliis form tmr result admitH nf immr 
diate application to tlu^ hydrodynamiml prnbh‘m «»f the eireulutinii t,f 

* EUctrivlty and 0.14, Oil. Coru|mr« my ** Acouutic’iil 

Mag, 1BH2, Yol. xui. p. HlO; ScUntific VoK n, p. 
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incompressible frictionless fluid round a solid having the form of the ring; for 
the components of velocity u, % are subject to precisely the same conditions 
as are a, (3, 7 . If the density be unity, the kinetic energy T of the motion 
has the expression 

X (circulation)^ .(46) 

OTT 

L having the value given in (44). 

P,S- March 4,—Sir W. D. Niven, who in 1881 verified some other results 
for self-induction—those numbered ( 11 ), ( 12 ) in the paper referred to—has 
been good enough to confirm the formulae ( 1 ), (28) of the present communi¬ 
cation, in which I differ from M. Wien. 




K 1 .H(THI(’AL VUIRATinNS ON A THIN AN(Rl() 10 HIN(i. 


[PnivmUntjs lif thv. lln/fdl Stirivtj/, A, \t)\, LXXXVU. ]J|), 11)8 202 , 11 ) 12 . | 


Ai/rnnt'cuj nnu'h aitfiit-inu has hrstnwtnl up«jn Um* inli'rc.s(in|^^ 

HuljjfO. uf i‘lrr*lrit’ n.srillations, tlu*rf an* miuparativi*!)' fi*\v cxainpli's iii 
whiVh Oi'fuult* luatlaaaatit’al .stiliiliTii.s havt* laMai i^aiiictl. prnhhMu.s 

arc much simplified wlum rt»ndiicliu'H arc ,suppnst*d U> he pcrlt‘(8., hut i‘Vcu 
tluui the dihlculticH tmually nuuain fnrmidahli*. Apart from (’uses where* 
tlm prnpagntinii may he reL(ardi*d as in one dimensiun*, wi* have* 

Sir J/rhiUnHntrs sedutieus for elceUrical vihratiens upen a ceuehu^ting spht‘rc 
or cylind(*rf. But tlu’se vihralions have so litth* pcrsisf.cms* as hardly to 
dcHcrvi* th(*ir mums A un>r«* iiiHlrue’iiM* example is alVordetl hy a e’emductor 
in llie form of a edrcular riu^^ wlmse* cinudar set!tion i.s supposeti small. 
'Fhere* is (hen in tin* ne‘iKhhcMirln»»d <tl‘ tin* csuieliicteer a (sensideTahle* stem* ot 
uinu'gy vvhit‘h is more* or h*SaS mitrappcch and h«i allmvH of vihratitjus tT 
rcasonahle p4‘rHiH(.(*iu‘c*. 'rids prohle*m wan ve*ry ahly trcnitisl hy Peicklingtou”^ 
in lHi)7, hut with de*lici«*nt i‘xplanatieinH§. Moreoviu’, Bea’!klin)(fnn limits his 
(httaih'd tsmcluHiems Ue ejin* particular moeh* of fVtH* vihratiom I think 1 
shall he* doing a Ht‘rvic.e in calling atte*ntion to this inve‘stigatitm, anti in 
cxhlhiimjg llu* rt*Hult hir the* ratliaiitm t»f vihratiems in the* highi*r modt*H. 
But 1 fltJ met atteunpt a comjdete n*-Htate*nu*nt of the* argume*nt. 

Fockliugton Htartn from Ht*rty/H ftermuhe her an t*le*mentary vibrator at 
tliu origin of c<}ur<linate*H f', 


where; 



/. o . .If 


11 


(. 1 ) 

(A) 


Phil, Muff. Val, xum \u IHtl7, Viil. xuv. p. JUU; Scieutifir VuL iv. 

up. ‘270, 0*27. 

t Recent He«rarche»^ IHUO, 001,01*2. (lUlO. Thoru in aluci Atmhfttu*K Hulution fur the* 
«lUp8i)iil. j 

t Rumii. Proceeding's 1HU7, Veil. ix. p. B‘24. 
i Couipttne W. M“F. Orr, PhlL Mag. 1900, Vul. vi. p. 007. 
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in which P, Q, R denote the components of electixnnotive intensity, 27r/p is 
the period of the disturbance, and 27r/a the wave-length corresponding 
in free icther to this period. At a great distance p from the source, we have 
from (1) 




Or e 


(- 




p'‘ 


. 

p y 


.( 3 ) 


The resultant is perpendicular to p, and in the plane containing p and 
Its magnitude is 




sin X, 


.(4) 


where', x angle between p and 


The required solution is obtained by a distribution of elementary vibrators 
of this kind along the circular axis of the ring, the axis of the vibrator 
being everywhere tangential to the axis of the ring and tlie coefficient of 
intensity proportional to cosva^^ where is an integer and 0' defines a 
point upon thci axis. The calculation proceeds in terms of semi-polar 
coordinates isr, the axis of symmetry being that of z, and the origin 
b(iing at the centre of the circular axis. The I'adius of the*, circular axis is a., 
and the radius of the circular section is e, e being very small relatively to a. 
The condition to bo satisfied is that at every peunt of the surface of the 
ring, where (jnr — afz'^ ^ the taiigenbial component of Q, R) shall 
vanish. It is not satisfied iibsolutely by the above specification; but 
.Pocklington shows that to the order of approximation retjaired the speci¬ 
fication suffices, provided a be suitably chosen. The otiuation determining 
a expresses the evanescence of that tangential component which is parallel 
to the circular axis, and it takes the form 


where 


"rr 

Ho cos mef) (m® — oC^a^ cos (p) = 0, 
J 0 


no = 


cZTrt ii/i] 

V[e“ -h inra sin“ 


(5) 

( 6 ) 


In (5) we are to retain the large term, arising in the integral when p 
is small, and the finite term, but we may reject small quantities. Thus 
Pocklington finds 

cos p — cos mp dp 
Jo 4a^sin^p} 

rv ^ i'^ dp 

~^Jo 2asinip " ' .^ ^ 

the condition being to this order of approximation the same at all points of 
a cross-section. 
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Tlio lii\st integral in (7) may be evaluated for any (integral) value of m. 
Writing ^(j> — \v(‘ have 

rh (((ra^ ci>i^ 2^|r — fJir) cos 2f}b^fr 

Jo a\/{r/ia'-^^frj .^ 

The large part of tlu‘ integral arises from small values of yfr. We divide 
tlu‘ rang(* of integration into two parts, the first from 0 to yjr where ^|/', 
though small, is hirg(‘ compared with €/2a, and the second from to 
For the first part we. may rc'place cos cos by unity, and sm-yj/' by 
yf/'i We thus obtain 


log -f -h ==. . — (log 4r6/e H- log...(9,) 

Thus to a first approximation a(t—±VL In the second part of the 
rangi' of ini.egration wo may nt 3 gl(;ct in comparison with Hin-'\|r, thus 

(d)tainiug 

r (((rO? cos 2-^ — ??f“) cos 2NlyJr dyfr 
j ^ a sin yjr 

9'he numeralnr may 1)(3 exi)ri5SHed as a sum of tiuuns such as cos'^^^yfr, and 
for each of tlH‘st‘ tlu* int(‘gral may l>t‘ evaluatc‘d by taking cos =-3^, in 
virtiu* of 


dz 


- -h + f- -h 


+ i i"g 1 


Accordingly 


C( )S^ 


sin-xjlr 




1-1- 


JL _ 

211 - 1 




when Hitiall quautitievs arc iioglocbcd. For example, 

,1. „»■ f <11., _, _, f‘- <-r '1- j - log it. 

sinir J* 

Tlie Hum nf the coefficients in the scries of terms (analogous to cos-'^f) 
which represents the numerator of (10) is necessarily (tra?-m\ since this is 
the value of the numerator itself when -f^O. The particular value of 
yfr chosen for the division of the range of integration thus disappears from 
bile sum of (9) and (10), as ol course it ought to do. 

When '/a = l, corresponding to the gravest mode of vibration specially 
considered by Pocklington, the numerator in (10) is 

4aM‘-‘ COS'* — (4(t“a“ + 2) cos“ yjr + -t-1, 
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and the value of the integral is accordingly 
1 
a 

To this is to be added from (9) 


2 — — 1 ) log 

O 


66“ — 1 
a 


log-“+log>^ 


making altogether for the value of ( 8 ) 

1 

a 


( 6 ra- - 1 ) log •” + 2 - ^ 


.( 12 ) 


The second integral in ( 7 ) contributes only finite terms, but it is important 
as determining the imaginary part of a and thus the rate of dissipation. 
We may write it 

^ sin Y 


{cos ( 2 m -f 2 ) '\/r 4 -cos (27?^ — 2 ) — 2 cos 8 ) 


26 ^^, 

where = 4ia'^oC^ = approximately. 

Pocldington shows tliat tlio imaginary part of (13) can be expressed by 
means of Bessehs functions. We may take 

- .(14)^ 

TT j 0 

r^TT giraln^^][ >1^ rx 

whence I d^kcos 2 ??^/^ -.. -=-— {«/27iC'’r)4'.(15) 

J 0 T J 0 

Accordingly, (13) may be replaced by 

J dx [J 21 , 1^,2 (^) 2e/ 27 rt (^') "h J 2 in —2 (^’) d" i 2 ^ 27,1 + S^Wl—'j)] * ( 1 b) 

!N*OW if a7ii..f.2 2 „ 7 , d* J 2J71—2 ^ 27M i 

r® 

SO that dx ( 1 / 27 , 1+2 *“ 2 w d" i/" 2 } ~ 4»T ~ 2 t/ 2 , 77 —j 2»/27ii+i.(^*/) 

0 

The imaginary part of (13) is thus simply 
im^ir 


2 a 


[J 27 , 1-1 (x) — t/am+i (^')} . (18) 

A corresponding theory for the K functions does not appear to have been 
developed. 

When m — 1, our equation becomes 

fx^ A 1 f r / \ r / M 

_ 1 j log —. = - -- (/, {x) - J., («)} + g - 2 

7 . cos (ajsin ''k)“” 1 /•. ^ ^ x 

-Jo df ■ 2 (1 - 2cos 2++ cos4+).(19) 


* Compare Theory of Sounds § 302. 


t Gray and Mathews, Bessel’s Functions^ p. 13. 
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and on the right we may replace x by its first approximate value. Eeferring 
to (2) we see that the negative sign must be chosen for a and x, so that 
^ - 2. The imaginary term on the right is thus 

For the real term Pocklington calculates 0*485, so that, L being written 
for log (8fi/e), 

' -« = -{! + (0-243 + 0-3o2iVZ}..(20) 

Hence the period of the oscillation is equal to the time required for a 
free wave to traverse a distance equal to the circumference of the circle 
multiplied by 1 — 0*243/X, and the ratio of the amplitudes of consecutive 
vibrations is 1 : e- 2 * 2 i/x i — 2*21/jt/’ 

For the general value of m (19) is replaced by 

(a-a"- - m^) L = —^ (2m) - (2m)} + i2, .(21) 


where iZ is a real finite number, and finally 


— a — ■ 


m 


R 


^7^ 




(2m)} 


.( 22 ) 


The ratio of the amplitudes of successive vibrations is thus 

1 : 1 — 71 [t/ojji-.! (2??i) — (2m)}/2//, ......(23) 

in which the values of (2m) - (2m) can be taken from the tables 

(see Gray and Mathews). We have as far as m equal to 12: 


VI 


■ m 

1 ’f2?n-i (^”0 

1 

0*448 

' 7 

1 0-136 

2 

0*298 

8 . 

0*126 

3 

0*232 

9 

1 0*116 1 

4 

0*194 

10 

0*108 ; 

5 

0*169 

11 

1 0*102 1 

6 

0*150 1 

12 

0*096 


It appears that the damping during a smgle vibration diminishes as m 
increases, viz., the greater the number of subdivisions of the circumference. 

An approximate expression for the tabulated quantity when m is large 
may be at once derived from a formula due to Nicholson % vrho shows that 

* PhiL Mag, 1908, Vol. xvi. pp. 276. 277. 


























116 ELECTRICAL VIBRATIONS ON A THIN ANCHOR-RING [365 


when n and z are large and nearly equal, Jnij^) is related to Airy^s integral. 
In fact, 

{z) = i [ cos + {n - z) j dw 


so that 


1 r rg) 

TT \zj 2 a/3 


(n^z) 


fQY ro)] 

W 2V3. 


Y 2m—1 


(2??2) — J 2m+i 



£11) 
7r\/3 1 


(24) 

(25) 


If we apply this formula to m= 10, we get 0*111 as compared wdth the 
tabular 0*108*. 


It follows from (25) that the damping in each vibration diminishes 
without limit as m increases. On the other hand, the damping in a give^i 
time varies as and increases indefinitely, if slowly, with m. 


We proceed to examine moi-e in detail the character at a great distance of 
the vibration radiated from the ring. For this purpose We choose axes of 
OG and y in the plane of the ring, and the coordinates (x, y, z) of any point 
may also be expressed as r sin 6 cos </>, r sin d sin r cos 0. The contribution 
of an element a defy' at (f>' is given by (4). The direction cosines of this 
element are sin tjy', — cos <j)\ 0; and those of the disturbance due to it are 
taken to be I, m, oi. The direction of this disturbance is perpendicular to r 
and in the plane containing r and the element of arc adejy'. The first 
condition gives lx + my -1- nz = 0, and the second gives 

I . z cos m. ^ sin (j> — n{x cos (jy' + y sin 

so that 


I 


— m 


(<S“ H- y'^) sin (p' + xy cos cjy' (z^ + x^) cos cjy' -h xy sin cjy zy cos <pl — zx sin * 

.(26) 

The sum of the squares of the denominators in (26) is 
r- {z^^ — (y sin efy' + x cos 0')-}. 

Also in (4) 

. ^ ^ (^ sin <f>'— V cos 6')“ z-+ (x cos dy'+ y sin 6'y 


and thus 


. I sin — y-) sin cp' + xy cos (p\ " 

— r-. m sin x = cos cp' xy sin cp', ■ 

r-. Qi sin % == -s'y cos cp' — zx sin 


(28) 


To these quantities the components P, Q, R due to the element ad<p' are 
proportional. 


logior® =0-13166. 
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Before we can proceed to an integration there are two other factors to be 
regarded. The first relates to the intensity of the source situated at ad(j)\ 
To represent this we must introduce cosmcf)'. Again, there is the question 
of phase. In we have 


p = r - sin 6 cos (tp' — (p ); 

and in the.denominatcr of (4) we may neglect the difference between p and r. 
Thus, as the components due to ad(p\ we have 


a n ,, (2;-y-) siiicb'+ xy cos <h' 

-<5-«a-asm0cos(</) ~</>) (30S ^^-, ...(29) 


with similar expressions for Q and R corresponding to the right-hand 
members of (28). The integrals to be considered may be temporarily 
denoted by S, G, Avhere 

S, G = f dp' cos (sin <p\ cos </>'), .(30) 

. —IT 

^ being written for aa sin Here 

S = -I- I (sin (?7^ 4 -1) <;(>' — sin (m — 1 ) p'}, 

J —77 

and in this, if we write for p' — p, 

sin (m 4 - 1 ) </)' = sin (m 4 - 1 ) ^. cos (m -f- 1 ) ^ 4 - cos (in + 1)^^. sin (m 4 - 1 ) p. 
We thus find 


S = @m+i sin (m 4 -1) sin (m-l)p, .(31) 

Ttt 

where = I dyjr cos .(32) 

J 0 

In like manner, 

C = @,,^4.1 cos (m4-1)«/) + ®m-.i cos (m —l)p .(33) 


Now 0 ^ = I d'p' cos (cos (f cos 'p') — i sin (?cos p)}. 


When n is even, the imaginaiy part vanishes, and 


0 


■n-JniO 


cos ^nir . 

On the other hand, when n is odd, the real part vanishes, and 

„ _ i-TrJniO 


.(34) 


.(35) 


Sin ^ niT 

Thus, when m is even, m 4 -1 and ?>^ — I are both odd and S and 0 are 
both pure imaginaries. But when m is odd, S and C are both real. 

As functions of direction we may take P, Q, R to be proportional to 

T“ ^ ^ T~ 
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Wb'th^T «»r rh^ t‘*»iii|^>iifiits nn^ in tht* mxiu‘ phaM\ 

«.hi tht‘ <a!iir xhv •■!' ^ii^!url^a!ic**^ r«*prt”>*fiit«'<l by + C/- -f 

is in tfnu> ^4' 6 

c«^ f X- r* ^ H" ^ (bs«s S sin .(') 

ill! rx|)rrs>i«-»ii whusr b»* rhanu*‘«i wln-n m i< »'V»-n. IiitnKbiciiii^ tho 

values «»f r aii*i S in tena*- *»!' B fraa i we find thiit P- 4* Q' 4* P“ 
is pn»|Htrti«*!iii! tn 

e»®s' 0 4 C' 2//?^; 4 sin- 6 cuh~ ■.'• 

*. 017 ) 

Ffum this ir apjH'«ir> tliat Ihr liiivetiaiis lying in the plane ef the ring 
(Cms<?^ = ()^ the nuiiathtn V!U!isln*s with e^s in<l>. The t'Xpression (37) mav also 
l>e written 

CMS 2iii6 “ ^ sin* d <1 — eus 2tn(j>), 

.(38) 

or, in terms of J s, bv (;^34- ), (35 ), 

'?r" [ J,n^f + --Cos2?a<|)~isin-0(JM.^1 4--cos 2m6)], 

.(39) 

and this w^hether in be odd or even. The argiiiaeiit of the ./s is aa sin 0. 

Along the axis of symmetry (^ = 0) the exprt^ssion-(39) should be 
indept^ndent of (j>. That this is so is verified when we ren!emhK.T that JniO) 
vanishes except n = 0. The expression (39) thus vanishes altogether with $ 
unless m = 1, when it reduces to x- simply^. In the neighbourhood (T the 
axis the intensity is of the under 

In the plane of the ring (sin (9=1) the gerienil expression reduces to 

’ir ^ c<.»s- m(p, or «s“ .(40) 

It is of interest to ctmsidt'r als4» the mean value «»f (39) reckoned over 
angular space. The mean with respect to is evidently 

■734 [t/art-,.!* 4 J 4 4 sin- 6 (*/4 •/3 .(41) 

By a known formula in BtvsseFs functions 

4//i* 

J f) 4 f) y = J .(42) 

For the present purp<fsi* 

^ s= a^Oi- sin* 6 = /a- siiF 0; 

and (41) becomes 

\ Jm+l^ (?) 4 5^-r ( (D].(43 ) 

* [JiW 20. Beciprocailj, plane waves, traveHing pmndlel to the axis of symmetry and 
incident upon the ring, excite none of the higher modes of Tlbration,] 
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To obtain the mean over angular sji^ice we have to multiply this by 
sin BcW, and integrate Inun 0 to lir. For this purpose we require 

I Jj (in sin 6) sin 6(16, ...(W ) 

, n 

an integral which does nr)t seem to have been evaluated. 

By a known expansion* we have 

»/o (2m sin 6 sin ^)S) = Jrr On sin 6) -1- 2Ji“ (?/i sin 6) cos + 2Xr (m sin 6) cos 20 

+ ., 

whence 


i" 


Jo (2m sin 0 sin i;8)sin 6d9 

. u 




,/(r(wsin^)sin ddd+ 2 cos/3 j (>?isin0)sin dd6+ . 

. 0 

+ 2 cos n0 I Jj (m sin 0) sin ddd ...(45) 


Nowf for the integral on the left 

r /-I • /I ♦ 1 * /ij /5 sin (2m sin-i-^) 

J„ 2//i sm $ sin 4/3) sin ddd = - ~ — . , >1 ■ j 


and thus 

i'' 

. 0 


r«- • /IV • /. 7/1 1 i'*" 70 ^sin(2?nsin4^) 

J„-(msmd)smdde = ^-— | c/yScos??y3 •—5— 

27^111 Q zm sin * p 


1 


7r?/i 


,, . , sin(2msin1 t / \ ji r\p\ 

df cos 2n^^>^ -^ J^n (x) dx, .(46) 


2?r jo 


as in (15). Thus the mean value of (43) is 

* 277 *” ! 

dx • JC*^’) 4" J 2 fn ~2 ('^) 2 J ^ (^)) = —— J 2 jft (2??l) 


TT- 

2 m 


as before. 


m 

— “ t2m) — Jsj/i+i (27 /i)J,.(47) 


In order to express fully the mean value of JP^ + Q- + jR^ at distance r, 
we have to introduce additional factors from (29), If « = —cti —fcto, 
eiar ^ g~ia,r thcsc factors may be taken to be The 

occurrence of the factor where a» is positive, has a strange appearance; 
but, as Lamb has shown I, it is to be expected in such cases as the present, 
where the vibmtions to be found at an}^ time at a greater distance corre¬ 
spond to an earlier vibration at the nucleus. 


* Gray and Mathews, p. 28. 

t Enc. Brit. “Wave Theory of Light,” Equation (43), 1888; Scientific Papers, Vol. iii. 
p. 98. 

X Proc. Math. Sac. 1900, Vol. xxxii. p. 208. 
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The calculations just effected afford an independent estimate of the 
dissipation. The rate at which energy is propagated outwards away from 
the sphere of great radius r, is 


dt 


V. 47rr-. 


tt- 




711 


(48) 


or, since r (the period) = ^TrajinVy the loss of energy in one complete 
vihration is given by 


dJS . T 
dt 






21 } 


■ J 


(49) 


With this we have to compare the total energy to be found within the 
sphere. The occurrence of the factor is a complication from which we 
may emancipate ourselves by choosing i' great in comparison with a, but 
still small enough to justify the omission of conditions which are 
reconcilable when e is sufficiently small. The mean value of P--|-Q- + i2- at 
a small distance p from the circular axis is This is to be multiplied 

by 27ra.27Tpdpi and integrated from e to a value of p comparable with a, 
which need not be further specified. Thus 


and -prTr 

Edt 

in agreement with (23). 


dp 8m-7T “, 

— =:-log e ; . 

p a ° 

.(50) 


\ 

-log 6 .. 








COLOURED PHOTOMETRY. 


[Philosophical Magazine, Vol. xxiv. pp. 301, 302, 1912.] 

In his recent paper on the Photometry of Lights of Different Colours^' 
Mr H. Ives remarks:—^^No satisfactory theory of the action of the flicker 
photometer can be said to exist. What does it actually measure ? We 
may assume the existence of a 'luminosity sense’ distinct from the colour 
sense. ...If, for instance, there exists a physiological process called into action 
both by coloured and uncoloured light, a measure of this would be a measure 
of a common property.” 

Very many years ago it occurred to me that the adjustment of the iris 
aSbrded just such a "physiological processThe iris contracts when the 
eye is exposed to a bright red or to a bright green light. There must 
therefore be some relative brightness of the two lights which tends equally 
to close the iris, and this may aflbrd the measure required. The flicker 
adjustment is complete when the iris has no tendency to alter under the 
alternating illumination. 

This question was brought home to me very forcibly, when in 1875 
I fitted the whole area of the window of a small room with revolving 
sectors after the manner of Talbot. The intention was to observe, more 
conveniently than when the eye is at a small hole, the movements of 
vibrating bodies. The apparatus served this purpose well enough; but 
incidentally I was much struck with the remarkably disagreeable and 
even painful sensations experienced when at the beginning or end of 
operations the slits were revolving slowl}’' so as to generate flashes at 
the rate of perhaps 3 or 4 per second. I soon learned in self-defence to 
keep my eyes closed during this phase; and I attributed the discomfort 
to a vain attempt on the part of the iris to adjust itself to fluctuating 
conditions. 

* Phil. Mag. Vol. xxiv. p. 178. 

t If my memory serves me, I have since read somewhere a similar suggestion, perhaps in 

'Rplmhrilh'z 
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It is clear, I think, that we have here a common element in variously 
coloured lights, such as might serve as the basis of coloured photometry. 
I suppose that there would be no particular difficulty in observing the 
movements of an iris, and I would suggest that experiments be undertaken 
to ascertain whether in fact the flicker match coincides with quiescence 
of the iris. Should this prove to be the case, the view suggested would be 
amply confirmed; otherwise, it would be necessary to turn to some of the 
other possibilities discussed by Mr Ives. 

[1913. Mr H. C. Stevens {Phil. Mag. Vol. xxvi. p. 180, 1912), in con¬ 
nexion with the above suggestion, describes an experiment in which the 
miiscidus sphincter pxupillae was paralysed with atropine, without changing 
in any observable particular ” the appearance of flicker. This observation 
may prove that an actual movement of the iris is not necessary to the 
sensation of flicker, but it can hardly be said that the iris has no tendency 
to alter because it is prevented from doing so by the paralysis of the 
muscle. There must be more than one step between the impression upon 
the retina which initiates a message to close the iris and the actual closing 
thereof. The flicker adjustment may, so far as appears, correspond to the 
absence of such messages.] 
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(iN StiMK !UII)HS(’!-;N'r FILMS*. 

I PliiidsujJfitlii V»*L x\iv. j)jL T-Tj! Trh'j. l!U2, j 

I'hk ti*»w U* Iji* ‘»rii;iua!«nl iu an araiflt^jtia! rva 

fi*»n. Siijut* t*I<i InuftTH plufrs, IVniu vvhi<*h thr m'lutiia* filing !ja«J 
f’ltMiut'ti utV It t^wy ars In'fnrr {[u’Miuilily with |t»r 

Usr, uri'f' a! 4 aiii platM'il ui t|ilu(r iiit I it* a»*i*l tu flranliii* 

jilah's a i%i * ilauM- lHtrniH*4 tai-r thi* ‘iisli ^^a*- sn n n-lirrirdl rM!*mr. Mt 

vUai-h ihr WA\ um! ubvi*»UN. Hu rsauaiiaUnii in a dry plair 

t.li'. iard i>»* irid»^^'‘‘*rin, lull stj >li4hih iha^ ih*’ l:an »'a"4ly 

* an. nriMii, Hui uia-n tin* iuid» r wa!«’r and snif:d»l) 

ilhuiuna?••d. iht* hnlhan»*y was rianurkahly rnhan>s »L I p )n ?ld'^ 

«•! illimanal i»*n u!iu«<sf laaryfhiu^ di’[u*ndNi. Ida* tund^w shun»*r m! *#j[a mI 

l!n iMMius in my !alM»ralnry has an api-rlur*' al»Mni 4 iiialn'-. s«juar»'. In lr«»nl 

*4 I Ills I hi dislt uf \vnl«-r IK pliM’rtI and af th«* iHitlMin *4 djr dish a piis’i* *»| 

dark ^lasH, In tin* uatnr tin pluf«* nnd*‘r aJ»n |s iiliftl, a-n 

tM ‘■..•paralt* fin* ivlh*Hi»»nH f»f tin* hky as ipvru hy th** }»la!»* and hy tin' glasN 
iind* I Ural h. In fht*^ way a dark liuckyi'anni is in'^iirrd. Ai tin* rMiii* is ninl 
s .4" lh»- plat)* tin* ivfh*rlfd U^hl is w!iif*\ lh«-n I^IImw dark hands, and 
atnawards th»- is«lMtu*s whirh sn^i^nst ri4!»*\iMn iVuin a thin plair. Hu this 
If Is u»s*?’ss;uy fu sn|»[i*»Nf that tin* iridt*si*rni tilni i*- ihinin-st at tin* 
MinMitfi and thinki'iiH Inwards tin* interior, and hmlni, fhal tin* inatrria! 
»‘Mns!i!ufsn^ tin* film lias an iud«*\ inn-nm'dian* h»*iuff'n itn‘s»- ut lln* glass 
and *4 iln* uairr, In this wav tin* grn**ral lo ha^iMiir is rnaddy rxjdaimd. 
fh*’ fa*i tliat fin* rtiluurs ar** sm !i*rhh* in air lading aitnhntnd !*• lln* stnaUin ss 
*4 I In* »'j«t n'.d dilh-ri'tirr hrtwrra tin* film and fin* g!a-s und**nmatlL hi ih** 
uafi r tin tv UMiiId hi* a hrlt• r ajipmarh l«» r«|Ualjty hrtwn n lln* rvfh*\i«ins at 
fin* ♦‘Ufi r and uun r snrtarrH *4' tin' tilni. 

Kr^iu tin* first ! iMriund thi* «*]iininn that tin* films wsas* dm* 1“ tin* m-n <4 
a sslirai* snhsfrntum in tin* angina! prv|nrali«»m hut as ihr liistury *d’ tin* 

Ui pni tin* Ufstnlt «! fnja4« i\ 





















ON SOME 1 UU)KS('KNT FILMS 


I •U 'm 


IM 

|)l{ili(‘s was unknown this (*nnJoct iin^ cnuld not bo .sat ist’arl«>rily ronflnaiMl. 
No onliuary oloanin.i^ or \vi])in* 4 ' had any otlbct.; t.o ronun’o iho lihio^ rr<’nurs(‘ 
musl, bo had to hydrolliiorit* arick «n* lo a polishiui^ o[)»‘ration, My fibaid 
Prof. T. W. Hiohards, afliu' t.ri‘alinL»‘ tuu* with strong ac*iiIs and otloT i'li>auit\als, 
])roiuainood i|. t{» ho whal rhonusts would oall “ vt*ry iiisolubh*.’* d'ho platt-s 
lirsl. onoountorod niauifosiod (in t-ln* air) a ladllianr i;’la‘-sy surfaoi^ Ion 
aHiorw/irds 1 Ibund tillitu’s .sho\^i^^' in t-ho walor iioarly or i|uito as i(ihu 1 
(Miloiirs, buf in tho air prosonlin^^ a smoky appoaranot*. 

l)osirtuiH tif ohlainilio tho j‘«»lnurs as porl’oolly as pnssibh% I oii»l«'a\ourod 
|() d(‘s(.roy fho rotloxinii iViUn tin* baok surraoi* tif tho plalo, whioii uojdd. 
1 .siipposiMl, diliito tho onloiirs tin** (o tho iridosi’oul illin. Ibii a ooaiin^ uf 
black .soulin,i('\va\, or mariiio i^liio. did not. dt> so much ^t^ood as had boon 
oKpoolotl. ddjo nmst olVicionl pro(*oduro was to orind llio back of iho plalo, 
as is vorv <*asily dom* with oarlmrunflum. die* (sdours soomod nou !*» Iio as 
tj^tiofl as suidi ctdours can o\ or bo, t ho black also hoinii woH do\ olopotl. 1 lonbi |o^.s 
Irho succosH was «luo in inoastiro to tlio .special lts*ali/.otl tdiaiaotoi «♦{ tho 

illuminaibai, dlio substituliiin ofstron^' brine Tor water inado no p«jooptiblo 
impnivomtaiL 

At thisstuyo 1 fotmd a flilluMiIly in njahu’slandino lully tho ht'h.amur of 
tin* nnground jilatos. In somo plaot*s tin* hhudi wouhl oo<‘asionall\ ho aond, 
wliih* in ol.hors it had a \sashotboiU appoaraiico. a tlilloroiioo jiot oa^dx 
aooointtod Ibr, A dillioiilty had alroady bo«'n oxporiomasl in d»s‘idin,i( upon 
whi(‘h .sido of a plato tho Him was, and hat! hom atlribnlod to thoo\iioino 
thinu(‘ss iif Uii* plaio.s. lint a snspijuon rmw aroso that, ihon* woro lilms upon 
hnlh .sidos, and this uas snnii ooritirmotl. 1'ho host pr«‘Hf ua> atlbrdod by 
orincliny; away half tho aroa upon tun^ sido of tho plait* autl tin* otlcr half of 
tho art'u iiptin tho o|Inn* sitlo. Whiohovor faco uas upp«*rmt».st, tho tinaround 
half witnossott tho prosonoo of* a film by brilliant ooluiitiou. 

Altouijjls tt» profiitoo silioait* films mt now ylass wor«^ for .s».njo iimo .*«n 
alnmst cMunploto failuro. 1 usod ilio htniiula yivtui by Abnoy [ Ittsit'urfif,i( in 


PlHifuffmpIti/, I Ith t*t|ilioin p. IlPi): 

Albuinon . I part. 

Wat or ..... 2(1 parts, 

Silii‘a(t‘ of Sofia solutititi f»f syrupy ottnsish-m*y 1 part. 


but whothor tho platos {ooatoil upon one sido xvt‘r«* allowod to tlrain ami tlrv 
in llio {’old, tu* wt‘ro moi't* t[uiokly driod ofl* mt*r a spii'it flamo or bo{br«» a fno, 
Irho rosullino* films washed away mnior the bip with tho sliohto^t tfioiinn *»i 
(W'tui with no friotit*!! at all. t )ooasionally. Imwt-vor, ni«»ro adhoroni paiohos 
wero obsiu’voil, whioli ot»nhl not so {*asi!y bo r’loatiofl ofT, Althotioh it dnl mu 
HOfUii [m»babh‘ that iho phofno^raphio iilni pnfpor playofl any part, 1 iriod 
witliont .siu’coss a snporpoMsl coat of jijolatino. In vi»nv of thoso failnros 
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UK soMK iuitiKM'i.K’r rn.M'H 
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1 Nai|«j4.*M fii.41 fli*' iMriuufiiiit mI’ a }M-r{ii,ui»iif tiha uan lla- U’^rk »»i' 

?Ha*. .di»i '*^-3iir a}i»iaa'.d ut ?!i»' vaai*' MjMjfijMlt. Aaaiurdiiij^'h 

.4 launU*-! ^4 |d.d» H ji^'|»ar«-d and -*•! avjik- dulv lal»a!l*‘it, 

a! isilxia.dH pr.n«'«l ihat fiia*-' arl»il laif hImwIv. Al'trr >i\ 
fa*- tUar-* ''•‘rraa d niur** ^^taiika !»ni Mhiainail «*Mia[«ual»!*“ 

«iHi ?ls* mIA a jf!af*'% If is filar fh*- »k-sir«-d n^sulf jaa^hf 

!«- w a.!a li«- Hi ila- \sa\. Iiui fli*' m|' rsj»*rii[arrifin^- uiidrr 

Is ii»*l iilhirHu:, lai«*kjh ail a*’rtd»'itlai tflisrj \al jMii t'aiUf' !*» 
tu% aa*i la »ad* I ilj*- jir* rtjiilaf imh nf hiu** ia fh** Mlisiaa tlisli 

ii hw m| ailiir 4«id w*-rr m aa«iIaa'--. addnl f.t ih.- uafi-r, and I lauaii'd 

tha? lr-??rd ill fhin ia*idlti»'d naha' slt,*ui'ii an ad^an!a“4«-. A sp^-ria! 
-■■vprs'iiarn! i’^nltnii^nl ihi- id»“a. 'Vwit pku rs, rM.ir*"* I ‘annlarh ssuh 
and dn*-d a hMiits iH'Idr*-. wrrr iiangrrs.-ti, uar- in Midinary lap wal«i\ ihr 
Mlfirr Hi lhs‘ Haui«“ \vat*a' iii««i«H'at«'ly a«'idili»-d uilti lafrn' atad. Ai'f*’r 
;ld >n4idun^ lii«‘ l!r‘4 lilia wa^ia-d »»ii »%rHly. Imi srrMuti had inuah 

*,^r*'al*'r luilv n^vv hm ditlirnhy m j»r«'paniiu lilni'" t«apahlr mI 

as ynii*d «*m!miu'n as ihusi' »»| rh*- nld plar*-“s Mli«- lirsf pi'nisalnr*^ 
-«»s Ujs h* hr In dl'V ‘«fl ! hr JlliLfrs hrluj'r 4 firr .ilh I' <*.<41 Hi'a ^.^dh r«‘rriill\ 

iih* u d ahraft' In *»j'd«'r Im idnani tin* la^si Niiiiahlr fhn'kar-.H, 

H r n> t'. r-.u) !•» a»-rMianiMda!r iln* lapidifx *d tltyina I•« fhr sUrn*dh r| di** 
•.*r>aj It h* at is aut »niph'\rd ih** ‘Ijiir.dh '*1 ! hr al«ni r rij '‘MhHi‘»n 
ii.A\ io- tiM'-ii.l* d \\ h«-n diy flir plairs nia\ hr nnia*-}' ,. d !«*r hMuis in 

^ura^iri dilated luln*' .rad. ddn-} air fhi'H ht t*a' 'iptjral rxaiiuna’iMii. huf 
u. h‘ ‘4 ^i^4 inh!«* d at iIhh s!a* 4 »*. Il' tin* rM|*»sn v .n^- siiHahh* fhr platt's ma^’ 
h* 4^aJi*d and allMn»'d Im diy ddr* !nl! d*-\riMpni*-n! t.| djr **M!«air 
-Sh' *- i-'ptn* 'i that ill*- hark *d thr pl.tl*’''". ht- U»-a!>d. In ni\ r\pfm-nr*- 
-T**-- dn' hr-'*f i.'suIk ulnai fIn'Indifin;:, v- iai.hm an *«pa*|iir 
'.asnrdi UiAS al'-i h*- Ha*'d \ufh l'‘»rd rlh-r| dll*' r« un pal a 1 «- talhli*- *4 snrh 
a. *m *4 ihr *dd pl.tit's Hits dur Im ill*- .\nH«-nrr *4' lifniv h»t!h 

'id* ■ V 'asi!i*i‘IIIly » 4 iit«pir rkisv^ r#/. ^laln«•d uifh ruhalf r.tpp^a. ina\ 
:ir. * h> *aapl»y« d Alt*'!' fli*- liliu’^ ha\*' sfuMd s**ni*- fiin*' "aihsi-ipn'tifly t*« ihr 
*i*-a'n«« iil ‘ahIi arid, tliry inuy lir |•n!^hrd \ it*Mr*an4y uifli a rlrfh r\rn H'hUr 
■rt* * , hn^ ‘ai*- “I ttti*, ^’ihi»di pr*‘ha!dy ha*! h*-* n nih!t«-d pr*aiial!sr«d\, Nh»a\rd 

••"'J4*rh^ -1 

d’h* ■•'ul.t'’* * ‘*f flir n»nv avr n»*f ‘U* thr h«'Hl *»f fh** 

*4‘d ^aa -- n*a -**» lUrtinspiiMMius m f!i*‘ air. hut fh*'i*- is, I Nnjip«‘s,^^ iit» dMuhi 
dsat di«a' au- al! r.Hnp‘*>rd «d '•dlira Hni [ am pM//lri| ft» iiiid'-rstaiid !mu' 
th* *dd pfafsH inanijinlab-d. ddn- films r*»vrr hath sjilrs willnau 

HH'nnphMij, ami ar*- thinnrr at all th*' f**m* rMim-r*- lliaii in liir iiilrriMj. 

ddr rvfMMjduiary t|rv*-l**piiir|it *4 fhr r.ilmrs in *k\atrr a.^ rMinpa!’»'d wills 
«|ia! * an !h s«-.-n in air h-d in»‘ l*« •■\arnujr in thr vnnr w«n *»!ln-r ilun iJlnis 
*hp..siu.| ,.n .dr-s, A !h!nr**a{ *4 itlhiunru f wilh**ul silirattu is inrMjmpirUMHs 
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in air. As in photography it may be rendered insoluble by nitrate of silver 
acidified with acetic acid, and then exhibits good colours when examined 
under water with favourable illumination. Filtered gelatine, with which 
a little bichromate has been mixed beforehand, may also be employed. In 
this case the dry film should be well exposed to light before washing. Ready¬ 
made varnishes also answer well, provided they are capable of withstanding 
the action of water, at least for a time. I have used amber in chloroform, 
a “ crystal ’’ (benzole) varnish such as is, or was, used by photographers, and 
bitumen dissolved in benzole. The last is soon disintegrated nnder water, 
but the crystal varnish gives very good films. The varnish as sold may 
probably require dilution in order that the film may be thin enough. 

Another varnish which gives interesting results is celluloid in pear-oil. 
All these films show little in air*, but display beautiful colours in water when 
the reflexion from the back of the glass is got rid of as already described. The 
advantage from the water depends, of course, upon its mitigating the in¬ 
equality of the reflexion from the two sides of the film by diminishing the 
front reflexion. A similar result may be arrived at by another road if we 
can increase the back reflexion, with the further advantage of enhanced 
illumination. For this purpose we may use silvering. A glass is coated 
with a very thin silver film and then with celluloid varnish of suitable 
consistency. Magnificent colours are then seen without the aid of water, 
and the only difficulty is to hit off the right thickness for the silver. Other 
methods of obtaining similar displays are described in Wood's Physical 
Optics (Macmillan, 1905, p. 142). 





















HUKATII 

{Xiftarr, V»»l. \t\ jip. jUiU. 4.17, 1112. j 
Ar iiif* rviiK lh»^ jm^t y<*ar I havt* trii'l a Katul taauy »'%jaaiiurnts 

U4 I hr hup- af throwing lurttita* light tipuu thr m igia rf tht-sr 
r»»|jrnaily lllunr thit* fn llir 4if a Mitall hluw pljir Ihuilr, Mr rf ]jt»t 

?^Hl|ihunt‘ isriii, thr Hiirfarr rf a glasn platr uti whtrh, Iirfurr lirrutiuriH» 

ihr lil'ritlh drjiuHlIs r\i'Hty, 1 hr r\rU i!r]H»>it IMjaHlNtH iif a liiull it Ittlr 
Hfaut! rii^ily M*ru with u hunt! iuaguifiri% In thr trark i*r thr llatar ur 

snlptlUlir trill fhr ir|tN«'H Hl'r ku'grr, nt I r|i pa^HlUg liUn flat lUHhNrn U hirli M|i 
» ‘liMW (h,* U ami ruhiiUH m|‘ ihin platr^, Whrll thr glass in Maai 

traar.J a ‘iark grrutai, .tn»l is su hrl»! ihal irgularly rrlrclnl light linrs Uul 
!. f'h ?!r rvr, ihr grHiial sUrlUrr sliMUs bright, whilr fhr f lark rlthr liaujr 

«r A'‘it\ i'> !n rMia|itiisMU »lark nr hlitrk. If will lir ruuvrtiitait thus Im sjt»%ak 
*4 ?!r jiMAif as hrigiii Ml' tiark ^Irsfriptivr wurcts itinilyiijg iiu ituahttul 
h\|» a!r 11lr qi|i-4jMa is wlmf »htlrrrlirr lU fhr glass Mirfarr ilrfi riuiarH 

IIr- ! “A«. kiiris ♦ »t ilrjiMsjt . 

lij Altlr ti s \sr\\ I/b'rr. AW. Sn(\ p. *J K 1HHI ; AV/fa/’r, .hsiir la, iHHl, 
?ir* llaia*'arts by thr th'pMsit uf inuia rrus liur pariirlrs rMUHlituliug imf*hh 
mI .rjurMtr^ rMfiiiriisatiMa, aini in hkr maniirr hr altributrs thr rtFrrt rt 
snlplrinr i«a' hylrrlbiHfir) arid tu a wah-r aUrac'tiitg rrsahn' rrmainitig 
in spifi« m| Aitslung. Un tin* »4hrr haul, I wusdispMsrti Im trtbr tin* dark 
drpMHH !m a gM'iilrr drgl'rM m|' li'rrduUl li'Mln gfrasr rf *1 hrl* U atrf’I'r|^»llIIIg 
r‘a4lauuii4tiMn May lln, Ihll). suppusing that a i*lrau siirl'arr 

m| v:lasH AMnid rvrnwhrir attrart Uiristnrr. It will hr sri-n limt thr 1\\M 
i.jr«s ai'r shaiply rMutia.sfrd, 

My fiist I'Hpriiijj* nts uri’r dtri'fiisl tu inijiirving thr washing nftrr Inn 
salphnia- m?- hydi'MlhiMiir arid. It nmmu appf'aird that rinsing and s<iaking 
pi^^lMSigs d twriif) iMiir h'Mirs t.uird tr ahrlish thr dark trark ; hnt 

piMbahl) Mr Ankrii AMuhi HmI irgaid this as a! all rniiriusivr. It was 
ur.rr !m ?ia" pMint ih.it dihilr sulphurir arifl tl lit} lr|t IM* Irurk, mm uffrr 
jH-innir?Mr\ aching. Ibilhrr tr my hiirprisr, 1 fbnnd ihal rvru Ntr«*ng 

* H*-«- i*. ‘4i» ‘4 tluH 
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sulpliurit* ac’id Tails if ciiiphjyf'd cohl, A drujis \vrr<‘ pHuri'd u|imh 
a ^dass ( l-plalv ])liut-o^rapliic Tnau whifh tla* iihu liaii lu^ai r«l), and 

(•a\is(‘(l t.o fnnn an pmit, sa}*, lialf an inch wide. Aldi- Niandmi!; 

lt‘V(‘l fnr ahotit. livt* miimtrs than (In* lina* rci|nin‘i! Tur iln* trcaliut-ni 

with lint- acitl.‘llu* phUi* was rapidly washi'd undrr tin- tap. suaknl tor a h-w 

minutes, and iinally rinsed with disiilliMl water, and «lrit'd M\rr a .Npuii lamp. 
Kxainiru'd wdnai ee|d hy hreat!uni(. I In* plate .shewrd, inden!. the lurm mI ih** 
peel, hut mainly hy (he darkut'ss nf the ('(///e. 'The inlerinr wa^, p.ahap^^. jjmi 
quite indistiuguisludj|(» (rmn the ^rtmnd eu which tin* acid had ma 
hut. then* w'as n«> appr»»ach t.«> darkm‘ss. 'I'his r\perinient may, I 'aipp.*^,., li,. 
taken to prnve that I In* act inu i«f (.In* lm( acid i^. in«t at trihuiahh* n* a n snlur 
ri*mninin|.( after the washiti^’. 

1 have imt, fnund any ether treatment whitdi will preducr a dark track 
wilJuiul the aitl ef heat. {dir»>mic ucicl, Uf/an nyitt, and pMlasli 

an* alike inelVeclivc. 'I'liese rcn|.(euts th* undeuiuedly e\rrcis» a ef. afcanrt 
actiuii, se that tin* residt is net entirely in faxeur •»! the s^n-av tin an 
ej'dinarily understetMk 

My Hen, Htm. Ik »!. Strutt, tried Ihr nn* an e\p«riment m which paii up 
an unluiarily <'lemn*d )jtlass was i‘\pMse<l fur thret- heurs te a aj« am id' 
Htreugly e/.unised e\y|^eu, tin* remainder heim^’ ]}retrM*iei|, t tn ex.umnatnui 
with the hn‘atlu the tlilVcn’iicc heiweeu the pretts’-iiejl and unpi>»n pari^^ 
WUH scan*ely visible. 

It has hei*n mi'IlUelied that- the etl^^es ef puids nf NlliUSkt; Htdphnrie 

acid and of tnauy ether rea) 4 i‘nls impress (hemsidves, evm wh« n tli» n' is 
litt.le erne etVect in the intcrier. Te exhilat this aeiinu at its h*-a n is neli 
to {•inploy a luinimnm ef liipud; etherwise a cjoepim^ of ihe » d;e rhiim>: the 
time ef <*enlact may seniew hat tdfS(*iire it. d'ln-e\perim»m sneis * d < ahiiut 
equally wadi evi'ii \vin*n distilleil wafer frem a wash heiih* suhdiiati i! Im 
]ieW{*rlul reagents. On tin* grease iheury the etfeet may hi* ulinhuli d the 
cli’ansiug action of a pun* frta* surface, hut eilni* iun iprei.iiniUs ja.d»a)d\ 
ci»uld he hUggi‘stcd. 

Vi‘ry dark licpiisils. shew'ing un<i»*r suifalde iliummaiien th*- CilMin-. m|‘ 
thin p!utt*s, may he ehtaiued on freshly hhiwu htdhs of siifi gke*^-. If e^n 
V(‘nii*ut to fdi the inlcrita* with water, in which a little ink ma\ h* added. 
From this eliservation no jiarticular i'enclusiMn can In* th dm’i d. suici^ I he 
surfaci*, though tlouhtlcss very clean, has hei*n f\pMNrd !e i!i»* hhav pipe 
Hnnit*. !n my former <*onimunicn{ifai, I rueuti«fm'ri that no satr^aefMi v ivsnlt 
was ohtainerl wdieii a glass plate w’lis strongly heatfil nn thr /me/* hv a hmg 
Bunsen hunier; hut I am mav aide to bring ferward a ucue Silfs't ■’wnfu 1 
eXptTiinent. 

A tcst-tttln* of thin glass, aheui | inch in diumetej*. was <’h aned in!*i nallv 
until it gavi*. uii t*ven bright diqiesin The breath i*- imr«Hlucrd ihreugh 
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a j,l!rr »h43ii!»'i«-r, jinniMusly WAHiirtl \\ith tin* ha!ul. 'Fla* 

*•!*»••*’4 ^4 tU» \v*iH ilit'ii hi'ulrjl m u tlniiir ur| 4 i‘ti with a innt. 

jti|» aiiiFi iliri>- Uf'i'r of iftripiriif ^Miirninir, Afii'r t!u* 

Fi-'afI? au!frill 1 *i\h| hrt»!i_rjif ,,j}| liv traiisiui!irii 

tau*!'--! .4 laayuilirr, *r|ir i^rrutrr j»aii nf ihr Irni^lli nIimwimI. an hrfui'r. 
ih-"- i3*aMi flip- A'-» tla* rfjil ua.H iijijU'rarhril I hr (|rn|iH hta’jUiM’ 

i4i4«laal!\ niifil a! ah**iii au tii«‘h tr«*iii ihr t'lal Iliry disapjM*arr«l, 

Ir.ailj- Mi*- PM^rlril With H Ip'iirlv iHilfhl'lli liliH. Our a» 1 val4 f nf ihr 

I'i Hr.d r^ a|**»raU*‘fl *4 «|ru, riirr fMfHirii, is slnU . lUlIrsH |»r«aiM4i*(l hy 

HUr?p,|i ?!iiMi|^*iii ||i« lUMsuli inhr. fh*‘ lihii r\ujiMnif r4.1 !ir rt4»»U!’S iff thm 

lilillr^ l.%« Ir 11 h\ i*4!»'rfrtl SlIH'*’ It i'^ rrli aill .! liitf I hr flailir huc! I|fi 

ilr^’r^r-^ |j* thi' luli'TSial ^au'larr. It .Hrrui^^ jir«a«'il that ilalli llrjifisiK iMIi hr 
rtfijunr'i! »iH Irritlnl hy lirnl ulrii«*. 

hi rrH|i*“rtH l| t l|U-i’ rt' tliiu l^la.sn, iipiai III Itufh filfin^ is 

vrilirfil sliau llir It in rJlHur fr Ull»l Hr aU^iitl.Uy I uhr |h 

rrr|tUi«'t! Im Uilrnhlrr «*r Hlmlrarf lurishirr, I hnvr IlNril «.Hr »4 ll Hfili. 
fililinrfri. Hrntrtl liM’uHy nVrr H MUJplr hpirit ihuHr |m a prlU! situfi iff 
Siijf'n* iiil. li * xlihalrci siHiilur rlfrc’lN. IIiIh ranV »jiri tup'{|1 liia\ hr I'lrMni 
UP'Uih ft !m aU\rUr IHl‘ ii‘>trii \\\ t hr Mihji-rt. 

t Hp' jffir 1 huv«^al\\a\N frh a iiilhrtui\ I hr I'ffiiiparat n r 

p‘?iaau«ip‘r *4 ihr ifiuK t rarl f hi ilal platr's thry luay ‘Ujiiv*’ iii s*»Uir 
fi«--.rr»- iuhhunj hy flp'lhi^rr. Willi NuhNrfiHrit! riH-aui^ aial wqimr'. Iharii-^. 
r ilU iip'«a'af'4 «.u Im hriiir a jilair hiirk l«» i*Hi 3a U* rtih 

i! w:t!i ‘Iin Ifal rVrH lliH* tlMr-n Hut |h lly sUrrf'n 1 With llir Irsf luhr^ 

piMhahh *4i -pa'MiJiil »4 ihr rffrrl U r niilhilli^ aipl wipUli^ iirar llir rhfsrti 
f'lal Tn! whal r-xarlli is iu\MKr«| iii Mihhilig uial wipiii’^ ‘ I \rUltirril |«i 
Mu;%r h| h»-fM|i' lhai [Missihly ip'taisr luay jiru*4riilr tiir | 4 ;lit^s srHirwlmf. 

Fi-»I41 ^Hrh a 'ahiallfiH it Uii^lit HmI » hr riHirinh **r, «fH tj}r tflhrl’ haiph 

4 lp l« i V Upahrl IftriH rf » Xjn iiHIt'H! fjrlii wllirh I hat! hrpf'fi fr trap 

flrri'in..- ir-PillM, ‘fhr Hi! rrirl* fff a lua.ss «4’ L^la>s rann«4 hf' |h hr 

‘‘M lha.! a Mii tarr ffrshll «»hlaiii»*<l hy frarhirr Hbriih} hr rlraii. hipI 

;;r. r I Ip 4aik 4« pMSif < )h** ililHrHlt \ is thal I hr rh irarli i' *4 iIm* tirjjnsil tfu 

fhr 'riilarf sh UuI sr rasily jH»li^r«!. My Il'ial »Ul a pirrr f4* 

|»laH ^ Hi iha'k. hn»krn iiitr I Wo jiirrrs wnli a haiiiiiH^n 34 ;a\ r 

alpaMapPl’ IrNtih*^. Ihj pall fff rarh HrW surfarr ihr hrralll was tlrpHsifriJ ill 
'fira I.ftSuUp-r f-apahk'' rf sh«*w-iir4 f’*4MtH-s. hill rii aiirfhrr ji^ail flir Wafrr 
’» w» u ’iff 3‘trfilv ‘-liiallrr, aijil ihr firprsst i-Muk! sraiTf'lv hr riassifiril as 
hl.p'k 'Hr hl.p-k aipl Irss hlurk ]l)li1s tif ihr Iwsi sarlarrs Wri’r | Iimni* whirh 
ii.rl hf f'H r»at?HOiM5|s hr fnl'r fl arl ni'r, Thai l!l«a‘r sliullhl !ir a WrllAliarkril 
sIlth-rrHrr ill this |X ^.p-rf hr! Wrrft pHrfHh«f|]| illsiflr a I'alllrr sIUhU pirPr rf 

I', wi v sjupii»^iirj 4 , I tiavr iiuf ajt^iuii inrl with this anomaly^; hut 

it 
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furUii'r (.rials on thick glass have revealed deposits which may he cuaisidc'n'd 
dark, though I was not always satisfied that tlioy wi‘re so dark as t-hose 
obtained on flat surfaces with the blow-pipe, or hot sulpliuric acid. Similar 
experiments with similar results may bo made upon the edg<'S of (»rdinary 
glass plates (such as are ustsl in photography), cut with a diamond. d'he 
bi’cath de2)osit is In^st held pretty clos(‘. to a csandle-flame, and is (‘xamlm^d 
with a magnifier. 

In conclusion, I may refei’ to two other related matter’s in which my 
experience*, differs from that of Mr Aitlcxm. He imuitioiis that with an 
alcohol flame hi* ‘H^ould only succeed in g<‘.tting very slight itidications of 
any action.” I do not at all undiirstand this, as I have nearly always ii.sed an 
alcohol flame (with a mouth blow-])ip(0 and got bhude {l<‘j)osi(s. Tliinking 
that p(‘.rhaps the alcohol which I generally ust*. was coutaminat(‘d, I n'pL'icotl 
it by pure alcohol, l)iit without any perc(‘ptible diffiirenc.t* in tin* rt'sults. 

Again, I had instanc.<*d tlu*. visibility of a gas flame through a fh'Wecl 
])late, a.s ])roviug that part of tin* snrfaci^ was uuc.ov^(*r(*d, i havi‘ improved 
tln^ (‘xp(‘riun‘nt by using a cui-vckI tubi*, through wliich f.o ])low uptm a glass 
plat(^ aln‘ady in position h(‘tw(‘(*n tlni llann*. and tin*, eyt^. I have no(. been 
ahlt* to find that tin* flame hec^ome.s invisihh*. (with a W(*lt-defineil tuitliiu*) at. 
any sla.g<*. of the deposition of dinv. Mr Aitkeii immtions results pointing in 
tin* o])positi* dir(*ction. I )ouhth‘HH, the, highly locali/.(‘<l light of tlu* flame i.s 
faV(Uiral)!e, 

[H)lr*h Mr’ Aitkeii n*tui'tied to the. subject in a f'urther c<jmmuuieation 
to Ndtfire, YoL xo. p. (JU), 11)12, to whirdi the ri*ader shoidd refer. 1 
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inC.MAHKS r(^X('KilXIX(l KoriUKU’S THKORKM AS APPLIKD 
TO PIIVSK^AL PHORLK.MS. 


\ Mtt(jiizuti\ VuL XXIV. ])\). Sli-l—11112.j 

Kui uikus lln'nr«‘Ui is nf |rn*ut iiu)jMrt;UHT ill uiatlu*inatical physics, hiil, 
(tillicul! irs MMucI inirs arise in prat'tical a))i}lirati»»ns which setaa In have (Juhr 
nri;pn iu (In* atm al. tue gn^al- a pn-jAsiun, Knr exaniiile, in a series ef 
{»hser\at inns extending ever t-ime we may hi* inlt‘resl ed in whal> neetirs during 
seeniiiK sir yeur.N, Imt wr are ne|. eeiieerned with and have ne materials thr 
a reiueh* antiijiiity nr a distant Inture: and yet these renaite times deiiT- 
mine whether er imt a peried preeisidy flefmed shall he present. On the 
etlier hand, thei'e may he He clearly marked limits el’ lime inditNited hy tin* 
(dreiimslaiices lif the eamn such as weitltl suggest the ether Ihrm fd’ k'enrier’.s 
theerem where (‘verything is ultimately periedie. Neither et the usmd ferms 
el’ the theerem is exactly stuiahh*. Seine methed ef taking elT the (*dg(*, 
ns it wt*re, apptairs to la* culled fer. 

din* censidiTutiens whidi lellew, arising mit ef a physit^al prehlem, Inive 
cleureil up my e\vn ideas, and they may perhaps he useful tn ether physitusts. 

A t rain ef waviss ef h*ngth X, represiuit ed hy 

^ . ...(| j 

advanees with velecity r* in tin* negative direct inn. If the nualimn is 
ahselutely uniferiu. it is prepagatecl witlmut disturhama*; hut if tin? nn'dium 
is suhje(*t (e small varialieiis, a relle.xieu in genc*ral ensm*s as the wav<*s pa.ss 
any phu'e ./*. Such reilexien n^acts upon the eriginul waves: but if wi* 
suppesi* t he variatielis ef the uualium In lie {‘XtreUiely small, we may negle<*t 
tlie reaelien and (’ulculate tin* aggregate retlexinn as if the primary weaves 
were nudisturhed. The partial rellexinu whicli takes ])lac*e at j' is repre¬ 
sented hv 

(lAfr - <Lr . .{ 2 ) 


1 )^ -^..2 
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132 EEMARKS CONCERNING FOURIER's THEOREM AS [369 

in which the first factor expresses total reflexion supposed to originate al: 
X — 0, ^(a))dx expresses the actual reflecting power at x, and the last factor 
gives the alteration of phase incurred in traversing the distance 2.r. The 
aggregate reflexion follows on integration with respect to /r; with omission 
of the first factor it may be taken to be 


C^iS, .(3) 

r-|-oo /'+00 

where (f)(v)cosuvclv, S= (f)(v) sin uvdv, .(4) 

J —00 J —oo 


with w=47r/X. When cj> is given, the reflexion is thus determined by (3). 
It is, of course, a function of X or 

In the converse problem we regard (3)—the reflexion—as given for all 
values of to and we seek thence to determine the form of (/> as a function 
of X. Fourier’s theorem we have at once 

1 

6(x)=-' / {t7cos Ssinm*}.(5) 

TT jo 

It will be seen that we require to know G and 8 separately. A knowledge 
of the intensity merely, viz. (7-*f does not suffice. 

Although the general theory, above sketched, is simple enough, questions 
arise as soon as we try to introduce the approximations necessary in practice. 
For example, in the optical application we could find by observation the 
values of C and 8 for a finite range only of to, limited indeed in eye obser¬ 
vations to less than an octave. If we limit the integration in (5) to corre¬ 
spond with actual knowledge of G and 8, the integral may not go far towards 
determining It may happen, however, that we have some independent 
knowledge of the form of (f).' For example, we may know that the medium 
is composed of strata each uniform in itself, so that within each <j6 vanishes. 
Further, we may know that there are only two kinds of strata, occurring 
alternately. The value of Jcj^dx at each trazisition is then numerically the 
same but affected with signs alternately opposite. This is the case of 
chlorate of potash crystals in which-occur repeated twinnings*. Information 
of this kind may supplement the deficiency of (5) taken by itself. If it be 
for high values only of u that 0 and 8 are not known, the curve for cj) first 
obtained may be subjected to any alteration which leaves Jcj^dx, taken over 
any small range, undisturbed, a consideration which assists materially where 
(/) is known to be discontinuous. 

If observation indicates a large G or 8 for any particular value of n, we 
infer of course from (5) a correspondingly important periodic term in 
If the large value of G or 8 is limited to a very small range of u, the 
periodicity of cf) extends to a large range of x; otherwise the interference of 


P)nL Blciff. Vol. XXVI, p. 256 (1888); Scieiitijic Papers, Vol. in. p. 204. 
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«MHu]iiint*nts wil.h sunu^whati (lUltTriUr values nt‘ // laay limit tht‘ [U'riodicity 
tn i\ coiiUKirativt'ly small ran^c. Oonvorsidyt a pro Ionise si poriodioity is 
usstH-ialisl Nvitli an a])prnar*h to discontinuity in the values of fJ or S. 

Till' couipl«‘(«* (uirvc rcpn^scul-in*^ 4> i^f-) 'vill in ^oiuo’al include h.siturr^s of 
various Icn^efths nstkoned alou^i( ;r, and a fcatun^ ttf any partitnilar bui^th is 
assnt*ja!tnl witli valn(‘s td' n groupisl round a corn*s])onding centre. Vov sonu* 
purp»>si‘H we may ^Yish t.t> smoidh tin* curvt* Uy eliminatini^ small features. 
()ne way of oflect ing this is tti suhstitute ev»*r\wvh(*n^ for ^) (//•) the nusin of 
the values of </> (a’) ill tJit‘ neiglihourlmod ofa\ vix. 



the ran^'e (2n) of integ*rati«m being (‘Imsen suitably. Wll.b ust; tif (51 \vi‘ find 
for 111) 

! I (a*) </x - ^ I ihi \ (^ cos nx 4- sin iix] .(7) 

tlitlering from the right™!iand member of (n) merely by the iutro<hu‘.tion of 
the factor sin ua : ua, ''riie vi]\>ri of ibis factor un(h*r the int<?gral sign is t.(» 
dimiiUNli Ibe iinpoi*ianci’ of values of n which i‘X(‘ced rrj(f and gradually to 
annul tin* inlluenci* rd* still larger values. If wi* are content t.o speak vmy 
niiighly, we may say that tin* jiroccss td’av<‘raging on tin* left is ecjuivalmit to 
the omissiun in Kouriers integral <d’ tlie values (d* k wluhdi exceed 7r/2f/. 

We may imagine flu* pr«ic(‘ss of uveraging to he ri‘poat'ed oiu'e or mon* 
limes upon {(I). At (‘Uidi steji a new far*tnr sin//a :*/a/ is introduced under 
the integral sign. After a nninher td’ such operations the inltgral bec'omes 
pra(‘lieally indepeiuhail. id* all values of// for which ini is md^ small. 

In (h) the average is taken in the simplesi way with respect, to :i\ so that 
cver\‘ part of the rangi* 2a contrihuies eipially tlig. 1). Other and perhaps 



1. t‘ikO ‘i. loK. 


better methoils of .smoothing may he proposed in whieli a prejionderanci* is 
given to the central ])ar(s. For cxainjde \ve may lake (tig. 2} 

L [ (.<^ ““ ?) 1^' hr 4-4- ^ {X — f)', i/^.(3) 

avn 


Frmn (5) W(» find tliat (3) is cijiiivalent to 


(fti 


1 — {'(>s i/(l 
H"(1^ 


• (^ cos nx 4“ nin hx\. 
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reducing to (5) again when a is made infinitely small. In comparison with 
(7) the higher values of ua ai-e eliminated more rapidly. Other kinds of 
averaging over a finite range may be proposed. On the same lines as above 
\ the formula next in order is (fig. 3) 

i 1 , sin au —ait cos aio , a • ) ^ 

J cho --{(7cos 0 sin itx\ dx. .. .(10) 

I ttJo 

! In the above processes for smoothing the curve representing 0 (x), ordinates 

; which lie at distances exceeding a from the point under consideration are 

without influence. This may or may not be an advantage. A formula in 
j which the integration extends to infinity is 

-^ 7 - d) fcZf = - I due''^’'’^''^^[OcosibX’\‘Ssinux] .(11) 

^ ttJq 

I In this case the values of ua which exceed 2 make contributions to the 

integral whose importance very rapidly diminishes. 

The intention of the operation of smoothing is to remove from the curve 
; features whose length is small. For some purposes we may desire on the 

contrary to eliminate features of great length, as for example in considering 
J the record of an instrument whose zero is liable to slow variation from some 

1 extraneous cause. In this case (to take the simplest formula) we may sub- 

I tract from 4> (^r)—the uncorrected record—the average over a length h 

i; relatively large, so obtaining 

I f 6{x)dx=^- f [Ocosux + Ssiniix]. 

;i 

i| Here, if ub is much less than tt, the corresponding part of the range of 

i * integration is approximately cancelled and features of great length are 

ij eliminated. 

jl There are cases where this operation and that of smoothing may be com- 

ij bined advantageously. Thus if we take 

li 

I 1 1 

l| 

I 1 f” , (sin ua sintio] , a • •> 

I ttJo I na UO ) ^ 

I 

I we eliminate at the same time the features whose length is small compared 

I with a and those whose length is large compared with b. The same method 

I may be applied to the other fbrmulse (9), (10), (11). 

I 

I A related question is one proposed by Stokes*, to which it would be 

I interesting to have had Stokes' own answer. What is in common and what 

i * Smith’s Prize Examination, Eeb. 1, 1882 ; Math, and Phys. Papers, Vol. v. p. 367. 
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IS the difference between C and S in the two cases (i) where (.'/;) fluctuates 
between — oo and + co and (ii) where the fluctuations are nearly the same 
as in (i) between finite limits + a but outside those limits tends to zero ? 
When X is numerically great, cos iix and sin ux fluctuate rapidly with iv ; and 
inspection of (5) shows that (f) (x) is then small, unless C or S are themselves 
rapidly variable as functions of it. Case (i) therefore involves an approach to 
discontinuity in the forms of C or If we eliminate these discontinuities, 
or rapid variations, by a smoothing process, we shall annul (p (x) at great 
distances and at the same time retain the former values near the origin. The 
smoothing may be effected (as before) by taking 


"y ru+a 

^ G du, 


2a. 



in place of 0 and S simply. G then becomes 


/ j A / \ sin av 

I dv (p {v) cos uv -, 

<p (y) being replaced by (v) sin cw -- av. The effect of the added factor 
disappears when av is small, but when av is large, it tends to annul the 
corresponding part of the integral. The new form fur ^ (x) is thus the same 
as the old one near the origin but tends to vanish at great distances on either 
side. Case (ii) is thus deducible from case (i) by the application of a 
smoothing process to G and S, whereby fluctuations of small length are 
removed. 

We may sum up by saying that a smoothing of (p(x) annuls G and S for 
large values of tc, while a smoothing of C and S (as functions of it) annuls cp (x) 
for values of x which are numerically great. 
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SUR LA RESISTANCE DES SPHERES DANS HAIR 
EN MOUVEMENT. 

[Comptes Rendus, t. clvi. p. 109, 1913.] 

Dans les Comptes rendus du 30 decembre 1912, M. Eiffel donxie des 
rdsultats tres iut^ressants pour la resistance rencont.r4e, k vitesse variable, 
par trois spheres de 16’2, 24’4 et 33 cm, de diametre. Dans la premiei^e 
figure, ces r&ultats sont exprimes par les valeurs d’un coefficient AT, ^gal a 
R/SV\ on R est la resistance totale, S la surface diamdtrale et Fla vitesse. 
En chaque cas, il y a une vitesse critique^ et M. Eiffel fait rem^irquer que la 
loi de similitude n’est pas toujours vraie; en effet, les trois s{)hhres donnent 
des vitesses critiques tout a faifc differentea. 

D’apres la loi de similitude dynamique, precisde par Stokes^ et Reynolds 
pour les liquides visqueux, K est une fonction d’une seule variable vjVL, ou 
V est la viscosite cindmatique, constante pour un liquide donnd, et L est la 
dimension lin4aire, proportionnelle a S^. Ainsi les vitesses critiques ne doivent 
pas ^tre les memes dans les trois cas, inais inversement proportionnelles a L. 
En verite, si nous changeons Techelle des vitesses suivant cette loi, nous 
trouvons les courbes de M. Eiffel presque identiques, au moins que ces 
vitesses ne sont pas tres petites. 

Je ne sais si les hearts r^siduels sont reels ou non. La theorie simple 
admet que les spheres sont polies, sinon que les inegalitds sont proportionnelles 
aux diamhtres, que la compressibility de Tair est negligeable et que la viscosite 
cindmatique est absolument constante. Si les resultats de Fexp^rience ne 
sont pas completement d'accord avec la thdorie, on devra examiner ces 
hypotheses de plus pres. 

J'ai traite d'autre part et plus en detail de la question dont il s’agit icif. 

* [Gamh. Trans, 1850 j Math, and Phys, Payers, Vol. in. p. 17.] 
t Voir Scientific Papers, t. v. 1910, pp. 532—534. 
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consider the present and a few analogous problems. Some considerations of 
a more general character are prefixed. 

If P, Q, R be components of electromotive intensity, a, b, c those of 
magnetisation, Maxwell’s general circuital relations^ for the dielectric give 


da _ dQ ^ 
dt dz dy 

and two similar equations, and 



also with two similar equations, F being the velocity of propagation. From 


(1) and (2) we may derive 


da db dc ^ dP dQ dB ^, 

dx '^ 'dy'^dz'^ * dx ^ dy dz ^ ’ 

.(3) 

and, further, that ^ ~ — F^V^^ (P, Q, B, a, 6, c) = 0, . 

.(4) 

where V- = d-jdx^ -f d^jdy- *f d^Jdz"^ . 

.(5) 

At any point upon the surface of a conductor, regarded 

as perfect, the 


condition to be satisfied is that the vector (P, Q, B) be there normal. In 
what follows we shall have to deal only with simple vibrations in which all 
the quantities are proportional to so that djdt may be replaced by ip. 


It may be convenient to commence with some cases where the waves are 
in two dimensions (os, z) only, supposing that a, c, Q vanish, while b, P, B 
are independent of y. From (1) and (2) we have 



+ -Ry =0. 
dz 


At the surface of a conductor P, Q are proportional to the direction 
cosines of the normal (?^); so that the surface condition may be expressed 
simply by 



^ = 0 

dn ’ . 

.(6) 

which, with 

o' 

11 

. 0) 


sufiices to determine h. In (7) k==p/V. It will be seen that equations (6), 
(7) are identical with those which apply in two dimensions to aerial 
vibrations executed in spaces bounded by fixed walls, b then denoting 
velocity-potential. When 6 is known, the remaining functions follow at 
once. 

* Phil. Trans. 1868 ; Maxwell’s Scientific Papers, Vol. ii, p. 128. 
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The wave in AB is to be regarded as propagated onwards round the 
corner at A rather than as reflected. As was to be anticipated, the reflected 
wave F' is smaller, the smaller‘is AB. It will be understood that the 
validity of these results depends upon the assumption that the region round 
A through which the waves are irregular has dimensions which are negligible 
in comparison with 

An even simpler example is sketched in fig. 3, where for the present the 


X 



Fig. 3. 


various lines represent 23lanes or cylindrical surfaces perpendicular to the 
paper. One bounding plane G is unbroken. The other boundary consists 
mainly of two planes with a transition at AB, which, however, may be of 
any form so long as it is effected within a distance much less than X. With 
a notation similar to that used before, may denote the incident positive 
wave and F the reflected wave, while that propagated onwards in CB is fcj^. 
We obtain in like manner 


/' 


CB ~ 


2CA 

GB + GA 


f 


OA: 


( 10 ) 


. 

When AB vanishes we have, of course, F'^0, A little later 
we shall consider the ^^I'oblem of fig. 3 when the various surfaces are of 
revolution round tlie axis of 


Leaving the two-dimensional examples, we find that the same general 
method is applicable, always under the condition that the region occupied 
by irregular waves has dimensions which are small in comparison with X. 
Within this region a simplified form of the general equations avails, and 
thus the difficulty is turned. 

An increase in X means a decrease in p. When this goes far enough, 
it justifies the omission of d/dt in equations (1), (2), (3), (4). Thus P, Q, R 
become the derivatives of a simple potential function </>, which itself satisfies 
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between ?’2 the radius of the inner and r' that of the outer conductor is, with 
omission of 

log 

s having the value proper to the section. On the negative side the corre¬ 
sponding integral is 

(Hi -f jSTi log (r7n)^ 

Vj being the radius of the inner conductor at that place. But when we 
consider the intermediate region, where electrostatical laws prevail, we 
recognize that these two integrals must be equal; and further that the 
exponentials may be identified with unity. Accordingly, the first relabion is 

(IT, + IQ log (r'/rO = H, log .(17) 

In like manner the magnetic force in (14), (16) is purely circumferential. 
And the circulations at the two sections are as Hi — Ki and ifs- But since 
these circulations, representing electric currents which may be treated as 
steady, are equal, we have as the second relation— 

.(18) 

The two relations (17), (18)' determine the wave propagated onwards 
and that reflected Ki in terms of the incident wave Hi. If = rj, we have 
of course, Hi, Ki^O, 

If we suppose 7*i, ro, r' all great and nearly equal and expand the 
logarithms, we fall back on the solution for the two-dimensional case 
already given. 

In the above the i^adius of the outer sheath is supposed uniform through¬ 
out. If in the neighbourhood of the origin the radius of the sheath changes 
from r/ to r/, while (as before) that of the inner conductor changes from Ti to 
ra, we have instead of (17), 

(iTi + Kj) log(ri7n) = iTa log (r^'/r^), .(19) 

while (18) remains undisturbed. 

In (19) the logarithmic functions are proportional to the reciprocals of 
the electric capacities of the system on the two sides, reckoned in each case 
per unit of length. From the general theory given in the paper referred 
to w^e may infer that this substitution suffices to liberate us from the 
restriction to symmetry round the axis hitherto imposed. The more general 
functions which then replace logr on the two sides must be chosen with 
such coefficients as will make the circulations of magnetic force equal. The 
generalization here indicated applies equally in the other problems of this 
paper. 
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aigiiy- if l!««^ noiii ars’ nil 1241 , roiliiro t** 


A', 

K II. . 

.ci'.h 

1'V4 4 -„ 

- i";4 >\ 

1 ^ ' 

.(24> 

lo- r, 

i‘»K 


^ io|4 r, 

r.. 

.< 2"* j 


- 1<>}4 r, 



A I ^ ^ i 

Hi r, ' 




i\ - 


.riiU 


all'radi fMiiiid in IH), |!ti 

II0- Halo*' ia*'l}l*«l ilpplioH ivilli lull lifllo Variiitioji lu tin' tiaUV i^n^lora! 
|iia«|»|iiaH »|trlw«*ri4 Mijr uir*" aiid hIii-iiiIi ITj. Tj ) dHi*!*'* an fo 

ns attd ir^., r,/), fr,. ?% ), t*U\, ahviiyn tiiidiu* thi* 

r. 4 i«lisi-ii Iliai ilir* *4 im^j^iiiariiy iirKBi 4 il»!o in raiit|wriH*»n 

lulls i!i«' uau“ !riii4lli*. 11*0 variMiiJ^ wir*-^ and dioatliH 4in% of «'oinT^«\ 
H 4 i|i|w»n}i*d Is* l*«” i's siiiiisii»aiH.. \\ till a similar fiM|ali*»8!i ill** tlirt***!. ailtl i**flo* l« d 
ma4.s'»4 ifio tir^i 'lui** aro dois»4od l*y i/n. A*, and prM|mgat»ai 

* Tla» »--.»iK4ii6.ai ^41 ^aff^rr. that «»iiirus?r nmy |*roiM««4 wJp-rr, in <*f 

11^8^ «r Vh^ mU->nu^'4m%r tvgi.>.n, sn 4i»|«? m i» rislaU imiiitnl mmmmuvp- *4 

Asascr-sss^^ «siSl« ibal »4 Ihiff latfsnniil rh*» ttsrih*'M wcaiki faaL 
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PBOPAGATION OF ELECTRIC WAVES ALONG CONDUCTORS [37l 

onwards along the second, third, and other wires by etc. The 

equations are— 

(-ff, + Zi) log ^ log^ = log^ =., .(27) 

H,-K,=H,:=H, = . 

It is hardly necessary to detail obvious particular cases. 

The success of the method used in these problems depends upon the 
assumption of a great wave-length. This, of course, constitutes a limitation • 
but It has the advantage of eliminating the irregular motion at the junctions.’ 
In tbe two-dimensional examples it might be possible to pursue the approxi- 
mation by determining the character of the irregular waves, at least to 
a certain extent, somewhat as in the question of the correction for the open 
end of an organ pipe. ^ 






THt% rulUCKtTfnX Tci THK LESilTU OF TKUMINATKU RfH)S 
IX KLHrTUHWL RliciHLKMS, 


I Vi»!. \xv. jij}* t fi, 

Is .a f»|p*ri jiMi|M^r *'Oti i,Iir Kli-ririi’iil ViliriifjuuH anwfi'iaipd with tliui 
t I t"i48lrnvMitr*^4 l<« ^}|mw liii'it iJip 

tip* Isfiif tt'iiglli *4 lfi«' giiivpHf vihraiiMU uHii tip* !«ijglh 

iIp^ rs*«i ImI iiiiiforyi lu vaia^h n-LUiu-h'* ihr m^rtiuii in 

rri!i»rr4 liuat, ai nn i\u* ilsr^iry *4 Mar«!t*aalii H'liirh iiuik*“s 

X •■ 'I\V4l. ripIs-r-Hliiipiiag ilmi i}i«-i4rg!Stii*a$l ihn-p jinl S*»rti%arsl hm! rua.. 
Hi#|rr«^t| rMisr|ii-s^n! hu\t^ irn'4 iIm* ♦ism^hIimu liptr*- r^g^*rMl4^»h% Jaii 

ilii" III ili«‘ ai'p riilhrr |4rini*ii44ii% AipI tluh in si**! NiirpriNiiii^ 

III Itii^'W *»l nt ilir wlit-r*- ihr flat piuIh 

llir' ryliiaiiittU 

Tlir iiiMbisaii II Mhii|»i^ PiiiipIi'T in rp.wjH't.ia if wr thai 

i.Ih^ nA *«f l«’ngi}i I mat nitliuii a f«irr*«uiitl«nl liy n pyliiidrifiil cujiKiiiI 
Stirling «4’ miltiift b PEtPialin^ infinity in ImiiIi <iir4*i-*ii«nia (hn* 
iMlvisiitag*' lliiii itp’ vil»riiiii»iii^ m-v n».»w rmtinUnned^ far nu 

wavr.ii run iw’iijw- h* infinity iilmig tln^ tiinii«4. wiring llint I in ?4iji|K^iaI grriit 
wiili 1#*^, Ttir Kfritirirm «»f I HmirrM n!su thr ifalrja^Hfhairr nf tlir 
lw«» rfplM, ?«» itial. I hr wh*4t^ n* I hr Insglh. whnirvrr it is, unity In* 

rt*gar4r*| m Nitii|ily ihi* driilih^ «if limt dur l«* shr nid »»f a hkI infinindy 

l«»ng. 

At 1411 inirri«»r n<*«lr uf nn iufinitrly h*ng r«»«t thr r!rc*trir f«»rcri4, giving rim* 
i%v iiiiiy ^isjn?s'<^-Hr I In riirrgy. Hi*' u iims^iunuii, whik- thr nmgiuiir 

Ums^n rrprr-HriUifig kinrlir iiii^rgy nr** rvinirm'rnt, Thr riiif nf a ti'miiiiitlt'd 
r*»*l rriTr-Hpaak* apjirrxiiiiHUdy nl any In a n*M|r. Thr cti?n{»!icnti«*aH 

tM, M^iih v«|, %-m. p. Itlii iniCMI; Sntn^^r Vo|. v. \k Ml«. 

f |*A#I Val tan p, l‘M V.4. i¥, 2?fi Tht comSiielrr^ ^r*’ 



146 


THE CORRECTIOJSr TO THE LENGTH OF 


[372 


due to the end thus tell mainly upon the electric forces*, and the problem is 
reduced to the electrostatical one of finding the capacity of the terminated 
rod as enclosed in the infinite cylindrical case at potential zero. But this 
simplified form of the problem still presents diflSculties. 

Taking cylindrical coordinates r, we identify the axis of symmetry with 
that of z, supposing also that the origin of ^ coincides with the flat end of the 
interior conducting rod which extends from - oo to 0. The enclosing case on 
the other hand extends from — oo to + oo . At a distance from the end on 
the negative side the potential F, which is supposed to be unity on the rod 
and zero on the case, has the form 


_ log Ijr 
^ Xoghja' 

and the capacity per unit length is 1/(2 log i/a). 


( 1 ) 


On the plane the value of V from r = 0 to r == a is unity. If we 
knew also the value of V from r = a to r=^b,we could treat separately the 
problems arising on the positive and negative sides. On the positive side 
we could express the solution by means of the functions appropriate to the 
complete cylinder 7* < b, and on the negative side by those appropriate to the 
annual cylindrical space b>r>a. If we assume an arbitrary value for V 
over the part in question of the plane ^ = 0, the criterion of its suitability 
may be taken to be the equality of the resulting values of dV/dz on the two 
sides. 


We may begin by supposing that (1) holds good on the negative side 
throughout; and we have then to form for the positive side a function which 
shall agree with this at ^ = 0. The general expression for a function which 
shall vanish when r = 6 and when . 2 r = + oo, and also satisfy Laplace’s 
equation, is 

..., .( 2 ) 

where /ci, h, &c. are the roots of J,{kb) = 0] and this is to be identified 
when z = ^ with (1) from a to 6 and with unity from 0 to a. The coefficients 
A are to be found in the usual manner by multiplication with Jo {kir) and 
integration over the area of the circle K To this end we require 

j^Jo (kr) rdr = -^ J„' (ka), ( 3 ) 

(kr) r tZr = - i \bJo (kb) - aj„' (ka)], .( 4 ) 

j ^log rJ,(kr) rdr = --j. {b log (kb) - a log aJ„' (A:a)j - ~ (ka). ... (5) 


Compare the analogous acoustical questions in Theory of Sound, §§ 265, 817. 






TKHMINATKU IN KI,KcTHirAL PUOHLKMS 


Thus altumAlu r 


^ ^ A I f/uhkr) r r//‘ — \ /r*l.A, 

A-lug6 a j,, 


Kur iA/" wu utuy writr hi tlml if in {2l wi* liiku 

».‘ ^ 

wr sliul! hu\«‘ a iiuiftimi \Uu«*h sniiHiii'H tlu* iiuci'SHary funiliilnns. niul at 2 '^^ (1 
u^.suiurM ihr valtii* 1 ib»iii 1) tu ti uihI ihnt f^xjirusM-d in (1) fVtuu a tu Ik Ihvt 
lh»* valiU’H mIT/T ils nr«‘ ut4 tin* huuh* mi tin* tv\u ^nitlus, 

If wr t'lill fht‘ valni% HU dutmiiiiUHl tui tin* jiunitivi* an wrll hh iijhiu ihu 
tirgaiivr lA. iiiuy iluiiuti* flu* trui* vahiu nl I liy IAj ‘h V\ la* ami < 
lUuuiiM fur F' will flail hr lla* Hitinfiaiimi i»t‘ l*aj»!urf*'.H rt|UHliun thruiighmit 
duMlirlrrlrir O’XrrJil lit 2 0|. that tUl t hr ltrguti\t‘ M«lt* it Uiukr F' C) liuth 
wiaii r ti mill wlaii r li, mal vajuah at 'X . and uu thr iHiaitivr siclr 

F' CJ wlaii r and whmi ^ , and that wla*u : 0 F' itHnnuir thr 

HUia valiiu uii thr iwu Hidrn Urtwi'ru n mal h and mi thr jnmilivr Huh* thr 
^nin* /«iM trmn I) tu n. A ftirlhrr riiidiliuii fur thr i^xia^t Kuhilimi in that 
f/F dx> ur 1 /F,. it: t tlV dz, hIihII hr thr Miiur uji thr f wu aidra iruin a tu 
f h wlaii : ■» ft 

X»nv whairvrr nmy hr inulhrr rr.N.jirr!H ihr rhararfm-uf F' un t hr ni‘galivr 
Hidr, it ran llr rXJifrNHrd hv Uir Hrlh’S 

F* ^^^I //,./>tA,.tH) 

wlair i|i iV**. arr thr iiminnl runrtiuiiH a|H*ru|iriHtr lu tla^ Hvuinairiral 

\ihrniiuiiH uf mi miittdar inrinlirmir nf radii u and A, hi ifiat vnnishrs 

fhr r # 1 , r In thr nsiml nutatiun wr may writr 

^ . J^ihr) iAiAn 


JAUur WOun . 

with thr huihrr ruiMliliuii 

YAha)JAhh)- JAlHi) ..4 Hn 

drtrnniniiig thr vidiirn uf/n Tlir fnnriimj ^ Hiitinfirs llir Hunir ditfrrrntifil 
ri|iimi iun an clu miii Yu* 

('urisitlrriiig fur thr iirrnriit uidy uiir irrui u| thr Hriirs (Hi, \vr ha^r tu 
find fur thr pusitivr nidr a fiuirtiuii whirh shidl salisly tin* utlirr ma^t^mary 
runtliiiiiiiH mid whrn ^ t) niakt* Iruin 0 tu and 1 — //^cAr) Irmn 

it tu /i. Ah hrfurr, snrh a fnnrtiun nmy \u* rxjirrKsrd by 

F' /4*A,Uyr)rr 4^......4 i i ) 

mid thr mdy rtiiiaining unrslitm in tu fiinl thr <*urHkirntH /A Kur this 
|uirjiuHr wr r«»<|uirr tu (’valuatr 

^ {/ir}Ju(kr) r(!t\ 


10 2 
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From the differential equation satisfied by and ^ we get 

j-/y. (fc) "•][+/; g f .• 

and , {kr) <^(]w)rdr = ~ 

SO that 

(k^- - h?) J V„ (h~) <l> (hr) rdr= rJ, ^ 

= - haJ^ (ha) <!>' (ha), . ( 12 ) 

since here 0 (Aa) (A6) = 0, and also Jo(/(?A)=0. Thus in (11), corre¬ 
sponding to a single term of (8), 

^ _ 2haHJo (ha) <h' (ha) 

. (h:^-k‘^)b'^J;^(hb) .^ ^ 

The exact solution demands the inclusion in (8) of all the admissible values 
of A, with addition of (1) which in fact corresponds to a zero value of A. 
And each value of A contributes a part to each of the infinite series of 
coefficients B, needed to express the solution on the positive side. 

But although an exact solution would involve the whole series of values 
of h, approximate methods may be founded upon the use of a limited number 
of them. I have used this principle in calculations relating to the potential 
from 1870 onwards^. A potential V, given over a closed surface, makes 

^ //] {©' + ©' +i^)]dxdydz, .(14) 

reckoned over the whole included volume, a minimum. If an expression 
for V, involving a finite or infinite number of coefficients, is proposed which 
satisfies the sui-face condition and is such that it necessarily includes the true 
form of F, we may approximate to the value of (14), making it a minimum 
by variation of the coefficients, even though only a limited number be 
included. Every fresh coefficient that is included renders the approximation 
closer, and as near an approach as we please to the truth may be arrived at 
by continuing the process. The true value of (14) is equal by Green’s 
theorem to 

. . 

the integration being over the surface, so that at all stages of the approxi¬ 
mation the calculated value of (14) exceeds the true value of (15). In the 
application to a condenser, whose armatures are at potentials 0 and 1, 

* Phil. Trans. Vol. clxi. p. 77 {1S70) ; Scientific Papers, Vo], i. p. 33. Phil. Mag. Vol. XLiv. 
p. 328 (1872) j Scientific Papers, Vol. i. p. 140. Compare also Phil. Mag. Vol. xlvii. p. 566 
(1899), Vol. xxu. p. 225 (1911). 






TKaMIXATKI) Hta>S IX I'ltOjtLKMS 14?) 


ch*l n'lH'fHrufs th*‘ rupniutif. A rnlc!ilati«»n ut (’apacity ruumhal upon nu 
up]>r»«\UHal** uf | ia (14) is thus ulwuy.s an n\i‘r»‘Htiuiult*, 

In t!i»“ pi'r^^i-iit fast* wi‘ may .Hulistituti* Ua) i'nr (14), if wr ronHichu* th»* 
pM^iiiur aial siilrn srpnralfly. if is mily at that I^iplaufs 

t t|UatiuH fiil^ tn ivt-riv** Hiltisfiirliuu. Thi* i*nmplt'tl‘ i\\pr<*ssiun fur V iiU tht‘ 
Uivru hy ruuilutintiun i,f (2) mul (11). nud lliu Hurfaia* uf intugrntiun 
m rMiiipuMsl nf till* ryliiidriral Wall r h fnun : -- (I tu c x ,nu(l nf thu phutu 
: (t li’Mm r 0 tu r /i®, Tliu rytimlnral wall I’untrihufrH ^uthiI^)^^ sinci* I"* 

vaiH’^la's aluiii^ it. At ^ ■■ (I 

r ^{A f H)JAlrl ^ il V dz V/- ( J I //) (/.r); 

(15) I/r>./*'(.! I /Il J; (W/). (t(j) 

iht iIh* !i ft ihu rumplutr vnlui- uf T iitrlmh-s (1) mal (H). Thuru iirr luur two 
«’) Inidrsuid surlarrH. hut r h ruutrihiiius iiuthiu|4 lur t!ii‘ Hiiiut- ruasun an 
hrf«»i>-. Hji r ii, %\v fiavu I*" f ami 


r/r I 

tlf a !u^^ 5 a 


i:/# //c/j* * liu) ; 


su ihni thin part ut th«* .surfaru, r^tundiii^ tu a ^n-nt «lisi»uu*u ^ jss ««./, uuulri- 
liUl«’.H 1*1 1151 

. \ [[ lUifiliatl ..! 7 ) 

Tli«-iv nauatUM t<s hu t*uHHiiit*rrrl iliu nnituiar ari-a. at ■■:- U. C )vi»r ihin 

K ' ‘ ...(IH) 

dV/tk -B//^(4rK ..... 

Th«^ iiiru|4riiilK rucjuiri»tl an* 


I 4^ihv}rtlr s --A ' * ).» ..4,20) 

. ti 
' lit 

I lug r^(hr} r dr *s — A lug ildn — u lug#/ ...{21) 

, Ii 

1*4 

I |^C/ir)f^r f/r {hh)/ ..............422) 


iiml wr gut f«>r thin put uf thu aiirfkrt* 

I a S ( hit ) 4 * ■ ^' ( hh ) #f^ ; | ha ) ^ ^]. * *., 

Thu.H fur tht* whult* Hurfimr* on ihu luft 

2U«g6-'« .t24i 


Th« ilsrfMii ttl 8 - -f » may efidttitly b® iM»r#gftrtW. 
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the simplification arising from the fact that (1) is practically a member of the 
series <j). 

The calculated capacity, an overestimate unless all the coefficients S are 
correctly assigned, is given by addition of (16) and (24). The first approxi¬ 
mation is obtained by omitting all the quantities H, so that the B's vanish also. 
The additional capacity, derived entirely from (16), is then ^b‘^tJcA^Ji\kb), or 
on introduction of the value of A, 


b ^ Jo^(Jca) 

log^-b/a^'j?^r(kb)’ 


,(25) 


the summation extending to all the roots of J^y(Icb) = 0. Or if we express 
the result in terms of the correction SZ to the length (for one end), we have 


2b ^ (ka) 
~^logb/a^k^b^Ji^(kb)^ 


(26) 


as the first approximation to 81 and an overestimate. 

The series in (26) converges sufficiently. jQ-{ka) is less than unity. The 
mth root of Jo(^r) = 0 is ^ = (m —i)7r approximately, and (x) = 2 Ittx, so 
that when m is great 

_i_=. . ..(2'7) 

(x) TT (4m — ly 

The values of the reciprocals of x^Jy(x) for the earlier roots can be calculated 
from the tables* and for the higher roots from (27). I find 


m 

X 

± Ji (x) 

a-8 -T- Ji^ [x) 

1 . 

2-4048 

•51915 

•2668 

2 . 

5-5201 

•34027 

•0513 

3 . 

8-6537 

•27145 

•0209 

4 . 

11-7915 

•23245 

•0113 

5 . 

14-9309 

•20655 

•0070 


The next five values are *0048, *0035, ‘0026, *0021, *0017. Thus for any 
value of a the series in (26) is 


•2668 Jo^ (2-405 a/b) + ‘0513 (5*520 a/5) + ; ..... .(28) 

it can be calculated without difficulty when ajb is given. When ajb is very 
small, the J's in (28) maybe omitted, and we have simply to sum the numbers 
in the fourth column of the table and its continuation. The first ten roots 
give •3720. The remainder I estimate at *015, making in all *387. Thus in 
this case 


log b/a 


(29) 


* Gray and Mathews, BesseVs Functions, pp. 244, 247. 
















liual 


TKHMIKATKD UuUS IX KLKtTUU'AI, {‘UnULKMS 


if is [mrtirtilairly t«» !«• that allliuugti (‘iH) is nil uvrrrstiuuiti*, it 

vniiishit'H ulhii II tiiiiis to */i*ro. 

"llio no\i srt*|i iii I hi* ajiproxinjatiua is tho ini*lusiiin nf //, (*orr«*M|jon<li!ig 
Ui thr lirni r«M»t /#* of (^ihh) ih K«ir u givi*n A*, H has only uni* toriia 
Uy il*l| \\lMii \vi* wrih* /ij* i/| for A,//. hi (10) whon wt* oxpand 
iA I lit\ w** iilftaiii throo ma'ios ofwfufli iho fimt invnlvin;l^ is thutalroudy 
dt*all with. if diH’H Hut ilrjHiid ajH»ii //n, ('oiistnut liiftorH lndttg uudtiofh 

tiif st*t*i«!id Hi'iioN t!o|H*udH ujHUi 

... 

nn«l I ho third tijwiu 

v . 

.^ 

tho suituituiloiiH iiicdaditiK alt admiHsihl** vnliioH ttf h. In (24) wo havo untlt^r 
tarroiy ilio loriji rorrosjn aiding*' to //j. /i,. d'hi* nmn off 10) and (24) 

SH a nuiidraSi«* t^sprowinii in //j,iujd is fu hr iiiadr a ntiniiiiuiu hy varintittti id' 
that ijiiiiulily. 

d'lir iijijilii’alion of iltiH jaofi^sH to tin* iniso of o vi-rv Hiiud! 1 o)w1h in ii 

riithor intfjMHH rr^idl, ft i« known ( Thmrt^ af Stumtl, ^ 21dii) that and /if' 
iirr tlnii n* nrly njunl. mu tlml tho firHi torius of (20) and (dl) an* ndalivtdy 
lar| 4 «“« and rrqaiir n Hiwriitl I'vuluntiun. Ft»r iIiIm. [nu po^o wo must n^vni to 
(10) in vvhii’h. ninfr hn m .Minall. 

r.r,. (/at) /ai Ju i hn | -f 2J... t/m K ...,,..4^2) 

HI# that nraijy rnon|ih 

JrAhh) ih — k) hJJ ikh) J ^ I ^ ^ 

h«g/m hiifka 

and * * -...ddH) 

nJ, (An) logArl 

TfniH, wlion (I im Hiniill t*nou^h, iho first ivrnm of (dO) mid (dl | iloriiinnti* thf 
uthia^H, and wr may inkr simply 

. 


.(:a> 


+A-. rjim ■ 




Also - . . . , . ^ / .. 

AvilogA'jn ^ log^jfi 

t'siiiK thrHt% wo ftmi from (Id) and (24) 

^ V I + 4- 

11/rri ( kh ) 1«»g /i/n . Yu (kj /i) ♦/,i kih ) 4tk\ F/ ( k\ b ) 

^ „ k\HA \UV‘-Hhhx^h 


2 log b;a 4 log^ k\a 


.(‘17) 
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as the expression for the capacity which is to be made a minimum. Com¬ 
paring the terms in Hij we see that the two last, corresponding to the 
negative side, vanish in comparison with the other in vii'tue of the large 
denominator log^^-ia. Hence approximately 


,, 2Fofe6) 

^ kihXogbja 

and (37) becomes 

I _ 6 _ ^_1_^ _L__ 

2 log hfa ^ log- b/a ^ k^lfJi^ (kb) log- b/a Jcib^ Ji {k-Jj) 


(38) 

(39) 


when made a minimum by variation of Hi, Thus the effect of the correction 
depending on the introduction of Hi is simply to wipe out the initial term 
of the series which represents the first approximation to the correction. 


After this it may be expected that the remaining terms of the first 
approximation to the correction will also disappear. On examination this 
conjecture will be found to be verified. Under each value of k in (16) only 
that part of B is important for which h has the particular value which is 
nearly equal to k. Thus each new H annuls the corresponding member of 
the series in (39), so that the continuation of the process leaves us with the 
first term of (39) isolated. The inference is that the correction to the 
capacity vanishes in comparison with b H-log^ bja, or that hi vanishes in com¬ 
parison with b-^loghjcL It would seem that hi is of the order 6-f-log^t/a, 
but it would not be easy to find the numerical coefficient by the present 
method. 


In any case the correction hi to the length of the rod vanishes in the 
electrostatical problem when the radius of the rod is diminished without 
limit—a conclusion which I extend to the vibrational problem specified in 
the earlier portion of this paper. 






UN ruNFuiCMAL UKl*HKSKN‘rATluX A MW’HANICAl. 

Vi)\ST VIKW, 


I :jjifr, \*m|. \\V. jip, 7^2. UUli.j 


I\ iiiNst rs»itlMriu;d i's‘jii»'N»itintiiiu ihr <>f unr {intJil ,r,// 

in jiliii*" iIimm- mI” liji- jniint ii hy tin* 

i'rl^UMlI 

i «// ‘/'if \ o/K ....1 I 

f aiiiilniry In Irau'^ldruialinn rt*nmin 

and ta*rrrHp«ni|in^ iitruiil«'’^uiiial iin* Hinnlar, in»i in 

?«iini!nt't\ If wr idtril>iii«' f, f/ vnlni**^ in aruhnn*!i«*al 

wiifi ila* Hiiiall rMuiiuMn iliiTi*ri*jiri\ iIh* Hiiii|»lf* Hi|narn nrt- 

w*»rk in rr|iir(i*H«'nl*'«l hy iwu uf lair aiiMiln'r at iiuglr*H 

mi n-H iu |*«na winil itr** nlliinaNdy wln*n fin* nri||iiuil i’^mnnai ilillhr- 

liii,*!!'' niiidi* .Hiiinll rinni^h. F*i>r n%iiinji!i\ nn n HjM*rial fiiM* nf 111* if 

f » r c f 4* u/1. ...... 4 i I 

,r r niii f cnmh i/ -3 c ifuH f ttilih r; ; 
iitni tin* rnr%'rM nurmHjMinding i** » nuiiMliiut i.tri» 

If 

1^4 «® I , «,*»**.< ►■I.•**♦».«»** 4 .. .C*JI 

lUid «*«»rrt*H{M»ndiiig t** fninHiaiit jirn 




(4) 


u nf niid hy|M*rlM>linH. 


It in UHinil til n4vr j\ ij and ^ l« Hnj>n.mtr jilain^H and, iim far hk I hnvn 
n«» tmmitum fniiii tin* nin* jHwitinn to thn nthnr ia contninplatrch 
Hnt «.if niiur^*-* lh«*rn in initliing tn furhicl thn twn m^im nf nunnlinainH b<*in|{ 
tnkui in tlm wnir pliun? iind iiiniHtirnd nn ilu? aanin iixm. \Vr may then 
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regard the angular points of the network as moving from the one position 
to the other. 

Some fifteen or twenty years ago I had a model made for me illustrative 
of these relations. The curves have their material embodiment in wires of 
hard steel. At the angular points the wires traverse small and rather thick 
brass disks, bored suitably so as to impose the required perpendicularity, the 



two sets of wires being as nearly as may be in the same plane. But some¬ 
thing more is required in order to secure that the rectangular element of 
the network shall be square. To this end a third set of wires (shown dotted 
in fig, 1) was introduced, traversing the corner pieces through borings 
making 45° with the previous ones. The model answered its q)RJ^pose to a 
certain extent, but the manipulation was not convenient on account of the 
friction entailed as the wires slip through the closely-fitting corner pieces. 
Possibly with the aid of rollers an improved construction might be arrived at. 

The material existence of the corner pieces in the model suggests the 
consideration of a continuous two-dimensional medium, say a lamina, whose 
deformation shall represent the transformation. The lamina must be of 
such a character as absolutely to preclude shearing. On the other hand, it 
must admit of expansion and contraction equal in all (two-dimensional) 
directions, and if the deformation is to persist without the aid of applied 
forces, such expansion must be unresisted. 

Since the deformation is now regarded as taking place continuously, / in 
(1) must be supposed to be a function of the time t as well as of ^ 4- ir^. We 
may write « 

^ + .( 5 ) 

The component velocities u, v of the particle which at time t occupies the 
position X, y are given by dxjdt, dyjdt, so that 

+ = f+ ^7;). 


( 6 ) 
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where denote arbitrary functions. Another form of (9) is 

F^(x -h iy) = t + F.i^ iTj) .(10) 

For an individual particle F^i^ + iv) is constant, say + The equation 
of the stream-line followed by this particle is obtained by equating to ib the 


imaginary part of F;^ (x + iy)- 

As an example of (9), suppose that 

X -{‘iy^c sin [it H- ^ 4* inf)], .(11) 

so that = c sin ^. cosh {rj + 1), ?/ = c cos ^. sinli (?? 4 35), .(12) 


whence on elimination of t we obtain (4) as the equation of the stream-lines. 

It is scarcely necessary to remark that the law of flow along the stream¬ 
lines is entirely different from that with which we are familiar in the flow of 
incompressible liquids. In the latter case the motion is rapid at any place 
where neighbouring stream-lines approach one another closely. Here, on the 
contrary, the motion is exceptionally slow at such a place. 
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or by use of (3) 

= 4 


6 dx- Vy, 


(yj^'2 ^ ^3^2 _ [ d- /IXl" 

36*’~ \y/j 


y^ - -v/r) ^ ^ /1\) _ f' (^ jr^ ~ ^jr) ^ /1\ 

36 dx- dx- \yj) 120 dx"^ \v// ‘ 


.(4) 


The evanescence of yjr when y = 0 may arise from this axis being itself a 
boundary, or from the second boundar}^ being a symmetrical curve situated 
upon the other side of the axis. In the former paper expressions for the 
“ resistance and “ conductivity ” were developed. 


We will now suppose that ^lr = 0 along a circle of radius a, in substitution 
for the axis of x. Taking polar coordinates a 4- r and 0, we have as the 
general equation 


(« + O' 2^, + (« + »•) 


d^fr dryfr 
dr dd- 


= 0. 


.( 5 ) 


Assuming r H -, .(b) 

wdiere Mi, M^, &c., are functions of 0, we find on substitution in (5 ) 


2a-i2o + cfJii = 0, I 

-f- Get 1^2 4* 1^1 + Ml' = 0 jI 


so that 


'\}r = Ml r — 


Ji^r^^(2Ml 

2a ~ " 


da¬ 


is the form corresponding to (2) above. 


If 'x/rrr: 1, (8) yiclds 



.L 

2a 


r- -?•- d- n.\ 

r2^ Ga- W- \r) ’ 




.(!)) 


expressing as a function of 6, when r is known as such. To intopolati' a 
curve for which p takes the place of r, we have to eliminate 7i, between 

l_p,. , (2i2.-72/')r= 

and ^p■ = E^p- + (jfii - -R/Op' 

2a 6a^ 

7? 9 7? 7? " 

Thus p = r-y^- {pV^ - rp‘^) + ■ (pH - rpr'), 

and by successive approximation with use of (9) 

P = r<r+ - titzA) + L' H ^|r if"- - 1) (P /lA 

P 1.2 1.2.3 6 de^Kr)' 
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The significance of the first three terms is brought out if we suppose that 
r is constant (a), so that the last term vanishes. In this case the exact 
solution is 

,0-4-0 ,04-0 /n\ 

= ,.( 11 ) 

whence 

a~V a ) 17273 . 

in agreement with (10). 

In the above investigation is supposed to be zero exactly upon the 
circle of radius o. If the circle whose centre is taken as origin of coordinates 
be merely the circle of curvature of the curve = 0 at the point (0 = 0) 
under consideration, '\{r will not vanish exactly upon it, but only when has 
the approximate value c being a constant. In (6) an initial term Rq 
must be introduced, whose approximate value is—But since Rq"' 
vanishes with equation (7) and its consequences remain undisturbed and 
(10) is still available as a formula of interpolation. In all these cases, the 
success of the approximation depends of course upon the degree of slowness 
with which y, or r, varies. 

Another form of the problem arises when what is given is not a pair of 
neighbouring curves along each of which (e.g,) the stream-function is con¬ 
stant, but one such curve together with the variation of potential along it. 
It is then required to construct a neighbouring stream-line and to determine 
the distribution of potential upon it, from which again a fresh departure may 
be made if desired. For this purpose we regard the rectangular coordinates 
^r;, y as functions of f (potential) and y (stream-function), so that 

.(13) 

in which we are supposed to know f{^) corresponding to 97 = 0 , i.e., x and y 
are there known functions of f. Take a point on ?; = 0, at which without 
loss of generality f may be supposed also to vanish, and form the expressions 
for X and y in the neighbourhood. From 

X iy = Aq-\- iBo + (A 1 4~ iBi) (I" 4" 'i'^) 4 - (Ao 4- iB.^) (f 4- itjY 
we derive x = Ao-\~ - B^rj 4 - As (^- — 97 ^) - 2 B 2 ^v 

4- A 3 (p - 3|97-) - Bs (3p97 - 77 *^) 

4- A 4 (^-^ - 6f-97- 4 - 97 ^) - 4^4 (P-J? - + • * *, 

2 / = 4- Ai97 4 - 2Asf97 4 - £3(? ~ v'') 

4-A3(3r^77-970 + 53(r~3|970 

+ 4A4 (f 97 ^ ^97^ 4 - ^4 (r ~ + ^0 + • • • • 

When 97 = 0, ^ = Ao -t Ai^4- Asp 4- Agp -4- A 4 P 4 - ..., 

2/= J5o 4-4-+ ^3^ + ^4p + •... 
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Since x and y are known as functions of f when 9 ; = 0, these equations 
determine the A's and the 5’s, and the general values of oc and y follow. 


When ^=0, but rj undergoes an increment, 

^ = J .0 — B^rj — Ao7]^ + 4- — ..., .(14) 

y = 5o + A-^rj - BoT)- -^3773 + 547;^ + ..., .(15) 

in which we may suppose 97 = 1 . 


The ^’s and 5 ’s are readily determined if we know the values of x and y 
for 77 = 0 and for equidistant values of say ^ = 0, ^ = + 1, |^= ± 2. Thus, if 
the values of x be called x^, x^^, x^, Xo, x_o, we find 

Aq=Xq, and 

. 2 , . 1 . s A ^2 — ^-2 

-di = g (^1 - x_,} - -- (^2 - ^„o), ^3 = - - — , 

, 2 (^'1 + x_i — 2^ro) Xo 4 - x_,o — 2 xq 

““ 3 = ^ 

. ^^2 4- x _2 — 2 xo Xi + x^i — 2 xq 

A,- 24 6 ' ‘ 

The jB’s are deduced from the ^’s by merely writing y for x throughout. 
Thus from ( 14 ) when f = 0 , 77 = 1, 

5 1 

^ = Xq - - (^1 4 - ^-1 - 2^0) + Y9 (^2 + ^’-2 - 2^0) 


- g ( 2/1 - 2 /- 1 ) + g (2/s - 2/-s).(16) 

5 1 

Similarly 2/ = 2/o “ g (S/i + 2/-i “ ^ V-^- “ 22/o) 

5 1 

+ 0 (,^‘l l) 0 (^2 (^’— 2 ).(^0 


By these formulae a point is found upon a new stream-line (77 = 1) cor¬ 
responding to a given value of 5 . And there would be no difficulty in 
carrying the approximation further if desired. 

As an example of the kind of problem to which these results might be 
applied, suppose that by observation or otherwise we know the form of the 
upper stream-line constituting part of the free surface when licpiid falls 
steadily over a two-dimensional weir. Since the velocity is known at every 
point of the free surface, we are in a position to determine ^ along this 
stream-line, and thus to apply the formulae so as to find interior stream-lines 
in succession. 

Again (with interchange of ^ and 77) we could find what forms are 
admissible for the second coating of a two-dimensional condenser, in order 
that the charge upon the first coating, given in size and shape, may have a 
given value at every point. 

[Sept. 1916. As another example permanent wave-forms may be noticed.] 







ON TllK PASSACJK OF WAVES THIiOlAni FINK SLITS 
IN 1MIIN ()PA(,M^^ SiniKKNS. 


\ Pn^nu’diiitfs i\f fhv. Jioi/td Sfiridi/, A, Vol. LXXXIX. pp. n>4« 211), Pn:>. ] 

I\ ;i toi’iiKT pap«*r* I sohil.ions appli<*al)I«‘ to pa.ssaL»’{* of 

tliroiio’}} \ rry nai’mw slits in inlinilt'Iy t-hin porfcctly opatjiio sci’(‘ons, loi’ tlio 
two prinaip.'tl casos wlun'o t.lio polai'isa.ta’on is oitlioi’ pa,i'allol or jjorpondiculai' 
to llio lfni;’th ol tlio slit. It appoarod tJiai if tlio width (2/>) of fho slit, is 
vory small in comparisoti wit h t hr wa vodcnot h (A,), t Iuto is a iniicli nior(‘ 
froc passaoo wlam tin* <*li‘(‘tric vector is perpendiiad.ar to the slit, than when 
it is j)arallel to tie* slit, so t hatr nn}>olarised lii^ht ineidtmt upon the screen 
will, after passa^i^e, appea,r polai*i.si‘d in the ionner inannei-. This (‘omTision 
is in aee(jrdanee with flu* ohser\ations of Fizea.ir*" np(Ui the very narn»west 
slits. Mzeau found, howevtu’, that, somewhat wider slits (scratches upon 
si ha •t'od ola.ss) oaVi‘ t-he opposit.(‘ polari.saJion ; and I have lone wislual to 
extend the caalcuiatioiis to slits ot \vid(:h coinparahh* with A. I'laa suh’p‘ct< 
has also a, practical intauaast in conmaation wit.h ohscuwations upon tin* 
Ziaunan effcci/J;. 

'rh<‘anaivsi.s appropria,tc to j)rol>lcins of tJiis sort would a,])p(air to hr h\' 
use of elliptic* coordinate's; hut I have not. .se(‘n ni\’ wa\' t.o a solution on 
these lines, which wmdd, in a,ny case, ht* ratJn*!’ concplica,ta*d. in chdault of 
such a .solution, 1 have fallen back upon the approximate methods of my 
termer paper. Aj^art from t.he intended appli(atti<»m some of tlu^ problems 
which present, themselves have* an inten'st of theii* own. It will l>e corna*- 
nienf to repeat the genera,! argunumt almost in the words formerly etnployed 

^ “()n tin* of Wavt’.s throuali /Vpca-turicH in Plain* Sem*n.H and Ailird Problems," 

Phil. Miitj, l s97. Vdl. XI. m. p. ti.lU; Sricutijir Jhipcru^ Vol. iv. p. ‘iS.'i 

t AjiuitJr.s de rhintie, Vol. nxin. p. asa; MaKcart’K 'frattr d'Ojdiqur, § (tio. Bno also 

Phil. Mdij. I‘K)7, Vol. .\iv. p. IblO ; Srientijlc PaperSy Vol. v. p. 417. 
t ZtManan, AmHerdnm PnKU'cdinffa, October, 1012. 
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Plane waves of simple type impinge upon a parallel screen. The screen 
is supposed to be infinitely thin and to be perforated by some kind of 
aperture. Ultimately, one or both dimensions of the aperture will be 
regarded as small, or, at any rate, as not large, in comparison with the wave¬ 
length (X) ; and the investigation commences by adapting to the present 
purpose known solutions concerning the flow of incompressible fluids. 

The functions that we require may be regarded as velocity-potentials <^, 


satisfying 

FV-(^.(1) 

where = drjdx- -f- d^jdy- + d^jdz^^, 

and V is the velocity of propagation. If we assume that the vibration is 
everywhere proportional to (1) becomes 

+ = .( 2 ) 

where /j = ?z/F= 27r/X.(3) 


It will conduce to brevity if we suppress the factor On this under¬ 
standing the equation of waves travelling parallel to x in the positive 
direction, and accordingly incident upon the negative side of the screen 
situated at = 0, is 

.(4) 

When the solution is complete, the factor is to be restored, and the 
imaginary part of the solution is to be rejected. The realised expression 
for the incident waves will therefore be 

= cos {nt — kx) .(5) 

There are two cases to be considered corresponding to two alternative 
boundary conditions. In the first (i) d(f)ldn = 0 over the unperforated part 
of the screen, and in the second (ii) ^ = 0. In case (i) dn is drawn outwards 
normally, and if we take the axis of ^ parallel to the length of the slit, </> will 
represent the magnetic component parallel to z, usually denoted by c, so that 
this case refers to vibrations for which the electric vector is perpendicular to 
the slit. In the second case (ii) cf) is to be identified with the component 
parallel to ^ of the electric vector R, which vanishes upon the walls, re¬ 
garded as perfectly conducting. We proceed with the further consideration 
of case (i). 

If the screen be complete, the reflected waves under condition (i) have 
the expression cf) = Let us divide the actual solution into two parts, 
and ^lr; the first, the solution which would obtain were the screen complete; 
the second, the alteration required to take account of the aperture; and let 
us distinguish by the suffixes m and p the values applicable upon the 
negative, {minus), and upon the positive side of the screen. In the present 
case we have 
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This ;)(;-solution makes — d')(pjdn = 0 over the whole plane .^• = 0, 

and over the same plane Xm, = Xp~ 

For the supplementary solution, distinguished in like manner upon the 
two sides, we have 

/' j' o—ihr j* j' p—'ikv 

= J I -y- dS, = 11 % -- dS, .( 7 ) 


wliere r denotes the distance of the point at which 'v/r is to b(i estimated from 
tile element dS of the aperture, and the integration is extended (AX‘r the 
wliole of the art^a of a])erture. Whatever functions of position may 

be, th(‘S(‘ values on the two sides satisfy (2), and (as is evident from 
symmday) they make d'\jr.tjdn, dy^pld;ii vanish over the wall, viz., the un- 
pm-fora,ted part of the screen, so that the required condition over the wall 
for tlu‘ com])let(.‘ solution is already satisfied. It remains to consider the 
furth(‘r conditions that </> and d(f)ld..x shall be contiiuious across the aperture. 
These conditions require; that on the a])erture 

2 + = ■yfrj,, .( 8 )*' 

Tin* second is satisfied if "^F^, = —; so that 

f n,. = f j dS, i.,, = - [ [%„. dS. (9) 


making the values of yfr.p equal and opposite at all corresponding points, 
viz., points which are images of one another in the plane .x’= 0. In order 
furtlnu* to satisfy the first condition, it suffices that over the area of aperture 

= = .(I^) 

and the remainder of the problem consists in so determining that this 
shall lie the cas(\ 


It should be remarked that 'T' in (9) is closely connected with the normal 
velocity at dS. In general, 


d'yjr 

dx 



( 11 ) 


At a point {x) infinitely close to the surface, only the neighbouring 
elements contribute to the integral, and the factor may be omitted. 
Thus 






Zttx 




or = ■ 


1 ^ 
27r dn 


, ...( 12 ) 


dy\rldn being the normal velocity at the point of the surface in question. 


The use of dx implies that the variation is in a fixed direction, while dn may be supposed 
to be drawn outwards from the screen in both cases. 
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In the original paper these results were applied to an aperture, especially 
of elliptical form, whose dimensions are small in comparison with X. For 
our present purpose we may pass this over and 'proceed at once to consider 
the case where the aperture is an infinitely long slit with parallel edges, 
whose width is small, or at the most comparable with X. 


The velocity-potential of a point-source, viz., is now to be replaced 

by that of a linear source, and this, in general, is much more complicated. 
If we denote it by D (/cr), r being the distance from the line of the point 
where the potential is required, the expressions are* 


-D (^r) - ( 2 ^^^ j ® 1 ] . siA-r i . 2 . (Si^r‘ ‘} 


1 " 


r.3^ 


I 




/c-r^ 




k^7'^ 


+ 2 = 2 “. 4 “. 6 "' 


.( 13 ) 


where 7 is Euler’s constant (0*577215), and 

>S^m = H-i + i + ... + l/m.(14) 

Of these the first is “semi-convergent” and is applicable when kr is large; 
the second is fully convergent and gives the form of the function when kr 
is moderate. The function D may be regarded as being derived from 
Q-ikrjr^. by integration over an infinitely long and infinitely narrow strip of 
the surface S. 


As the present problem is only a particular case, equations ( 6 ) and (10) 
remain valid, while (9) may be written in the form 

*^774 = (kr) dy, fp = - f%nD {kr )dy, .(15) 

the integrations extending over the width of the slit from y = - h to 
y = + b. It remains to determine so that on the aperture = — 1 , 

= + 1 . 

At a sufficient distance from the slit, supposed for the moment to be very 
narrow, D (kr) may be removed from under the integral sign and also be 
replaced by its limiting form given in (13). Thus 

. 

If the slit be not very narrow, the partial waves arising at different parts 
of the width will arrive in various phases, of which due account must be 
taken. The disturbance is no longer circularly symmetrical as in (16). But 
if, as is usual in observations with the microscope, we restrict ourselves to 


See Theory of Sound, § 341. 







' 1913 ] 


FINE SLITS IN THIN OPAQUE SCREENS 


165 


the direction of original propagation, equality of phase obtains, and (16) 
remains applicable even in the case of a wide slit. It only remains to 
determine as a function of y, so that for all points upon the aperture 

^''\r,,D(kr)dy^-l, .(17) 


where, since kr is supposed moderate throughout, the second form in (13) 
may be employed. 

Before proceeding further it may be well to exhibit the solution, as 
formerly given, for the case of a very narrow slit. Interpreting ^ as the 
velocity-potential of aerial vibrations and having regard to the known 
solution for the flow of incompressible fluid through a slit in an infinite 
plane wall, we may infer that will be of the form A Qf — where A 
is some constant. Thus (17) becomes 


A 


(7 + log I ik) TT -f- 


‘+6 logr.dy' 




,(18) 


In this equation the first part is obviously independent of the position of 
the point chosen, and if the form of has been rightly taken the second 
integral must also be independent of it. If its coordinate be 7 ?, lying 
between ± 6, 


r+® logr. dy _ /•’i log (y -y)dy p log {y -v)dy 

J-i" .^ ^ 

must be independent of 77. To this we shall presently return; but merely to 
determine A in (18) it suffices to consider the particular case of 77 = 0. Here 


Thus 


r+b 

4 ( 7 - 1 - log J tkb) TT = — 1, and dy = irA ; 

J -b 


Q iJZV / rjY \ ^ 

SO that (16) becomes .(20) 

From this, -x/q, is derived by simply prefixing a negative sign. 

The realised solution is obtained from ( 20 ) by omitting the imaginary 
part after introduction of the suppressed factor If the imaginary part 
of log {\ikb) be neglected, the result is 



, f 'TT cos {nt — kr — \ tt) 

\2kr) -y+log(iA;6) ’ . 

.(21) 

corresponding to 

= 2 cos nt cos kx . 

.(22) 


Perhaps the most remarkable feature of the solution is the very limited 
dependence of the transmitted vibration on the width (26) of the aperture. 
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We will now verify that (19) is independent of the special value of r). 
Writing y = h cos 6^ r]==h cos a, we have 

+ f log 2 (cos a — cos 6) d6 — ir log {\h) 


+ 


I log 


2 sin 


a. + 6 


. a-e 


d0+ log psin— ^)-d6+\ log j 2 sin 


. 6 - 


dO 


riTT+ia r^a 

— IT log 1-5 + 2 1 log (2 sin cp) dcf) -h 2 log (2 sin (p) dcp 
J ^CL •d 0 

r^TT — ha 

+ 2 log (2 sin (p) d(p 

J 0 

f+-(-ia 
i-TT 


log-J6 + 2 " log (2 sin <^) + 2 [' “ log (2 sin cp) dcp 

V 0 J ^TT 


+ 2 


iff —ia 


log (2 sin (p) d(p 


+ff 

= IT log ^5 + 4 log (2 sin <p) dcp, 
. 0 


as we see by changing <p into Tr — cp in the second integral. Since ct has 
disappeared, the original integral is independent of 77 . In fact^ 

I log (2 sin (p) dcp = 0, 

Jo 

and we have 2 .(23) 


as in the particular case of 77 = 0 . 

The required condition (17) can thus be satisfied by the proposed form of 
T*, provided that kb be small enough. When kb is greater, the resulting 
value of 'yjr in (15) will no longer be constant over the aperture, but we may 
find what the actual value is as a function of 77 by carrying out the integration 
with inclusion of more terms in the series representing Z), As a preliminary, 
it will be convenient to discuss certain definite integrals which present 
themselves. The first of the series, which has already occurred, we will call 
ho, so that 

ho = f ^ log (2 sin 0) dd = [ log (2 cos 6) d6 = \ [' log (2 sin 20) d0 
Jo Jo Jo 



r^ff 

log (2 sin <f>) d(f> = ^ log (2 sin ^)d<f) = ^ho. 


See below. 
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Accordingly, = 0. More generally we set, n being an even integer, 


^TT 


hn — I sin^^ 0 log (2 sin d) d6, 


.(24) 


or, on integration by parts, 
f-W 

hn = I cos d {{n — 1) sin^“^ 6 cos 6 log (2 sin 6) + sin'^"- 6 cos 6} dO 
J 0 

= (n— 1 ) (hn-2 — hn) + I (sin^“2 6 — sin^ 6) dd. 

J 0 


Thus 


, n — 1, 1 n— S, n — 5 . ..1 TT 

l}^ —- kn—2 + • 


n ■" “ ■ -/i- /I — 2, — 4 ... 2 2 ’ 

by which the integrals can be calculated in turn. Thus 

/ia = tt/S, 

, _3 11 7r_7r3.1 / 1 1 \ 

" 4^'''*‘42'2'2 2 4.2 U. 2 ^3.47’ 


Similarly 


5 

.3 

. 1 

-1 

f 1 


t 

1 ' 

i+ii: 

, 1 TT 

6" 

:4 

.2 

2 ' 

a. 

2 

*T 

8.4. 

/ ^ 6^ 4 . 

.■2 2 

TT 

5. 

3. 

,1 , 

/1 



1 

1 \ 


2 

6. 

4. 

2 ’ 

^t: 

2 

+ 

|Tf( 

ICO 



TT 

7, 

,5 

.3. 

1/ 


1 


1 1 

6 + * 

2 

8. 

,6 

.4. 

.2 1 

J 

. 2 

+ 3 

.4'^5. 


.(25) 


It may be remarked that the series within brackets, being equal to 

approaches ultimately the limit log 2. A tabulation of the earlier members 
of the series of integrals will be convenient:— 


TABLE I. 

2/j.|)/7r = 0 

^hjir = 1/4 = 0-25 

2A4/7r =7/32 = 0'21875 

2A„/7r =37/192 = 0T9271 

^KItt =633/3072 =0-17350 

2hJ'rr = 1627/10240 = 0-15889 

2/ii2/7r = 18107/122880 = 0-14736 

2h,jnr = . = 0-13798 

2h,,lnr = . = 0-13018 

2Ai8/7r =.= 0-12356 

2Aa,/7r= ...,.=0-11784 


The last four have been calculated in, sequence by means of (26). 
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In (24) we may, of course, replace sin 6 by cos Q throughout. If both 
sin 9 and cos 6 occur, as in 


hrr 


siiV^ 0 cos”^ 6 log (2 sin 6) dd, 


.(26) 


where n and m are even, we may express cos^”- 6 by means of sin 0, and so 
reduce (26) to integrals of the form (24). The particular case where m=^n 
is worthy of notice. Here 


' i’’" f 

sin^ 6 cos’^ 6 log (2 sin 6)d6 =\ sin’^ 0 cos’^ 0 log (2 cos 0) 
. 0 Jo 


d0 


-if 


^\og{2sin29)d9 = ^~. 


.(27) 


A comparison of the two treatments gives a relation between the integrals /?. 
Thus, if n = 4, 

/?4 - 2he + Ih = 

We now proceed to the calculation of the left-hand member of (17) with 
'T' == (¥ — y^)~K or, as it may be written, 


r 


dy 


■h \/(6' ~ .vO 


7 -flog 


Her 


1^2 /y*i j^4 A'»4 

ind to be 

(7 +log ■ 


Je^r^ 


The leading term has already been found to be 

ikb 
"4 

In (28) r is equal to ± (y — 77 ). Taking, as before, 
y=h cos 0j 7} — h cos a, 

we have 


.(28) 

.(29) 


de 


: 0 


ileb 


jy + log -f log + 2 (cos 0 — cos a)| Jo (cos 0 — cos a)} 


7i;^6-(cos ^ — cos a)2 {cos 0 — cos ay 3 , k^b^ (cos 0 — cos ay 11 


22 


22.42 


* 2 


22 . 42 . 6 ® 


6 


,(30) 


As regards the terms which do not involve log (cos 0 — cos a), we have to 
deal merely with 

(cos 0 — cos a)’^ d0, .(31) 


where n is an even integer, which, on expansion of the binomial and 
integration by a known formula, becomes 

— l.n — 3.'^i—.5...1 . — 1 ^ — 3,?^ — 5...1 


n.n — 2.n~-4i...2 


1.2 — 2 .'^'- 4...2 


cos^ a 


+ - 


l.ri — 2.?^ — 3 n — 5 , n — 7 1 


1 . 2 . 3.4 


n — 4 . — 6 ... 2 


cos^ a -f ... -f cos’^ a 


. ...(32) 
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Thus, it = w, \v<* 77 [ i 4* (-‘OS" ol\. II’ )t = 4, 

o . I 4 . i> 1 j 

77 I T I ,) 4- a | , jind so on. 


Tln‘ (*o{>flici(‘nt ot’tol ), or (*52), in (20) is 

+ 4 ”‘N« 


A(. tho <‘ontro of’ (}i(‘apiu't.un* whoro /; ™ (/, <*os a0, (.‘52) n‘({iu*(‘s t.o i(,s 
first t(‘rin. At t-lio odoos wluu'o cos a--4 I, \vt‘ may obtain a simpl^u’ foi*in 
<liroct ly from (21 ). dims 

( 1 ) r: I" (I 1 ,s 0 )“ </() = - 2 "T * =r.Tr "" - •■ - > _ 

J (1 2//. 2// — 2 ... 2 //. // - 1 .— 2 ... i 


For cxamplo, if =r: p, 


11 . 0 , 7 . 0 . 2.1 22177 

0 .o.4.2. 2 .I H) * 


Wo hav(‘ also in (20) i,o consider {// oxaai) 


2 “ I f/d (cos dcos a f'1<»n’I J: 2 ( cos d —• cos Cf)' 


‘ //j ' n ’h • M 1 i I • “f ^ 

f/dsm" sm" ^ loii-4>sni ^ sin , • 

2 2 ( 2 2 J 

4- ddsiiR' • sm" ^ h>i 4 ' ■‘fsin sin > 

,« 2 2 ' i 2 2 j 

’ ,. d 4 - . d -- a , I . d 4’ a) 

(/d sm" , sin" , loR ‘ 2 sm - , 

2 2 '^ ( 2 1 

. , d P a . d —a, i . . c^ — d) 

4- j ddsin" sm" loii;’|2sin . 

7 /) ' /, T ^ ““ 1 (A • d — a) 

4“ ddsm" . sm" ■ lo<^-! 2 sin , • 

2 2 / •>. 


d</) sin" </).sin"(c/> — a) loo -(2 sin c/>) 


4*2 I d<;j!) sin" ^ sin " (<}b 4" «) lo.L^ ( 2 sin (^) 


2 d^sin" (i |sin" ((^ — a) 4- sin" ((/) 4- a)j log ( 2 sin <f>) 


4* 2 I (i(j) sin" (f> sin" (<j> — a) log (2 sin <p) 

•A”" 

-- 2 f d(f) sin" cf) sin" {A> 4 - cc) log (2 sin <f>) 

J ^ rr pt 

fW 

2 j dcf) sin" <p (sin" (A> ~ a) 4 - sin" (cp 4 - a)) log (2 sin <p), _(25) 
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since the last two integrals cancel, as appears when we write tt — 'xjr for 
n being even. 

In (35) 

^ sin’^ 4- a) + sin*^ (0 ~ a) = sin'^ cj) cos’^ cl 

n .n — 1 . , , , . 

4-sin””-^ cos'^9 sm-a cos^*-"-a 

+ ^ —~ sin^^~^ ^ cos^ (f> sin^a cos^^~^a 4-... 4- cos’^ cj) sin’^ a, (36) 

and thus the result may be expressed by means of the integrals k. Thus 
if n = 2, 

r-w 

(35) = 4 I d(f> sin- (j> {sin‘^ (j> cos- a 4- cos^ ^ sin^ a] log (2 sin <^) 

Jo 

= 4 {(cos- CL — sin- a) A 4 4 - sin- a Ag).(37) 

If n. = 4, 

ri”" 

(35) = 4 / d(f) sin*^ cf) {'sin'^ (f> cos^ a 4- 6 sin- cj> qos‘^ cj) sin^ a cos^ a 
Jo 

4- cos^ 4> sin^ a} log (2 sin cjb) 

= 4 {(cos'* a — 6 sin- a cos‘^ a 4 - sin-* a) Ag . 

4 - (6 sin^ OL cos- a — 2 sin-* a) Ag 4- sin^ a A 4 }.(38) 

If n = 6, 

(35) = 4 {(cos® a — 15 cos^ a sin^ a 4 -15 cos^ a sin^ a — sin® a) A 12 
4“ (15 COS'* a sin^ a — 30 cos- a sin-* a 4- 3 sin® a) Ajo 
4 - (15 cos- a sin-* a — 3 sin® a) Ag 4- sin® a Af,.}.(39) 

It is worthy of remark that if we neglect the small differences between 
the As in (39), it reduces to 4 cos® a A 12 , and similarly in other cases. 

When n is much higher than 6, the general expressions corresponding to 
(37), (38), (39) become complicated. If, however, cos a be either 0, or ± 1, 
(36) reduces to a single term, viz., cos'^cl) or sin^(^. Thus at the centre 
(cos a = 0) from either of its forms 

(35) = 2-’*. 2K .(40) 

On the other hand, at the edges (cos a = + 1) 

(35) = 4 [' d^ sin^’* cj) log (2 sin </>) = 4A2,i.(41) 

Jo 

In (30), the object of our quest, the integral (35) occurs with the coefficient 

i)nhn'kn 

W7¥TWT^^ . 
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'Fhiis, (‘XJkiikFmI ill p(>\v(‘rs of Id), ( 2 .S') or (: 10 ) bocoines 

, il'h\ 7 rh'"lr I f (Id) ) 

TT ( 7 i ^ j + 1,,^, ^ - 11 (i + c-os-a} 

. 2".'2//„ . 

■f (<•<'s- a — s 111 ” a) + ■ SI 11 “ a 

7r TT 


Trldh^ 

02 ^ .j.2 

2'-. 21), 


f , i/d) V 1 

. y -p I,)o’ ^ ^ , I 4. X e(>s“ a "f (.*()S'^ a| 

((.,,si a cos" a sin-a T siir^a) 


2\ 2A,; ... . 2’'. 2//. . 

(<) cns* a sill" a —• 2 snCot)-j- siir^cz 

7r tt 


rrI/‘ //' 

2". F’ . i;- 

2 //„. 


f . , Ill ( f) -15 . 15,. , ) 

' 7 4-loR . — •' -i- cos-oc + ^ cos* a-f Cos*’oc," 

j 4 . () H H) «S 2 j 


i ^^ >s'’ a — 1 5 c‘os* a sin" a -I- 15 cos- a sin* a — sin*’ a) 


2'.2//i., 

I- ' “' ( I r> (‘OS* a sin "a — 20 cos" a sin* a f 2 sin'* a) 

TT 


2’. 2 / 0 , . 2^ 2/o; . . J 

} n 0 cos"a sin* oc • 2 sm'’a) f sin''>a 


+.(4:^) 


At the (‘oniro of l.ln^ ((^osa - 0 ), in virtan* of (40), a simpler 

I’lu is availahlc. \\5‘ have 


TT ^7 4- lo.U' 

7r/.’*h* 

rrkdf^ 

. 2". 4". 0 " 

Trkdr^ 

2 -. 4-. ir . S** 


ild> \ IT I'dr 


ild) , \ 2//., 


^( 74 . lug ^ 1 j 4- 


TT 


2 . I / , i/df 2 V 2/7 

^ -J t- 


f) .2.1 , 7A7> I I \ 

.. - (i) 


i7>h 1 1 \ 'l/i,- 
. + ^ 


7.5 .. 1 / , //•/> 25', 2/*; 

.S.<i.472C + ‘'’- 4 -12j+ TT 


.... {44) 


Similarly at. t.hi' hy (44), (41), we havi^ 

ikh 


, ikl>\ frlcHr 

y + l"K . 4 - 


4 . 1 / , ikh \ 

2 . 1 4 


TT 


7r/,-V;‘ 

2 ". 4 '- 


7.5.4. 1 / , v:/.-5 4'> -Ih, 


Trl/'h'' 

2^4Mr 


(;.5.4.4.2.1 ^ 


4 () / TT 


+ .... (45) 
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For the general value of a, (43) is perhaps best expressed in terms of cos (x, 
equal to rjjb. With introduction of the values of h, we have 


TT 7 


: COS^ a — -T 


ikb\ 7rk-b^[f , ikb\ / 1 \ 1 

+ Xj “ ~¥~ Lv^ 2 j 2 

+ ^2 + log Xj V""® “ ^ ^ “^8/^12 “ “ 4 


ikb 

% 

7rk% 

¥a 

7rk^¥ 
-22.4^02 


cos^ a 


U 

■32 


/ , ikb\ 

f . 15 

, 4o 

0 5 \ 

[y + iog^J 

(cos'*« + y 

cos'^ a + 

0 

cos-a + jgj 


.(46) 


37 ,, 23 , 159 , 731 ^ 

+ cos'> a - y cos^« - cos^« “ +. 

These expressions are the values of 

\+^ D{kr) dy . 

}-,,‘j(h^-yr .^ ^ 

for the various values of t]. 

We now suppose that kb = 1. The values for other particular cases, such 
as kb = -^, may then easily be deduced. For cos a = 0, from (44) we have 


'7r(7+log- 


h 11 13.1 

1 -“-4* 


+ 7r 


1 1 


1 5.3.1 

2 '-‘ 2 ^ 2 ^ 4 ^ 4.2 2 ^ 4 ^ 6 ^ 6 . 4 . 2 '^ 

1 11 1 73 


since 


¥7¥7&"im~' 

= TT (7 + log 1 ) [1 - 012500 + 0-00586 + 0-00013] 

+ TT [0-06250 - 0-00537 + 0-00016] 

= 7r ^7 + log j) X 0-88073 + TT X 0-05729 

= w[-0-65528 + 1-38341], . 

7 = 0-577215, log 2 = 0-693147, log i = 


.(48) 


In like manner, if kb — we get still with cos a = 0, 

TT (7 + log|) [1 - 0-03125 + 0-00037] + ir [0-01562 - 0-00033] 

= TT [- 1-4405 + 1-5223 i] .(49) 

If kb = 2, we have 

(7 + log^) [1 - 0-5 + 0-0938 - 0-0087 + 0-0005] 

+ TT [0-25 - 0-0859 + 0-0102 - 0-0006] 

= 7r [+0-1058 +0-9199 i]. 


( 50 ) 
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If kh ■ 1 .-uiil CHS a = ± I, wc have fVeiu (4")') 

1 35 _ I 2:11 

2'-'. 4- S •>.4Mr Hi 

(‘>4:15 _ 1 1!). i7.(;4:55 

^ 2-, 4". ii". S’-' 1 2S ' 2-. ■I". (I-. S-. 1 ()■■= 10 . S). i2.s ■ 

__ 1 I , 1 !i7 1 7:{o:i .s.s-o,s4 i7()-(i4 

1 2- }• ' 2'.4MH; ^ 2".4.m;- Him ' 2--h4-. Ir. ,S- “ 2 -. 4-. li-. S-. lO- 

7.- i 7 4- I ■ - '>'475 4 - o-u(;s:55‘) - ()'()Oi; 2 (i(: 1 - o-ooori 4.1 - o-ooooi 2 ] 

vr |()-ni;25 1 0 (I157.SS - o-oo:i:i()2 + ()-0(i()25,s 4 - 0'()()()()I2| 

7r j {1 'I I -f- I ’OT!IS /1.{T) 1 ) 

SiniiL’irly, if Lh uc liavr 

'^”(7 i ■ (I’OiiriT5 I ()-()oi. 2T.O'oooioj 

• ttIo-i) I r)(;'i f ()‘()0()!i!) - ()-{)()i)()5| 

vr I ■ I '.*fs 1-2 j. 1 *.{,;>{) j /1.(72) 

Afiil if kh 2, \silh <iiinitiisli<‘tl acriir.'U'y, 

7r( '/ i ■ 1-5 I l-()!l l 0 4.1)1 ! 0'0S7 - O'012 4-OUO1 | 

■ 7." I 0-25 4 0-25:) -0-21 I -1- O’Olili - 0'()12 4- O'OOl J 


vr j-“ il'MTs 1 0' 122 /1.(AM) 

Ah an int<a'm*'(liaf 1 * \alii'' <>1' a wr will smIcci cus'-a —i. lAir ki) ■ I, 
iV'tiu (Mil 

7,-(7 t ha;'An 0-25 i 0-o;i:i2o - ()-00222 4-... ] 


i 7r|0 - 0-012.st; 4- trOOl522 -1 ...| 

.. .. v; j “ I I'l> I ‘>2 I I ”221 IS / j...(74‘) 

A In' >, llf‘n kh o; A, 

vt| - r4-I2.S I 1*47511/1.(55) 

W'hrn Lk 2, only a ronn-h valm* is altordcd by (45), viz., 

'jT j0' 1 b I- O’bl /j....{5U) 

ancuinpanyiiiL; {able exhibits {la* varitais amnerical r<‘siilts, iJit; tkctoi 
77 bi‘in_i!f <unitt»•(!. 

TAliLK 11. 

kh \ kb \ kh..:2 

,1 u 1 • ntnn f 1 i -.'isat / +n'inr)Sa-.n-nnMi / 

I ~ M T 1-17.71/’ ~n*u4:vi + i/ 
r.KvSi .i' I-.'islL'M - lanl / 0‘«;:ii4J "f 1-uTits / «-(n;i7s -f-n-.iiSi/ 












i 


174 ON THE PASSAGE OF WAVES THROUGH [375 •• 

As we have seen already, the tabulated quantity when kh is very small 
takes the form 7 -f log (^7c6/4), or log Art— 0*8091 + l*5708f, whatever may be the 
value of a. In this case the condition (17) can be completely satisfied with 
'^ = A — A being chosen suitably. When kb is finite, (17) can no 
longer be satisfied for all values of a. But when kb = or even when kb = 1, 
the tabulated number does not vary greatly with a and we may consider (17) 


to be approximately satisfied if we make in the first case 

TT (~ 1*4123 + 1*4759 f) A = - 1 , .(57) 

and in the second, 

TT(- 0*6432 + 1*2268 i)A=-l .(58) 

The value of applicable to a point at a distance directly in front of the 
aperture, is then, as in (16), 

^ = . 


In order to obtain a better approximation we require the aid of a second 
solution with a different form of'T'. When this is introduced, as an addition 
to the first solution and again with an arbitrary constant multiplier, it will 
enable us to satisfy (17) for two distinct values of a, that is of rj, and thus 
with tolerable accuracy over the whole range from cosa = 0 to cosa = ± 1. 
Theoretically, of course, the process could be carried further so as to satisfy 
(17) for any number of assigned values of cos oc. 


As the second solution we will take simply = 1, so that the left-hand 
member of (17) is 

rb+y} rb~7) 

j B(kr)dr + j D{kr)dr .(60) 

If we omit k, which may always be restored by consideration of homo¬ 
geneity, we have 

(60) - (, + log y [j 4 ., - _ . 

, ( b + rjf {h + rjf ^ , (h + TjJ „ 

S 22.42 S ^ ys 42 7 "2 • • • 


+ (b + ri) {log (6 + jj) - 1 } - jlog (b + 77 ) - I 


, (b + vY fi /7 , \ 1 ) 

+ the same expression with the sign of rj changed. 

The leading term in (60) is thus 

2b ( 7 ^— 1 + log \i) + (J) -H ^) log (6 +/);) + (6 — ?;) log (6 — 7?). . .,(61). 












1913] 


FINE SLITS IN THIN OPAQUE SCREENS 


175 


At the centre of the aperture {r} = 0 ), 

(61) = 26 

and at the edges — ± 6 ), 

(61) = 26 {7 — 1 + log^ 6 }. 

It may be remarked that in (61), the real part varies with 77 , although the 
imaginary part is independent of that variable. 

The complete expression (60) naturally assumes specially simple forms at 
the centre and edges of the aperture. Thus, when ->7 = 0 , 


1 - 


¥ 


• + ; 


(60): 26-^7+log2y 2^3 ' 2 “. 4^5 

, IP l\ 1 1 \ , ¥ / 111 ) 

^■^2^3r'^3j 2^4^o^■^2■^5j‘^2^#.6^7r ■‘■2'^3^7j 

.(62) 

and, similarly, when 97 = ± 6 , 

(60)^26 = (7 + log( 6 )[l-g^ + 2 ^ 5 --. . 

(26)Y n W A 1 ,1V. . m._ + 1 + 1^1)_ 

^■^2^3r^:37 2 ^ 42 .5r ^2^5y^2^4^6^7V ^2^3^77 '••• 

.(63) 

To restore k we have merely to write kb for b in the right-hand members 
of (62), (63). 

The calculation is straightforward. For the same values as before of kb 
and of cos= a, equal to we get for (60) 2b 

TABLE III. 



kb = i 

kb = l 

kb =-2 

0 

-1-7649+ 1-53841 

-1-0007 + 1-4447/ 

-0•2167+l•1198^ 


-1-4510 + 1-49121 

-0-6740+1-2771 / 

-0TO79 + O-7166Z 

1 

-1-0007+1-44471 

-0-2217 + 1-1198/ 

+ 0-1394 + 0-40241 


We now proceed to combine the two solutions, so as to secure a better 
satisfaction of (17) over the width of the aperture. For this purpose we 
determine A and B in 

'^ = A(¥-f)-i + B, .(64) 

so that (17) may be exactly satisfied at the centre and edges {v = 0, 
1 ) = ±b). The departure from (17) when = ^ can then be found. If 
for any value of kb and 97 = 0 the first tabular (complex) number is p and 
the second q, and for v = ± b the first is r and the second s, the equations of 
condition from (17) are 

wA .p+ 2bB .q =— I, ttA .r -t2bB.s = -l .(65) 
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When A and B are found, we have in (16) 
r+». 


r+h 


ttA + 2bB. 


From (65) we get 


2bB = 


r —p 


so that 


ps — qr' ps — qr 

T 7 q + r-s—p 

^ cZ V == ^— -• • • • ^ • 

J-h ps-qr 

Thus for kb— 1 we have 


( 66 ) 

(67) 


= -0-65528 4-1-3834 i 
r = -0*63141 4-1-0798 i 

whence 

TT^ = + 0*60008+ 0-51828 


g = -1-0007 +1-4447 i 
5 =-0-2217 + 1-1198 

2bB = - 0*2652 + 0*1073 i, 


and (67) = + 0*3349 + 0 6256 

The above values of ttA and 2bB are derived according to (17) from the 
values at the centre and edges of the aperture. The success of the method 
may be judged by substitution of the values for Using these in 

(17) we get — 0*9801 — 0*0082 for what should be — 1, a very fair approxi¬ 
mation. 


In like manner, for kb —2 

(67) = + 0-259 + 1-2415 i; 
and for kb=^\ (67) = + 0*3378 + 0-3526 

As appears from (16), when k is given, the modulus of (67) may be 
taken to represent the amplitude of disturbance at a distant point imme¬ 
diately in front, and it is this with which we are mainly concerned. The 
following table gives the values of Mod. and Mod.^ for several values of kb. 
The first three have been calculated from the simple formula, see (20). 

TABLE IV. 


kh 

Mod.2 

Mod. 

0-01. 

0-0174 

0*1320 

0-05 

0*0590 

0*2429 

0*25 

0*1372 

0*3704 

0*50 

0*2384 

0*4883 

1*00 

0*5035 

0*7096 

2-00 

1*608 i 

1*268 


The results are applicable to the problem of aerial waves, or shallow w’*ater 
waves, transmitted through a slit in a thin fixed wall, and to electric 
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(hnninous) waivers tnuisiniUe(J by ii sirnibir slit in ai thin perfectly opaiqne 
scn‘t‘n, |)rovide(l thait th(* electric vector is jmrpetidicular to the length of 
tht.^ slit. 

la curve A, fig. 1, the vaihu^ of the modulus from the third column of 
Tiible IV^ is plottcul agaiinst kb. 




A 





A 

A 



y/B 





0 0-5 1-0 1-5 2-0 2-5 


Fig. 1. 


When kb is large, tlu^ limiting form of ((>7) may be chuluced from a 
formula, armlogous to (12), comuHjting and d<^liln. As in (11), 



in which, when .r is very sumll, we rmiy bike D = logn Thus 
(lyfr 


(hi 




[-!■'’ a:dj/ 

tan”"‘ •- 

J x'** -f* y*^ 



1 d^Ir 

= Or *= T. ...(68) 
. 00 TT a n 


Now, whc*n kb is large, d^J^jdn tends, except close to thii edges, to assume 
the vailue ik\ and ultimately 

.(69) 


(67) 


dy = 

^ TT 


of which the modulus is 2kbj7r simply, Le. ()'()87/A. 


We now pass on to consider case (ii), where the boundary condition to be 
satisfied over the wall is ^ = 0. Separating from ^ the solution (x) which 


would obtain were the wall unperforated, we have 

...(70) 

giving over the whole plane (x = 0), 

Xm = 0 . dxmldx = - 2%k, dxjjdx = 0 . 

R. VI. 12 
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The supplementary solutions xfr, equal to may be written 

■ f . 


where are functions of y, and the integrations are over the aperture. 

D as a function of r is given by (13), and r, denoting the distance between 
dy and the point {x, rj), at which yjr^, are estimated, is equal to 
V{^ + (y — The form (71) secures that on the walls \jr^ = = 0, so 

that the condition of evanescence there, already satisfied by is not 
disturbed. It remains to satisfy over the aperture 

+ dyl^.n/dos = dyjr^/dx .(72) 

The first of these is satisfied if so that and \jr^ are equal at 

any pair of corresponding points on the two sides. The values of dy^r^jdx, 
d\jrpldx are then opposite, and the remaining condition is also satisfied if 


dyjrjjdx = ik, 


dyl^pjdx = — ik. 


(73) 


At a distance, and if the slit is very narrow, dDjdx may be removed from 
under the integral sign, so that 


in which 



.(74) 

(75) 


And even if kb be not small, (74) remains applicable if the distant point 
be directly in jfront of the slit, so that x = r. For such a point 


/ 77" \ ^ r+& 

= . 06 ) 

There is a simple relation, analogous to (68), between the value of 
at any point (rj) of the aperture and that of at the same point. For in 
the application of (71) only those elements of the integral contribute which 
lie infinitely near the point where ^j^p is to be estimated, and for these 
dD/dx = xjrK The evaluation is effected by considering in the first instance 
a point for which x is finite and afterwards passing to the limit. Thus 




x^ 


^dy _ 


(77) 


It remains to find, if possible, a form for or which shall make 
dyjrp/dx constant over the aperture, as required by (73). In my former 
paper, dealing with the case where kb is very small, it was shown that known 
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theorems relating to the flow of incompressible fluids lead to the desired 
conclusion. It appeared that (74), (75) give 

Ic^b^X { TT 


2r \2 ihin 


o—ikr 


.(78) 


showing that when b is small the transmission falls off greatly, much more 
than in case (i), see (20). The realised solution from (78) is 




tb^-x 

2r 


fe)* 


COS (nt — h — Jtt), 


corresponding to 


= 2 sin nt sin hx. 


.(79) 

.(80) 


The former method arrived at a result by assuming certain hydrodynamical 
theorems. For the present purpose we have to go further, and it will be 
appropriate actually to verify the constancy of d^\rjdx over the aperture as 
resulting from the assumed form of when kb is small. In this case we 
may take D = logr, where =z {y - rjf. From (71), the suffix p being 
omitted, 


dyjr 

dx 


i 




dy> 


dx- 


dt)^ 


and herein 

Thus, on integration by parts, 


dW . , 

-j— {•n const.). 

df^ 


dyjr 

dx 


'Jr 


dU 


In (81) 


dy ' 


dy 

dD dr 
dr dy 


+ 


r+'‘dDd'^ , 

i -b dy dy 

y-v 


.(81) 


(y - vT + ’ 

and so long as t) is not equal to ± 6, it does not become infinite at the 
limits {y—± h), even though ^ = 0. Thus, if vanish at the limits, the 
integrated terms in (81) disappear. We now assume for trial 

^ = V(6^-yO> .(82) 

which satisfies the last-mentioned condition. Writing 

y = b cos 6, 7} — b cos a, x' — x/b, 

(cos 0 — cos ay + cos a (cos 0 — cos a) 


we have 


d-yjr 

dx 


(cos 6 — cos a)^ + x'^ 


' de. 


.(83) 


Of the two parts of the integral on the right in (83) the first yields tt 
when x' = 0. For the second we have to consider 


/■ 


cos 0 — cos a 
(cos 0 — cos ay + x' 


,d0, 


.(84) 
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in which cos ^ — cos a passes through zero within the range of integration. 
It will be shown that (84) vanishes ultimately when x = 0 . To this end 
the range of integration is divided into three parts: from 0 to where 
< a, from to where > ol^ and lastly from to tt. In evaluating 
the first and third parts we may put ^' = 0 at once. And if 2 ' =•• tan 

r dd _ 1 r I dz dz ] 

J cos & — cos a ~ sin a j |tan ^-a + ^ tan -J-a — .s') 

Sin a being omitted, the first and third parts together are thus 


, z-ht . t-hti 

log _+log — 


+ log 


t 


where t = tan = tan ^ai, 4 = tan and 5 is to be made infinite. 

It appears that the two parts taken together vanish, provided t 2 are so 
chosen that 


It remains to consider the second part, viz., 


'“2 (cos ^ — cos a) 

. (cos 6 ~ cos ay H- ' 


(85) 


in which we may suppose the range of integration Og — «! to be very small. 
Thus 


(85) = f 

J e 


""2 d0,2 sin "I (6 4- a) sin |(a — 0) 
4 sin^ ^(6 + a) sin^ -I- (a — 0) + x'^ 


sin^ a (tts — a)" 4 x'^ 
2 sin a sin- a (a — a.y 4 x'^' 


,log 


and this also vanishes if ag —« = « — «!, a condition consistent with the 
former to the required approximation. We infer that in (83) 


dyjr 


.( 86 ) 


so that, with the aid of a suitable multiplier, (73) can be satisfied. Thus if 
T' = A\/(b^ — (73) gives A — ikiir, and the introduction of this into (74) 

gives (78). We have now to find what departure from ( 86 ) is entailed when 
hb is no longer very small. 

Since, in general, 

dJ^Djdx^ 4 dWjdy^ 4 k^D = 0 , 

we find, as in (81), 

= . 

and for the present'T' has the value defined in (82). The first term on the 
right of (87) may be treated in the same way as (28) of the former problem, 
the difference being that — 3/0 occurs now in the numerator instead of 
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the denoniinator. In (30) we are to introduce under the integral sign the 
additional factor As regards the second term of (87) we have 

__ fd^V dl) _ f 1 

J di/ dy^ ^ ”■ J V(i>' - y") r dr ’ 

where in W(‘ are to replace r by ± (y — r}). We then assume as before 

y — b cos 6, 7) = b cos a, and the same definite integrals suffic.e ; but the 
calculations an^ more complicated. 

We hav(^ siH‘n alrc^ady that the Uiading term in (87) is tt. For the next 
tc‘rm we have 

j. , . ikr 1 dl) f , ikr\ 

^=7 +log 2 , c/r = 4-2U + ^'’^' 2 )’ 

and thus 

1 d,-^ f 1 ^ \ 


1 dyfr TT / , ikb 1 \ 

+ 4 + 2 ) 

+ [ (iff ( I — I coh’*^ + I coH a cos ff) log + 2(co3 ff — cos a)... .(HH) 

ddie latter integral may be transformed into 

2 I d^ i I i (2(f> — a) + 4 cos a cos (26 — a) 

Jo 

4 1 — cos'-* (2<;6 'P CL) 4- .J cos a cos (2(^ 4 a)) log (2 sin 
and this by means of the definite integrals h is fouml to Ix^ 

— ^(1 + 2 8111 “ a). 

O 

To this order of approximation thcs eomplett* value is 

— ^ 3 ^ = TT 4- i (7 sin-a 4- log i ikb) .(89) 


For the next two terms I find 


7rh**fr 

4- [(1 4- 4 C 08 ^ a) (1 — 47 — 4 log | ikb) 

4- «3 sin^ a 4“ I cos’* a 4- 0 sin'-* a cos® a] 

r 

+ 2 i 7 4 ,a g (Vir + f 908“ a + ^ cos" a) (7 + lug i ikb - jf) 


157 „ 13 , . , 

4" .,,.« cos® a — 5 cos* a siir a ■ 

o*^ .15 o . a 


15 7 1 

~ cos'-* a sin* a - - ^ sin® a ... .(90) 


When cosa = 0, or ± 1, the calculation is simpler. Thus, when cos a = 0, 

__ 1 _ 1 ^ ^ (.. _ 0 _ ^7' (.. ^ i.„ _ 1 ^ 


+ e74s 


7 + log 


7 4- log 


ikb 5\ 5A.'®6® 


4 4/ 9.4« 


V-r2s(’'+‘“e 4- ‘ 


, ikb 22\ 

T+iog-^-isj; 
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and when cos a = ± 1 , 



the last term, deduced from A 14 , Ais, being approximate. 

For the values of dy^jdx we find from (91), (90), (92) fo)’ 

= 1 , 2 : 

TABLE V. 


— 

II 

7c& = l 

hh = 

kh = 2 

cos a —0 
008^0 = ^ 
COS2a=:l 

0-8448 + 0-09741 
0-8778+0-0958 ^ 
0-9] 03 + 0-0944 ^ 

0-5615+0-3807 ^ 
0-6998+0-3583 ^ 
0-8353+0-3364?: 

0-3123 + 0-7383i 

0-8587 + 0-57831 

0-0102+1-3899 f 
0-518 +1-129? 
1-020 + 0-861 f 


These numbers correspond to the value of 'T' expressed in (82). 

We have now, in pursuance of our method, to seek a second solution with 
another form of "T'. The first which suggests itself with = 1 does not 
answer the purpose. For (81) then gives as the leading term 


d->\r 

dx 


y-v 


becoming infinite when 7 )— ±b. 

A like objection is encountered if'T' = 6 ^ 
dyfr 


^ ^ 2b 


■r- 


In this case 


-^=2 {(2/-,)+^} 


{y-n)dy 


-If -'n 

The first part gives 46 simply when x becomes zero. And 

2 f {y-'n)^y ^ x '^. 

J {y — vy + * (&+vT + ’ 

so that — ~ = 45 + 297 log t—- , . 

dx ' ^b + ri’ 

becoming infinite when 77 = + 6 . 


.(93) 


.(94) 


So far as this difficulty is concerned we might take "4^ = (5^ — but 
another form seems preferable, that is 


= h-^ (If - y^f K 


(95) 
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With the same notation as was employed in the treatment of (82) we 
have 

dy]r _ cos 6 (cos 9 — cos a) dO ^ f cos® 9 (cos (9 — cos a) 
dx ''Jo (cos 6 — cos a)^ + J o (cos 0 — cos a)“ + x^ 


The first of these integrals is that already considered in (83). It yields 
Stt. In the second integral we replace cos® 9 by {(cos 9 — cos a) + cos a}®, and 
we find, much as before, that when x' — 0 


cos® 9 (cos 9 — cos a) d9 
0 (cos 9 — cos ay -h x- 


TT (-I" + cos® a). 


,(96) 


Thus altogether for the leading term we get 

- ^ = S-n- (^ - cos" a) = Stt (| - tfjb^) .( 97 ) 


This is the complete solution for a fluid regarded as incompressible. We 
have now to pursue the approximation, using a more accurate value of D 
than that (logr) hitherto employed. 

In calculating the next term, we have the same values of D and r^^dD/'dr 
as for (88); and in place of that equation we now have 


1 dyjr Stt 
I c^lf dx 16 



+ C d9\_^ sin^ ^ — t sin® ^ + f sin® 9 cos 9 cos a] log {± 2 (cos 9 - cos a)}. (98) 

J 0 

The integral may be transformed as before, and it becomes 

fiTT ^ 

4 d(p log (2 sin ^) [f (sin^ 2(j> cos^ a + 6 sin® 2(j> cos® 2<^ sin® a cos® a 

+ cos^ 2 <p sin^ a) — f (sin® 2 (j> cos® a + cos® 20 sin® a) 

+ f cos a cos 20 jsin® a cos a -h sin® 20 (cos® a — 3 sin® a cos a)}]. (99) 

The evaluation could be effected by expressing the square bracket in 
terms of powers of sin®0, but it may be much facilitated by use of two 
lemmas. 


If /(sin 20, cos® 20) denote an integral function of sin 20, cos® 20, 

r cZ0 log (2 sin 0)/(sin 20, cos® 20) = f dcj> log (2 cos 0)/(sin 20, cos® 20) 

Jo .^0 

= ^ [ d(l> log (2 sin 20)/(sin 20, cos® 20) = i [ dcf) log (2 sin 0)/(sin 0,cos® 0), 
Jo Jo 

.(100) 

in which the doubled angles are got rid of. 
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Again, if m be integral, 

d4> 2(f> cos 20 log (2 sin 0) 


/ 

J 0 


4/m 
4m 

4itn 


X [ log (2 sin 0) d sin^”^+^ 20 
-j- z j 

1 

—_ I sin^”*' 20 (1 + cos 20) d0 
' + ^ j 0 

i r ■ taVa/r 


_ 1 2m — 1.2m — 3 ... 1 tt 

4m + 2 2m. 2m — 2 ... 2 2 ’ 

For example, if m = 0, 

r^TT 


d<f> cos 20 log (2 sin 0) = — — 


^TT 


.( 101 ) 

.( 102 ) 

.(103) 


and (m = 1) cJ0 sin^ 20 cos 20 log (2 sin 0) = — —. 

j 0 24 

Using these lemmas, we find 

(99) = 5^4 (cos^ a — 6 cos^ a sin^ a H- sin'^ a) 

+ A/2 (30 cos^ a sin^ a — 10 sin^a — 3 cos^ a + 3 sin^ a) 

— Jtt cos^ a (cos^ a H- 3 sin^ a); 

and thence, on introduction of the values of h^, for the complete value to 
this order of approximation. 


" S(l - “) + [il +1 + ?. 

— ^ (5 cos^ a + 18 cos“ a. sin- a + 21 sin^ a) 

D4 


.(104) 


To carry out the calculations to a sufficient approximation with the 
general value of a would he very tedious. I have limited myself to the 
extreme cases cos a = 0, cos a = ± 1. For the former, we have 

1 dyfr Z . f . ihh\ {Sk^b^ k^¥ k^¥ 

TT 




, ikb\ (Sk^b^ k^¥ 


256 ' 2^ 4^256 
lltb^ 


and for the latter 


15A;^5’' 7k*b* 

4<\ 256.8’ 


1 dyjr 


TT dx 2 


. , ikb\ {Sk^¥ 7k^b* 

hr-ie:T( 


+ 


33^*'6° 


.(105) 

143P6*) 


5k^b-^ 


64 


+ 


16 '^4.16.16.16 24.16‘j 

\06Q¥¥ 41309ifc®6s 


i—rrK~ + 


16.64.15 16.3.70.64.64 16=.9.420 

7¥h* 


IWb^ ^ 3289A:86’ 


32 4.16.16 2.16» 16'. 36 


(106) 
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From formiiho the following numbers have been calculated for the 

value of - Tr’^^dylrjds: 

TABLE VI. 




. 

W) = V2 

kh = 2 

c<wa-0 ' 1':I7K>4*0-073'2i 

i-Piio+o-^Haf)/ 

o-aHdt+o-rifirjSi 

0-r>4S)9 + l-08(K)i 

e«)Ha-±l 0-0710/ 

-l*f>()7i2+0‘254()/ 

- i-r»(m+o-4i()ij: 

- i-aona+o-fiOOT/ 


They correspond to the value of formulated in (95). 

Following th(‘ same method as in caw^ (i), we now combine th(i two 
Holuticuis, assuming 

= A ~ f) + Blr^^ (ly^ ~ .( 107 ) 

and dt‘termining A ami B m that ft)r cos a = ()and for cos a = + l,c/>J!r/d,r shall 
be <*(|ual to — t/’. Tlu‘ value of at a distance* in front is given by (7(>), in 
which 

ik ,lij = ^ .(108) 

\Vv may tak(^ thc5 modulus of (108) as repr(\senting tiu* transmitted 
vibration, in tlu*vsame way as the moduhis of (07) repn^sented the transmitted 
vilaution in case (i). 

lining />, q, r, ,s’, as bt‘fon‘, to diaioU* tlu* tabulat(‘d compk^x mimliers, wc* 
have as tlie equations to det(*rmim? A and B, 



Ap 4" Bq = /I -f Bs = ik/TT, 


(109) 

SO that Hi 

j ^ 2 q)s — qr 


(110) 

For tlu* second fraction on the right of (110) and for 

its modulus 

i wc* g 

in the various caHt‘H 




i. 

1-1470 _ 0-1287 i. 

1-1542, 


kb= 1, 

1-1824 - 0-(M)8G i, 

1-8788, 


II 

< 

()-a:}G-2- 1-0258 i, 

1-2070, 


kb = 2, 

0-1289 - 0-7808 i, 

0-7407. 



And thence (bn introduction of the value of kb) for the moduIuB of (110) 
repres(3nting the vibration on the same settle as in case (i) 

TABLE VIL 
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These are the numbers used in the plot of curve B, fig. 1. When hh is 
much smaller than -J-, the modulus may be taken to be When Ih is 

large, the modulus approaches the same limiting form as in case (i). 

This curve is applicable to electric, or luminous, vibrations incident upon 
a thin perfectly conducting screen with a linear perforation when the electric 
vector is parallel to the direction of the slit. 

It appears that if the incident light be unpolarised, vibrations perpen¬ 
dicular to the slit preponderate in the transmitted light when the width of the 
slit is very small, and the more the smaller this width. In the neighbourhood 
of kb = 1, or 2 b = X/'iry the curves cross, signifying that the transmitted light 
is unpolarised. When kb ~ 1^, or 2b = 3\/27r, the polarisation is reversed, 
vibrations parallel to the slit having the advantage, but this advantage is not 
very great. When kb > 2, our calculations would hardly succeed, but there 
seems no reason for supposing that anything distinctive would occur. It 
follows that if the incident light were white and if the width of the slit were 
about one-third of the wave-length of yellow-green, there would be distinctly 
marked opposite polarisations at the ends of the spectrum. 

These numbers are in good agreement with the estimates of Fizeau: 

Une ligne polarisde perpendiculairement a sa direction a paru §tre de 
de millimetre; une autre, beaucoup moins lumineuse, polaris^e parallelement 
h sa direction, a 6t4 estim4e a de millimetre. Je dois ajouter que ces 
valeurs ne sont qu’une approximation; elles peuvent etre en r6alit6 plus 
faibles encore, mais il est peu probable qu’elles soient plus fortes. Ce 
qu’il y a de certain, c’est que la polarisation parallele n’apparait que dans 
les fentes les plus fines, et alors que leur largeur est bien moindre que la 
longueur d’une ondulation qui est environ de de millimetre.'' It will 
be remembered that the “plane of polarisation" is perpendicular to the 
electric vector. 

It may be well to emphasize that the calculations of this paper relate 
to an aperture in an infinitely thin perfectly conducting screen. We could 
scarcely be sure beforehand that the conditions are sufficiently satisfied even 
by a scratch upon a silver deposit. The case of an ordinary spectroscope 
slit is quite different. It seems that here the polarisation observed with the 
finest practicable slits corresponds to that from the less fine scratches on 
silver deposits. 
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ON TIIK MOTION OF A N’lHCOUS FLUID. 


[PhilunophiMl MacjaziHe, \U\\. xxvi. pp. 77(i~'7H(;, DKJ.] 


It luiH lH‘un pn)V(‘(l by Hi^huholtz* and Knrt(‘W(‘g'j’ that wlu‘ri tlicu 
V(‘lo(’itit‘H at tho btauidary an^ givtai, thc^ alow stt‘ady niotion of an incMan- 
pro.ssiblo viKcous li(|ui(l HatinfioH tlui eon<lition of nuaking h\ tlu* disaipatiun, 
an abHolnk* niiniunun. If yy, /a,, Ixt tln‘ V{‘locitios in ono^ niotion and 
n, a, w thoHt* of anotlu‘r niotion AI natisfying th<‘ Hann* boundary conditions, 
the diffia'cncH* of tin* two i(\ v\ w\ wlun’i* 

// « a ~ // :: V - /»„, a/ = /a — //»„, ..(I) 

will (‘onHtitut(‘ a niotion M' such that the boundary vc^locititm vanish. If 
/, F' dc‘noU‘ tin* diHsipation-fnneti<»nH fa* tin* tlinn* motions d/„, if, if 
respective*!}’, all lK*ing of necessity jMmitive*, it is shown that 

F = h\ 4“ F' — 2/4 j (+ t?'+ /AV'-^Wa) (ht dy dz, .(2) 

the integration b(*ing ovc^r the whole volume. Also 


f' ^ (uV^}/ 4" vV'^v' 4“ u/V'W) da; dy dz 

^dii/ dv'Y dn/y fdi 

\n!^ (Iv) vf 


'/A 


f “ fdw' 

J \ dy dzj 


dv du'Y 
da; d y / ^ 


da; dy dz. 


.(«) 


These (‘(juations are purely kiinmiatical, if we inehule under that head 
th(‘ incompressibility of the fluid. In the application of them by Helmholtz 
and Korteweg the motion Mo is supposed to be that which would be steady 
if small enough to allow the neglect of the terms involving the second 
powers of the velocities in the dynamical ecpiations. We then have 


* ColUcted Workf, Vol. i. p. 228 (1805)). 
t I’hU. Mag. Vol. xvi. p. H2 (1883). 


( 4 ) 
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where V is the potential of impressed forces. In virtue of (4) 
I (uV-a^^ + v'V'-^Vo + dx dy . 


(5) 


if the space occupied by the fluid b(^ simply connected, or in any case if V be 
single-value<l. Hence 

F=: F, + F\ .((>) 

or since F' is necessarily positiv(‘, the motion i]f„ makes F an al)Holute 
minimum. It should b<^ r(uuark(‘d that F' can vanish only for a motion 
such as can be assumed by a solid body (Stokes), and that such a motion 
could not make the boundary vt‘.lociti(,‘s vanish. The motion if,, dcitennined 
by (4) is thus unitjue. 

The conclusion (‘xpresstnl in ((>) that if, tnakes F an absolutt‘ minimum 
is not limited to the supj)osition of a slow motion. All that is rt^(|uin‘<{ to 
(mBur(‘ the fulfilimuit of (5), on which ((>) (h^ptaids, is that 
should 1 h‘ the d(‘rivativ(‘s of som<‘ singl(‘-vahu‘d function. Obviously it would 
suffice that V'”X, varn’sh, as will happen if tlu^ motion havi* a 

velocity-potential 8tok(‘s^ remarked long ago that wluai there is a vcdocity- 
potential, not only are the ordinary ecpiations of fluid motion satisfunl, btit 
the etpiations obtained when friction is taken into account are satisfied 
likewise. A motion with a velocity-potcmtial can always be found which 
shall have |)re8cribed normal velocities at the boundary, and the tangiuitial 
velocities are thereby determined. If these agree with th(‘ pr(‘Heril)e<I 
tangential velocities of a viscous fluid, all th(^ conditions satisfied hy the 
motion in question. And since this motion inak(‘H F an absolute miniinum, 
it cannot differ from the motion determined by (4) with tlu^ same boundary 
conditions. Wo may arrive at tht^ same conclusion, by considering tlu* 
general ecjuation of motion 


/du dll dll 


dll 


pK'dt 


^ = yCtV^M ■ 


+ p) 

dx 


•{7} 


If there be a velocity-potential <p, so that u = d<f)jdx, &c., 

■d4> 


du du du 

11 + V -f~ + W -i - ■■ 

dx dy dz 


1 d_ 

2 dx 




Ui/) 


+ 


CS)’ 


.(H) 


and then (7) and its analogues reduce practically to the form (4) if tht; 
motion be .steady. 


Other cases where F is an absolute minimum are worthy of notice. It 
suffices that 


V=>«„ 


dH 




dH 

dy' 




m 

'' dz’ 


( 9 ) 


Carnh, Trans, VoL ix. (1860 ); Math, and Phys, Papers^ Vol. in. p. 78. 
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where H is a, single-valued function, subject to = 0. If Vo, te the 
rotations, 

and thus (9) requires that 


V^^o = 0, V‘% = 0, .(10) 

In two dimensions the dynamical equation reduces to D^q/D t — 0*, so 
that fo is constant along a stream-line. Among the cases included are the 
motion between two planes 

Uo = Ai-By + Cf, Vo = 0, Wo = 0, .( 11 ) 

and the motion in circles between two coaxal cylinders (fa = constant). Also, 
without regard to the form of the boundary, the uniform rotation, as of a 
solid body, expressed by 

UQ=Cy, Vo~—Cw .( 12 ) 

In all these cases F is an absolute minimum. 


Conversely, if the conditions (9) be not satisfied, it will be possible to 
find a motion for which F< Fq. To see this choose a place as origirf of 
coordinates where dFJhi^jdy is not equal to d^H^ldx, Within a small sphere 
described round this point as centre let u' = Gy, v' = — Gx, w' = 0, and let 
It' = 0, i;" = 0, w' = 0 outside the sphere, thus satisfying the prescribed 
boundary conditions. Then in (2) 


(u'V^'Wo + dy dz = C J— xV-v^) dx dy dz, .. .(13) 


the integration being over the sphere. Within this small region we may 
take 


—„ , d'^^UQ dV^UQ d^^Uo 

VX-(V%.).+ 


SO that (13) reduces to 


dyo 


dz. 




Since the sign of G is at disposal, this may be made positive or negative 
at pleasure. Also F' in (2) may be neglected as of the second order when 
u\ V, w' are small enough. It follows that F is not an absolute minimum 
for Uq, Vq, Wq, unless the conditions (9) are satisfied. 

Korteweg has also shown that the slow motion of a viscous fluid 
denoted by Mq is stable. '' When in a given region occupied by viscous 


Where DIDt — dldt -{-udldx + v djdy + w djdz. 
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incompressible fluid there exists at a certain moment a mode of motion M 
which does not satisfy equation (4), then, the velocities along the boundary 
being maintained constant, the change which must occur in the mode of 
motion will be such (neglecting squares and products of velocities) that 
the dissipation of energy by internal friction is constantly decreasing till it 
reaches the value Fq and the mode of motion becomes identical with 

This theorem admits of instantaneous proof. If the terms of the second 
order are omitted, the equations of motion, such as (7), are linear, and any 
two solutions may be superposed. Consider two solutions, both giving the 
same velocities at the boundary. Then the difference of these is also a 
solution representing a possible motion with zero velocities at the boundary. 
But such a motion necessarily comes to rest. Hence with flux of time the 
two original motions tend to become and to remain identical. If one 
of these is the steady motion, the other must tend to become coincident 
with it. 

The stability of the sloiu steady motion of a viscous fluid, or (as we may 
put it) the steady motion of a very viscous fluid, is thus ensured. When the 
cirgumstances are such that the terms of the second order muse be retained, 
there is but little definite knowledge as to the character of the motion in 
respect of stability. Viscous fluid, contained in a vessel which rotates with 
uniform velocity, would be expected to acquire the same rotation and 
ultimately to revolve as a solid body, but the expectation is perhaps founded 
rather upon observation than upon theory. We might, however, argue that 
any other event would involve perpetual dissipation which could only be 
met by a driving force applied to the vessel, since the kinetic energy of the 
motion could not for ever diminish. And such a maintained driving couple 
would generate angular momentum without limit—a conclusion which could 
not be admitted. But it may be worth while to examine this case more 
closely. 

We suppose as before , that Wq are the velocities in the steady 

motion Mq and u, v, w those of the motion M, both motions satisfying the 
dynamical equations, and giving the prescribed boundary velocities; and we 
consider the expression for the kinetic energy T' of the motion (1) which 
is the difference of. these two, and so makes the velocities vanish at the 
boundary. The motion M' with velocities u\ v, w' does not in general 
satisfy the dynamical equations. We have 



In equations (7) which are satisfied by the motion M we substitute 
u = Uo+ II, &c,; and since the solution is steady we have 

dwo _ dv^ _ diUQ __ 
dt ^ dt dt ' 


( 15 ) 
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We further suppose that are derivatives of a function H, 

as in (9). This includes the case of uniform rotation expressed by 

^^o = 2/, Vo = -X, Wo = 0, .(16) 

as well as those where the 2 ;e is a velocity-potential. Thus (7) becomes 


dll , dw. . (dUfs du\ 

- = z/V‘V - —- ~ {u, + — 


dt 


dx 


fduQ du'\ 
Cdz dz J 


.(17) 

.(18) 


\dx dx) 

/ fduQ du'\ , (du 

with two analogous equations, where 

'UT +pjp — vH, v = fjilp. 

These values of du'jdt, &c., are to be substituted in (14). 

In virtue of the equation of continuity to which u\ v\ w' are subject, the 
terms in -sr contribute nothing to dT'jdt, as appears at once on integration 
by parts. The remaining terms in dT'fdt are of the first, second, and third 
degree in u\ v\ w. Those of the first degree contribute nothing, since 
'W'o, '^0 satisfy equations such as 


diiQ du, 


d'lu 


d'UT.) 




dx ^ dy ^ dz 
The terms of the third degree are 

-\ 


.(19) 


, du , du , du 
u \u ” 7 - + -y -T- w -j- 
dx dy dz 


, dv' , dv' 
dx ^ ^ dy 


dz 


which may be written 


, f , dw' , dw' , dw' 
-hw <u —h V —\-w -j- 
dx dy dz 


dx dy dz, 


_ 1 f 

2] 


, d (u''^ + v'^ + w'^) , d {u^ + -I- w''^) 


dx 


+ V 




dy 

f d ('tfc ^ "h y "h 'ty “) 
dz 


dx dy dz 


and this vanishes for the same reason as the terms in ct. 

We are left with the terms of the second degree in v\ w\ Of these 
the part involving v is 

V J -1- v'v'V -f wW'^w'] dxdydz .(20) 

So far as this part is concerned, .we see from (3) that 

dridt=-F\ ..( 21 ) 

F' being the dissipation-function calculated from u', v\ w'. 
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Of the remaining 18 terms of the second degree, 9 vanish as before when 
integrated, in virtue of the e(]uation of continuity satisfied by (/„, w„. 

Finally we have*'* 


(IT 

(it 


-F'- 



, (In„ 




<ht„ 

<iy 7z] 


+ <■ *"•[] A; d,l,h .( i-i 1 


If the Tuotioii 7 /(,, ho in two diinonsions, so that wluh* n 

and indepondont of z, ( 22 ) roducos to 


(IT\ 

(It 




, H- ‘ , -4- M 

(la; (If/ 




dii„ (li\,\ 

li/ (i.v) 


(kvilf/ih. ...(23) 


Und(n' this lu‘ad conu‘s tlu; case of uniform rotation (‘Xprossod in (Id), for 
which 


A _ 0 , dik 

da; ^ (If/ ^ * (I// da; 


0. 


Here them dT'ldt — — F' simply, that is T' continually diminish(‘s until 
it becomcis insensible. Any motion superpos(‘d upon that of uniform rotation 
gradually dies out. 


When the motion Uq, ?;y, Wq has a volocity-potimtial </>, ( 22 ) may hi* 
written 


(ir 

(it 


■F- 


da;^ dfj^ dz* 


■ 2u'i/ ft + ^Iv'td - 


4- 

da; dij ' dij dz^ dz dx 


da; dfj dz. 


Am 


So far as I am aware, no case of complete stability for all values td‘ /x is 
known, other than the motion possible to a solid body above corisiderecL 
It may be doubted whether such cases exist. Under the head of (24) a 
simple example occurs when <56 = tan““* th(j irrotational motion taking 

place in concentric circles. Here if + y\ 


dr 

-lit 






dxdydz. ......(25) 


* Compare 0. KeynoldH, P/u7. Tram. 1895, Part i. p. 146. In Lorente’s deduction of a 
similar equation (Abhandlungen^ VoL i. p. 46) the additional motion is assumed to be small. 
This memoir, as well as that of Orr referred to below, should be consulted by those interested. 
See also Lamb’s BydrodynamicSf § 346. 
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If the superposed motion also be two-dimensional, it may be expressed 
by means of a stream-function We have in terms of polar coordinates 

u' = ^ ^ sin ^ -f - ^ cos 9, 

ay dr r da 


ax dr T da 


so that 


-.-.-(W.-sin..) j* (§)■-(#)] f If, 

-r-(39j^+—=—- 


Thus 


dr dd 

/ , _ 1 d'y^r d^y^r 


(26) 


COS 6 sin 6 (u'^ — — (cos^ 0 ~ sin^ 0) u'v‘ — ~ , 

and (25) becomes 

— .(27) 


T\ F\ as well as the last integral, being proportional to z. 

We suppose the motion to take place in the space between two coaxal 
cylinders which revolve with appropriate velocities. If the additional motion 
be also symmetrical about the axis, the stream-lines are circles, and ^ is a 
function of r only. The integral in (27) then disappears and dT'j dt reduces 
to — F\ so that under this restriction * the original motion is stable. The 
experiments of Couette’f" and of Mallock;[:, made with revolving cylinders, 
appear to show that when u\ w' are not specially restricted the motion is 
unstable. It may be of interest to follow a little further the indications 
of (27). 


The general value of i/r is 

= (7o 4- Cl cos ^ + Si sin 0 -1-... H- cos nO + Sn sinn0, .(28) 


On, Sn being functions of r, whence 


/f . 

n being 1, -2, 3, &c. If Sn, Gn differ only by a constant multiplier, (29) 
vanishes. This corresponds to 


ylr = Rq 4- jBi cos (6^ 4" €i) 4* ... 4“ Rn COS u {0 6^) 4“ •, .(*10) 


* We may imagine a number of thin, coaxal, freely rotating cylinders to be interposed 
between the extreme ones whose motion is prescribed, 
t Ann. d. Chimie, t. xxi. p. 483 (1890). 
t JProc. Boy. Soc. Vol. Lix. p. 38 (1895). 


R. VI. 


13 
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where Hq, Ri, &e. are functions of r, while Cj, e^, &c. are constants. If 
can he thus limited, dT'jdt reduces to —F', and the original motion is 
stable. 


In general ^ = 2-7rpz jtn(Sn^-G„ 


dr 


dr 
^2 * 


.(.31) 


Gn, Sn must be such as to give at the boundaries 

0^=0, dOJdr^O, Sn=-0, dSnldr = 0; .(32) 

otherwise they are arbitrary functions of o\ It may be noticed that the 
sign of any term in (29) may be altered at pleasure by interchange of 
On and Sn- 

When fi is great, so that the influence of F preponderates, the motion is 
stable. On the other hand when /z is small, the motion is probably unstable, 
unless special restrictions can be imposed. 

A similar treatment applies to the problem of the uniform shearing 
motion of a fluid between two parallel plane walls, defined by 

Uo = A + jBy, Vo = 0, tUo = 0 . (33) 


From (23) 


^ = -F'-pBjju'v'dx dy .(34) 


If in the superposed motion -y' = 0, the double integral vanishes and the 
original motion is stable. More generally, if the stream-function of the 
superposed motion be 

'yfr— G cos kcc + S sin kxj .(35) 


where C, S are functions of y, we find 


dt 




^-F' + 


pB. hx 


/( 




(36) 


Here again if the motion can be such that G and B differ only by a 
constant multiplier, the integral would vanish. When fx is small and there 
is no special limitation upon the disturbance, instability probably prevails. 
The question whether fi is to be considered great or small depends of course 
upon the other data of the problem. If D be the distance between the 
planes, we have to deal with BD^jv (Reynolds). 

In an important paper* Orr, starting from equation (34), has shown that 
if is less than 177 every disturbance must automatically decrease, 

and that (for a higher value than 177) it is possible to prescribe a dis¬ 
turbance which will increase for a time.” We must not infer that when 


jProc. Boy. Irish Acad. 1907. 
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BD'^lv> 177 the regular motion is necessarily unstable. As the fluid moves 
under the laws o£ dynamics, the initial increase of certain disturbances may 
after a time be exchanged for a decrease, and this decrease may be without 
limit. 

At the other extreme when v is very small, observation shows that the 
tangential traction on the walls, moving (say) with velocities + f7, tends to 
a statistical uniformity and to become proportional, no longer to 27, but 
to 27^. If we assume this law to be absolute in the region of high velocity, 
the principle of dynamical similarity leads to rather remarkable conclusions. 
For the tangential traction, having the dimensions of a pressure, must in 
general be of the form 

.(S7) 

D being the distance between the walls, and f an arbitrary function. In 
the regular motion large)/( 2 ^) = 2i:, and (37) is proportional to 27. If (37) 
is proportional to must be a constant and the traction becomes inde¬ 

pendent not only of /i, but also of D. 

If the velocity be not quite so great as to reduce f to constancy, we may 
take 

f{z) — a-\-hz, 

where a and h are numerical constants, so that (37) becomes 

apCr^ + 6/^27/i).(38) 

It could not be assumed without further proof that h has the value (2) 
appropriate to a large z\ nevertheless, Korteweg’s equation (6) suggests 
that such may be the case. 

From data given by Couette I calculate that in C.G.S. measure 

a = *000027, 

The tangential traction is thus about a twenty thousandth part of 
the pressure (Jp27^) due to the normal impact of the fluid moving with 
velocity 27. 

Even in cases where the steady motion of a viscous fluid satisfying the 
dynamical equations is certainly unstable, there is a distinction to be attended 
to which is not without importance. It may be a question of the time during 
which the fluid remains in an unstable condition. When fluid moves be¬ 
tween two coaxal cylinders, the instability has an indefinite time in which 
to develop itself. But it is otherwise in many important problems. Suppose 
that fluid has to move through a narrow place, being guided for example by 
hyperbolic surfaces, either in two dimensions, or in three with symmetry 
about an axis. If the walls have suitable tangential velocities, the motion 

13—2 
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may be irrotational. This irrotational motion is that which would be initiated 
from rest by propellent impulses acting at a distance. If the viscosity were 
great, the motion would be steady and stable; if the viscosity is less, it still 
satisfies the dynamical equations, but is (presumably) unstable. But the 
instability, as it affects any given portion of the fluid, has a very short 
duration. Only as it approaches the narrows has the.fluid any considerable 
velocity, and as soon as the narrows are passed the velocity falls off again. 
Under these circumstances it would seem probable that the instability in 
the narrows would be of little consequence, and that the irrotational motion 
would practically hold its own. If this be so, the tangential movement of 
the walls exercises a profound influence, causing the fluid to follow the walls 
on the down stream side, instead of shooting onwards as a jet—the behaviour 
usually observed when fluid is invited to follow fixed divergent walls, unless 
indeed the expansion is very gradual. 
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ON THE STABILITY OF THE LAMINAR MOTION OF AN 
INVISCID FLUID. 


[^Philosophical Magazine, VoL xxvi. pp. 1001—1010, 1913.] 


The equations of motion of an inviscid fluid are satisfied by a motion 
such that U, the velocity parallel to x, is an arbitrary function of g only, 
while the other component velocities V and W vanish. The motion may be 
supposed to be limited by two fixed plane walls for each of which y has a 
constant value. In order to investigate the stability of the motion, we 
superpose upon it a two-dimensional disturbance u, v, where u and v are 
regarded as small. If the fluid is incompressible, 


du dv 
dx^ dy ' 


( 1 ) 


and if the squares and products of small quantities are neglected, the hydro- 
dynamical equations give* 

(d , jjd\fdu dv\ d^U 

. 

From (1) and (2), if we assume that as functions of t and x, u and v are 
proportional to where k is real and n may be real or complex, 


n 


+ U 




■ J(fv 


d?U ^ 


(3) 


In the paper quoted it was shown that under certain conditions n could 
not be complex ; and it may be convenient to repeat the argument. Let 


+ v = 0L-\-il3, 


* Proceedings of London Mathematical Society, Yol. xi. p. 57 (1880); Scientific Payers, VoL i. 
p. 485. Also Lamb’s Hydrodynamics, § 345. 
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where p, q, ot. /3 are real. Substituting in (3) and equating separately to zero 
the real and imaginary parts, we get 

d^a ,, d^U (p 4- n)a + ql3 

Top , -qoc + {p+ U)/3 , 

(p+Uy + q^ ’ 

whence if we multiply the first by /3 and the second by a and subtract, 

d (^doL d^\ d-U q {a? + /30 . 

dyydy dy) dy^ (p+/7/ + 9'^* 

At the limits, corresponding to finite or infinite values of y, we suppose 
that V, and therefore both a and /3, vanish. Hence when (4) is integrated 
with respect to y between these limits, the left-hand member vanishes and 
we infer that q also must vanish unless d^Ujdy^ changes sign. Thus in the 
motion between walls if the velocity curve, in which U is ordinate and y 
abscissa, be of one curvature throughout, n must be wholly real; otherwise, 
so far as this argument shows, n maybe complex and the disturbance exponen¬ 
tially unstable. 

Two special cases at once suggest themselves. If the motion be that 
which is possible to a viscous fluid moving steadily between two fixed walls 
under external pressure or impressed force, so that for example t7=y2 —6^, 
d^Ujdy'^ is a finite constant, and complex values of n are clearly excluded. In 
the case of a simple shearing motion, exemplified by ?7=y, d^Uldy^ = 0^ and 
no inference can be drawn from (4). But referring back to (3), we see that 
in this case if n be complex, 

p^^-Jt^v = 0 .(5) 

would have to be satisfied over the whole range between the limits where 
^;=0. Since such satisfaction is not possible, we infer that here too a complex 
n is excluded. 

It may appear at first sight as if real, as well as complex, values of n 
were excluded by this argument. But if n be such that njk+U vanishes 
anywhere within the range, (5) need not there be satisfied. In other words, 
the arbitrary constants which enter into the solution of (5) may there change 
values, subject only to the condition of making v continuous. The terminal 
conditions can then be satisfied. Thus any value of — njk is admissible 
which coincides with a value of U to be found within the range. But other 
real values of n are excluded. 

Let us now examine how far the above argument applies to real values 
of n, when d^Uldy‘^ in (3) does not vanish throughout. It is easy to recognize 
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that here also any value of —kU is admissible, and for the same reason as 
before, viz.,that when n-^-kU =0, dvjdy may be discontinuous. Suppose, for 
example, that there is but one place where n kU — 0. We may start from 
either wall with = 0 and with an arbitrary value of dvjdy and gradually 
build up the solutions inwards so as to satisfy (3)^. The process is to be 
continued on both sides until we come to the place where n-^kU —0. The 
two values there found for v and for dvjdy will presumably disagree. But by 
suitable choice of the relative initial values of dvjdy, v may be made con¬ 
tinuous, and (as has been said)- a discontinuity in dvjdy does not interfere 
with the satisfaction of (3). If there are other places where U has the same 
value, dvjdy may there be either continuous or discontinuous. Even when 
there is but one place where n-\-kU with the proposed value of n, it may 
happen that dvjdy is there continuous. 


The argument above employed is not interfered with even though U is 
such that dJJjdy is here and there discontinuous, so as to make d^Ujdy^ 
infinite. At any such place the necessary condition is obtained by integrating 
(3) across the discontinuity. As was shown in my former paper {loc. cit), 
it is 



.A 




( 6 ) 


A being the symbol of finite differences; and by (6) the corresponding sudden 
change in dvjdy is determined. 

It appears then that any value of — ^ ?7 is a possible value of n. Are other 
real values admissible ? If so, n-\-kU is of one sign throughout. It is easy 
to see that if d^Ujdy^ has throughout the same sign as n-\-kU, no solution is 
possible. I propose to prove that no solution is possible in any case if 
n-^-kU, being real, is of one sign throughout. 


If U' be written for U + njk, our equation (3) takes the form 


^ if If . 

or on integration with respect to y, 

U'^-v'^ = K + l?{'“u'vdy, . ( 8 ) 

dy dy ]o 

where K is an arbitrary constant. Assume v = C/V; then 

dv' K k^ [y y 

+ .( 9 ) 

* Graphically, the equation directs us with what curvature to proceed at any point already 
reached. 
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whence, on integration and replacement of v, 

v = JIU' + KU' + .(10) 

H denoting a second arbitrary constant. 

In (10) we may suppose y measured from the first wall, where = 0. 
Hence, unless XJ' vanish with y, J?=0. Also from (8) when y = 0, 

{U'^^:=K. .(11) 

Let us now trace the course of as a function of y, starting from the wall 
where y=0, v = 0; and let us suppose first that U' is everywhere positive. 
By (11) jBT has the same sign as {dvldy)o, that is the same sign as the early 
values of v. Whether this sign be positive or negative, v as determined 
by (10) cannot again come to zero. If, for example, the initial values of v 
are positive, both (remaining) terms in (10) necessarily continue positive; 
while if V begins by being negative, it must remain finitely negative. 
Similarly, if U' be everywhere negative, so that K has the opposite sign 
to that of the early values of -y, it follows that v cannot again come to zero. 
No solution can be found unless IF somewhere vanishes, that is unless n 
coincides with some value oi —IcTJ. 

In the above argument U\ and therefore also is supposed to be real^ 
but the formula (10) itself applies whether n be real or complex. It is 
of special value when k is very small, that is when the wave-length along x 
of the disturbance is very great; for it then gives v explicitly in the form 

+ . 

When is small, but not so small as to justify (12), a second approximation 
^ might be found by substituting from (12) in the last term of (10). 

If we suppose in (12) that the second wall is situated at y — l, n is 
determined by 

/o .‘ 

The integrals (12), (13) must not be taken through a place where 
U-jr nlk=^ 0, as appears from (8). We have already seen that any value 
of n for which this can occur is admissible. But (13) shows that no other 
real value of n is admissible; and it serves to determine any complex values 
of n. 


In (13) suppOvSe (as before) that w/Zb =jp + ig; then separating the real 
and imaginary parts, we get 


f 


(p+Uy-q^ 
{(p+Wf + g^j^ 



q(p+ U)dy 


= 0 , 


(14) 








• 1913 ] 


LAMINAR MOTION OF AN INVISCID FLUID 


201 


from the second of which we may infer that if q be finite, must change 

sign, as we have already seen that it must do when q — 0. In every case 
then, when h is small, the real part of n must equal some value of — k U^. 

It may be of interest to show the application of (13) to a case formerly 
treated f in which the velocity-curve is made up of straight portions and 
is anti-symmetrical with respect to the point lying midway between the two 
walls, now taken as origin of y. Thus on the positive side 

y = 0 toy = P' cr=g; 

y^^h'toy=\h’ + h, = + 

while on the negative side U takes symmetrically the opposite values. Then 
if we write njkV = n', (13) becomes 

0 = ['’’’ 4 - ^ _ 

Jo (^yjhJrny jjj- {2ylb + y.(^-\b')-\rn'Y 
-f same with n' reversed. 

Effecting the integrations, we find after reduction 

__ _ 26 4- y 4- 2fib (b 4- V) 4- fi^b-b' 

in agreement with equation (23) of the paper referred to when k is there 
made small. Hence n, if imaginary at all, is a pure imaginary, and it is 
imaginary only when fi lies between —1/6 and —1/6-2/6'. The regular 
motion is then exponentially unstable. 

In the only unstable cases hitherto investigated the velocity-curve is 
made up of straight portions meeting at finite angles, and it may perhaps be 
thought that the instability has its origin in this discontinuity. The method 
now under discussion disposes of any doubt. For obviously in (13) it can 
make no important difference whether dUjdy is discontinuous or not. If a 
motion is definitely unstable in the former case, it cannot become stable 
merely by easing off the finite angles in the velocity-curve. There exist, 
therefore, exponentially unstable motions in which both TJ and dUjdy are 
continuous. And it is further evident that any proposed velocity-curve may 
be replaced approximately by straight lines as in my former papers. 

* By the method of a former paper “ On the question of the Stability of the Flow of Fluids ” 
{Phil. Mag. Vol. xxxiv. p. 59 (1892); Scientific Papers, Vol. iii. p. 579) the conclusion that 
p 4- U must change sign may be extended to the problem of the simple shearing motion between 
two parallel walls of a viscous fluid, and this whatever may be the value of k. 

t Proc. Lond. Math. Soc. Vol. xix. p. 67 (1887); Scientific Papers, Vol. in. p. 20, figs.. 
(3), (4), (5). 


from 

from 




202 


ON THE STABILITY OF THE 


[377 


The fact that n in equation (15) appears only as is a simple conse¬ 
quence of the anti-symmetrical character of U. For if in (13) we measure y 
from the centre and integrate between the limits + we obtain in that 
case 


% 


0 


dy = 0, 


.(16) 


in which only occurs. But it does not appear that is necessarily real, as 
happens in (15). 


Apart from such examples as were treated in my former papers in which 
(PUjdnf vanishes except at certain definite places, there are very few cases in 
which (3) can be solved analytically. If we suppose that 'y == sin(7ry/Z), 
vanishing when y = 0 and when y — l, and seek what is then admissible for U, 
we get 

U+njh = A cos + B sin [k^ 4- y, .(17) 


in which A and B are arbitrary and n may as well be supposed to be zero. 
But since U varies with /c, the solution is of no great interest. 


In estimating the significance of our results respecting stability, we must 
of course remember that the disturbance has been assumed to be and to 
remain infinitely small. Where stability is indicated, the magnitude of the 
admissible disturbance may be very restricted. It was on these lines that 
Kelvin proposed to explain the apparent contradiction between theoretical 
results for an inviscid fluid and observation of what happens in the motion of 
real fluids which are all more or less viscous. Prof. McF, Orr has carried this 
explanation further *. Taking the case of a simple shearing motion between 
two walls, he investigates a composite disturbance, periodic with respect to x 
but not with respect to t, given initially as 


v = B cos lx cos my, 


(18) 


and he finds, equation (38), that when m is large the disturbance may increase 
very much, though ultimately it comes to zero. Stability in the mathe¬ 
matical sense (JB infinitely small) may thus be not inconsistent with a practical 
instability. A complete theoretical proof of instability requires not only a 
method capable of dealing with finite disturbances but also a definition, not 
easily given, of what is meant by the term. In the case of stability we are 
rather better situated, since by absolute stability we may understand complete 
recovery from disturbances of any kind however large, such as Reynolds 
showed to occur in the present case when viscosity is paramount f. In the 
absence of dissipation, stability in this sense is not to be expected. 


Proc. Boy. Irish Academy^ Vol, xxvii. Section A, No. 2, 1907. Other related questions are 
also treated. 

t See also Orr, Proc. Boy. Irish Academy^ 1907, p. 124. 
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vorticity diflfers from the otherwise uniform vorticity of the neighbouring 
fluid. In the figure the lines A A, BB represent the situation of the walls 
and AM the velocity-curve of the original shearing motion rising from zero 
at to a finite value at M. For the present purpose, however, we suppose 
material walls to be absent, but that the same effect (of prohibiting normal 
motion) is arrived at by suitable suppositions as to the fluid lying outside 
and now imagined infinite. It is only necessary to continue the velocity-curve 
in the manner shown AMGN,,,, the vorticities in the alternate layers of 
equal width being equal and opposite. Symmetry then shows that under 
the operation of these vorticities the fluid moves as if AA, BB, &c. were 
material walls. 



We have now to trace the effect of an additional vorticity, supposed posi¬ 
tive, at a point P. If the wall AA were alone concerned, its effect would be 
imitated by the introduction of an opposite vorticity at the point Q which is 
the image of P in AA. Thus P would move under the influence of the 
original vorticities, already allowed for, and of the negative vorticity at Q. 
Under the latter influence it would move parallel to A A with a certain 
velocity, and for the same reason Q would move similarly, so that PQ would 
remain perpendicular to A A. To take account of both w^alls the more com¬ 
plicated arrangement shown in the figure is necessary, in which the points P 
represent equal positive vorticities and Q equal negative vorticities. The 
conditions at both walls are thus satisfied; and as before all the vortices 
P, Q move under each other’s influence so as to remain upon a line perpen¬ 
dicular to AA. Thus, to go back to the original form of the problem, 
P moves parallel to the walls with a constant velocity, and no change ensues 
in the character of the motion—a conclusion which will appear the more 
remarkable when we remember that there is no limitation upon the 
magnitude of the added vorticity. 

The same method is applicable—in imagination at any rate—whatever 
be the distribution of vorticities between the walls, and the corresponding 
velocity at any point is determined by quadratures on Helmholtz’s principle. 
The new positions of all the vorticities after a short time are thus found, and 
then a new departure may be taken, and so on indefinitely. 
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pasted paper. The tube should be lowered over the candle until the whole 
of the flame projects, when it will be apparent that the illumination of the 
candle extends decidedly lower down than before. 

In imagination we may get quit of the lateral loss by supposing the 
diameter of the candle to be increased without limit, the source of light 
being at the same time extended over the whole of the horizontal plane. 

To come to a definite question, we may ask what is the proportion of 
light reflected when it is incident equally in all directions upon a surface of 
transition, such as is constituted by the candle fracture. The answer 
depends upon a suitable integration of Fresnel’s expression for the re¬ 
flection of light of the two polarisations, viz. 

_ _ sin^ (6» -6') ^ _ tan* (9 - 0') ^ 

^~8m=(0 + 0'y ^ "un^io + ey . ^ ’ 

where dj 6' are the angles of incidence and refraction. We may take first 
the case where 6 > 6\ that is, when the transition is from the less to the 
more refractive medium. 

The element of solid angle is 27r sin 6 dO, and the area of cross-section 
corresponding to unit area of the refracting surface is cos 6 ; so that we have 
to consider 

2 sin ^ cos (9 or T^)d6, .(2) 

Jo 

the multiplier being so chosen as to make the integral equal to unity when 

or T'^ has that value throughout. The integral could be evaluated 
analytically, at any rate in the case of S% but the result would scarcely 
repay the trouble. An estimate by quadratures in a particular case will 
suffice for our purposes, and to this we shall presently return. 

In (2) 6 varies from 0 to and 6' is always real. If we suppose the 
passage to be in the other direction, viz. from the more to the less refractive 
medium, and T^, being symmetrical in 6 and 9\ remain as before, and we 
have to integrate 

2 sin 9' cos 9' or 'T'^) d9'. 

The integral divides itself into two parts, the first from 0 to a, where a is the 
critical angle corresponding to ^ = ^tt. In this T'^ have the values given 
in (1). The second part of the range from 9' — aio 6' = -^tt involves ‘‘ total 
reflection,” so that and must be taken equal to unity. Thus altogether 
we have 

2 [ sin 9' cos 6' {S^ or T^) d9' + 2 /*“ sin 9' cos 9' d9\ 

Jo t J a 


( 3 ) 
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in which sin a = 1/yx, fj, (greater than unity) being the refractive index. 
In (3) 

2 sin 6' cos d' d6' = d sin^ 6' = fjL~^d sin- 9, 

and thus 

(3) = X (2) +1 - ^-2 = 1 - 1 + sin 26 (S^ or T^) dO ^,... (4) 

expressing the proportion of the uniformly diffused incident light reflected 
in this case. 

Much the more important part is the light totally reflected. If = 
this amounts to o/9 or 0*5556. 

With the same value of /x, I find by Weddle’s rule 

r sin 26 ,S^d6 — 0*1460, f” sin 26 . T-d6 — 0*03r39. 

Jo Jo 

Thus for light vibrating perpendicularly to the plane of incidence 
(4) = 0-5556 + 0*0649 = 0*6205; 
while for light vibrating in the plane of incidence 

(4) = 0*5556 + 0-0151 = 0*5707. 

The increased reflection due to the diffusion of the light is thus abundantly 
explained, by far the greater part being due to the total reflection which 
ensues when the incidence in the denser medium is somewhat oblique. 
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THE PEESSUEE OF EADIATION AND CARNOT’S PRINCIPLE. 

\Naturey Vol. xcii. pp. 527, 528, 1914.] 

As is well known, the pressure of radiatioi;!, predicted by Maxwell, and 
since experimentally confirmed by Lebedew and by Nichols and Hull, plays 
an important part in the theory of radiation developed by Boltzmann and 
W. Wien. The existence of the pressure according to electromagnetic theory 
is easily demonstrated"^, but it does not appear to be generally remembered 
that it could have been deduced with some confidence from thermodynamical 
principles, even earlier than in the time of Maxwell. Such a deduction was, 
in fact, made by Bartoli in 1876, and constituted the foundation of Boltz¬ 
mann’s work"]”. Bartoli’s method is quite sufficient for his purpose; but, 
mainly because it employs irreversible operations, it does not lend itself to 
further developments. It may therefore be of service to detail the elementary 
argument on the lines of Carnot, by which it appears that in the absence of 
a pressure of radiation it would be possible to raise heat from a lower to a 
higher temperature. 

The imaginary apparatus is, as in Boltzmann’s theory, a cylinder and 
piston formed of perfectly reflecting material, within which we may suppose 
the radiation to be confined. This radiation is always of the kind charac¬ 
terised as complete (or black), a requirement satisfied if we include also a 
very small black body with which the radiation is in equilibrium. If the 
operations are slow enough, the size of the black body may be reduced 
without limit, and then the whole energy at a given temperature is that of 
the radiation and proportional to the volume occupied. When we have 
occasion to introduce or abstract heat, the communication may be supposed 

* See, for example, J. J. Thomson, Elements of Electricity and Magnetism (Cambridge, 1895, 
§ 241); Eayleigh, JPhil, Mag. Vol. xlv. p. 222 (1898); Scientific Papers^ Vol. iv. p. 354. 

t Wied. Ann. Vol. xxxii. pp. 31, 291 (1884). It is only through Boltzmann that I am 
acquainted with BartolPs reasoning. 



H)14] THK l*ilKS.St:UK OF HAOl.V’rioN’ AN'1> OAUN'ot's CIUN’OIIM,!'; 20!) 

ill till- first iiistniifc tn In* with tin* lilac'k iiitily. 'I’lii* upiTatiuiis arc cf t wo 
kimls: (I) .•oiiijircssi.m (or rarefaction) of the kind calld ihnl is, 

without coinnmnientioM of heat. If the volnnic increases, ilie leniperature 
must fall, even ihonj,di in tlic absence of pressure upon tiie piston no work 
is (lone, since the same energy c<f complete radiation now tK-enpies a lartfer 
s|mce. Sinalnrly a rise of temperature accompanies adiabatic contraction. 
In the see.md kind of o[)eration (2) the espatisions and contractions an- 
ls„thrn„iit that is, with-.iit change of temperalluv. In this cas,. heal must 
pass, into the lilack body when tlie volume evpands and out of it when the 
voliinio contracts, and at a ei^.n t.'iupcrature the amount of heat wiiich 

iiitiNf j»ass \s it»iml ti, flu* 


1 III* u|»rrafi«inH U* hr is tin* saiu*' as in i ariiut s iJn^orw 

tIn* <ai!y ditl«*riiifT iH'iiij^ that hm*. in ill*' abstain* jtri^ssun*, i,s ih> 

i|invstiHn ttf **\iiTnn! work. Uv^m by isufItormal oKiiunsi.ai at ilu* hnwr 
t*iiijioralmv tlurin^s; uiiidi boat in takoii in. Tlnai naiijin-ss ailiabaiit'nllv 
until a Iii^j 4 'bi*r irni|irnitnro in roarlnsl. N«‘\i csniiintir t!a* ooinprossion iwo 
llniiiially nniil tin* samr aniuiint of boat is out as uas tiikf-n in during 

tin* first iv^jiansiun. LaHfJy, rosltiro tbo «»rigina! vobuno adiabaliraJly. Sinoi* 
no boat bus jKtssoil u|ion ifa* wliolo in i-itbor diivafion. tin* linal stafo in 
idonlioal with tin* initial staft*, ilo* toiu|»*raluro b«'ing as woll as 

tin* Voliuiio. ‘Tbo solo rvsuii of tbo ryob* is ibat boat rais«dl irojo a luWi*r 
l<Mi liiglior ii-fujfonitun*. Sinao ibis is assunioij \n b** iiii|iMs^ibfi% tbr HUji» 
ftosifjoti ibat tbo o|i4Ta,fioim c'an bo jiorfoiiiioii wiibout oxtiuiial work is |o 
!.*o rojortoi! in oibor words, wo mus! regard ibo ra<li.uiMU a.^ o\orri>(ing a 
jsri’HHurt* upon tbo inoving jiision. f'ariiots jirinai|i!o and tluMdisiaus* of a 
jiro.Hsuro nr** iiH‘oni|iatib!o. 

For II furihor disruiHsion it in. of eoiirso. <lo,siral>b* to onijiloy ibo gonoral 
foriiiiiliitinii (’jirtKiiH primnj.ili%iiM in a birinor pnjn'r*. lip bo ili«* primiin*, 
0 till* iiIiHolnio ti*yi|ioriiiiirt% 



.im 


wlif*ro J/ f/r rt‘prosofit:s tin* h**at tliiil must b** rommuriifaifi^d, wtiilo tfin 
voliiiiii* idtofs by f/i* and x-t fb In tlii* applirai ion to radiation J/ c*annot 
vniitsh, and tliort*foro p nanmiL In this nmo oloarly 

M - p .........,...........,.*...4:10) 

wbiut* Ij diUioios till* vobuno-doiisity id’ tin* i.*in*rgy--a tuni’tion «#f only. 

+ s .fai) 

• ‘*Oa |||« I»w***«iirff af Viliriiticiiii/' PhiL Mit 0 , Vol. ni. p, Hm, lUCri; Sfienitfif i*aper$ 
Vol,. V. |i. 47, ' ^ ’ 


II. VL 


14 






210 


THE 1‘KK.SSUUE OE KADIATION' AXD (■AHN<iT'.'> HHIV* 11‘i.i: 


It'wc assiuue froiH aleetronmgiictic tlirnry llial 


it follows Jit once thiit 


U X 0 \ 


■'ll I 


tlu^ well-known law of St(‘fUn. 

In (»n,) if be known as a fnnetiun af (K /.''as n fiiii**! i«ai «*! i-ll' 

iinmetliately. If, on tin* othiT liancl, be kiiowii, bau 


(/ 




and thenct‘ 


y^ 


^ If 


(10 i- (\ 


i :i I 
















FrirniKit .wrLUWTU^ss hf !u*:sski;s ffnctioxs mf iiku! 
iinimi Tu THE WHISFKHlNc; «;ALLEFV AXI^ ALLlEIi 

VUiHlLKMS, 

I ! ialristiphirkii \'m1, \\V|I. |iji. jlHI |!l|4sj 

I\ f !i«' jipilihiH mI' i!i»' WhiMpt’i'iiitM. tath’iy** 'Uuvs-.h tu tw«» Mf 

l>ii|4!li III ivilli flir h!i»avii !t» mil rMiim! 

till’ r*M||*’av»' «4' a ua!! uit!i hul tu ,N[frf*a«l f 

iiiWitniH, I1n* \\a!! Wits iu l>u fur a!! kiials »»f 

Witti'N jiiif ill*’ «|i{«'^4i»ai [»rr'-.ti'HtH wiaiia-r fhu |Ha1nTf 

flr\|uii jiMHitilalisi may ii‘4. I*«“ altiuii'sl uu thi* |»i<4 su-rallftl ” !>s!al 
flu* wall ia*a’»'ly th*“ IIh-iwuuu Iwh uiiiturifi inislia 

*♦! witirli ilif« uiiii'f i,H ihi* li*HH niVatiIt is iiui lu F** tiiat 

al»s«it|ii!uiy li<^ rliti’i^y hlinuM |wiN*trHtt* alMi til!iiHii!«4y *%sr.'i|»r tu an iiifniih* 

dl,htlili^i^ 11|«* Iiliii!*tgy b milii'i* With fll*' Irrailnj !,iy S!*»k«’H*** jif 

iiiii Ilf vtbriifitiiiH IrMin n a.H n Fi-li 

wiri% i*» n !*tnrriiiiiiiliiig gm, wlim tin* %vfivi*A»-ni 4 't!i in tin* Muinwvfiat 

lar’i^r with ihi^ fliinnii«i<niH t*f tin* ^ihnituig 'Tin* «ii«*rgy 

riiilijtfril til li tii?4tjiiii»n niiiy ihi’ii hi* is\trrin»4y Mniill, lh**ngli n**! inaifit** 
uml lailly rviiiinM*i*iit. 

A «'oiii|ijinwiii! with lht» Hinijili’ wlnn'** thf Miiinrr uf tin* vilimtiiig 
Iwiiiy is (.r Oi ii4 inlin'rwtiiig, I'.HjManjtlly as nliMwiiig Imw I hi* ji^triiiil 

* l*h%L M*i*h VpI, x%, |i, IIMII filflOi; VmL v. j». ilijl ifw 

lliiai* rrt|iiiri:« »sifip« nirrisaion uwifiii l« a i« Ni«?l4»il?*Mirw |♦st|♦l''r I'rpiii miiin’li llii-v 'unr 

ili'riVrti, wi4« llriii |i..4iil*’tl uui ii» im* lij i*rof. Ni«4ip|-=py‘f* imWr «li«ulii Iw mir-r* 

i|H 1*4 liii> IKil «*f -fli-h Itsii of |Ml47ni ■ Klrliolwili, 

iiuL Mmj, Veil. |i. *iCKi iltUlii. Arrur«iiiigh, m UiV I'tjunliPii I |H|4?A f*lipnl4 ti^ii4 

iiii4 III «• itifiiiriii |H| timd [Ittn*. Aiiollirr i'ltcir f»bi»iil*l br 

Ill fill, j mm » iu ■ Hin un) $uu»i Iw iliv inU^l^mnd ImiiK Hr« 

riiii* Vi»i. |i. Him.I 

t J*kti, Tfttm. I«IW. Hcp Thrt.tr^ n/ ,NVwti4, Vol. li, | Mi, 


M 2 



212 


FUBTHER APPLICATIOKS OF BESSEL’S FUNCTIONS OF [3S0- 


escape of energy is connected with the curvature of the surface, 
the velocity of propagation, and 2w/A: the wave-length of plane 
the given period, the time-factor is and the equation for the 
potential in two dimensions is 


^ 4. ^= 0. 
dx^^df ^ 


If F he 

waves of 
velocity- 


( 1 ) 


If ^ be also proportional to 00 s my, (1) reduces to 

^ 4- — 0, .(2) 

dx- 

of which the solution changes its form when m passes through the value L, 
For our purpose m is to be supposed greater than k, viz. the wave-length of 
plane waves is to be greater than the linear period along y. That solution 
of (1) on the positive side which does not become infinite with x is propor¬ 
tional to so that we may take 

= cos kVt. cos my . .(3) 

However the vibration may be generated at x=^0, provided only that the 
linear period along y be that assigned, it is limited to relatively small values 
of X and, since no energy can escape, no work is done on the whole at = 0. 
And this is true by however little m may exceed h. 

The reason of the difference which ensues when the vibrating surfiice is 
curved is now easily seen. Suppose, for example, that in two dimensions ^ 
is proportional to cos ^0, where ^ is a vectorial angle. Near the surface of 
a cylindrical vibrator the conditions may be such that (3) is approximately 
appHcable, and ^ rapidly diminishes as we go outwards. But when we reach 
a radius vector r which is sensibly different fi:om the initial one, the con¬ 
ditions may change. In effect the linear dimension of the vibrating 
compartment increases proportionally to r, and ultimately the equation (2) 
changes its form and oscillates, instead of continuing an exponential 
decrease. Some energy always escapes, but the amount must be very small 
if there is a sufficient margin to begin with between m and L 

It maybe well before proceeding further to follow a little more closely 
what happens when there is a transition at a plane surface = 0 from a 
more to a less refractive medium. The problem is that of total reflexion 
when the incidence is grazing, in which case the usual formulae^ become 
nugatory. It will be convenient to fix ideas upon the case of sonorous 
waves, but the results are of wider application. The general differential 
equation is of the form 



See for example Theory of Sound, VoL ii. § 270. 
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^ * 1914 ] 


which we will suppose to be adapted to the region where x is negative. On 
the right {x positive) F is to be replaced by Fi, where Fj > F, and by 
In optical notation Fj/F = //,, where y06 (greater than unity) is the refractive 
index. We suppose ^ and be proportional to b and c being 

the same in both media. Further, on the left we suppose b and c to be 
related as they would be for simple plane waves propagated parallel to y. 


Thus (4) becomes, with omission of 

g.O, .(5) 

of which the solutions are 

.( 6 ) 


A, B, G denoting constants so far arbitrary. The boundary conditions 
require that when x—0, d^jdx = d(p^ldx and that p0 = pi0i, p, pi being 
the densities. Hence discarding the imaginary part, and taking ^ = 1, we 


get finally 

—?:)|.cos(% + cO, .(7) 

e-5.r\/(^2_i)/^ QOS,(by + ct) .(8) 


It appears that while nothing can escape on the positive side, the amplitude 
on the negative side increases rapidly as we pass away from the surface of 
transition. 

If yu, < 1, a wave of the ordinary kind is propagated into the second 
medium, and energy is conveyed away. 

In proceeding to consider the effect of curvature it will be convenient 
to begin with Stokes’, problem, taking advantage of formulae relating to 
Bessel’s and allied functions of high order developed by Lorenz, Nicholson, 
and Macdonald*. The motion is supposed to take place in two dimensions, 
and ideas may be fixed upon the case of aerial vibrations. The velocity- 
potential 0 is expressed by means of polar coordinates r, 9, and will be 
assumed to be proportional to cos nd, attention being concentrated upon the 
case where n is a large integer. The problem is to determine the motion 
at a distance due to the normal vibration of a cylindrical surface at r = a, 
and it turns upon the character of the function of r which represents a 
disturbance propagated outwards. If (for) denote this function, we have 


0 = cos n6 . Bn (kr), .(9) 

and Bn (z) satisfies Bessel’s equation 

. .i)/ + i i)„' + (^1 - j;) = 0.(10) 


* Compare also Debye, Math, Ann, Vol. lxvii. (1909). 
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[380- 


It may be expressed in the form 

- 0 ™ = 


JL 


r T 
^ n 


Sin UTT 


( 11 ) 


which, however, requires a special evaluation when n is an integer. Using 
SchlMi’s formula 



cos {z sin 0 — nO) dO 


• /•OC 

I e-«e -2 stall«... (12) 
TT Jo 


n being positive or negative, and z positive, we find 

D (^) = 1 f sinh e ^ I* siiiii e 

TtJ 0 TT J 0 

— — f sin ( 2 ^ sin ^ — ^^0) 0?^-f cos(zsin0 — n0) d0j.(13) 

TtJo 'TTjo 

the imaginary part being — iJn{^) simply. This holds good for any integral 
value of n. The present problem requires the examination of the form 
assumed by when n is very great and the ratio zjn decidedly greatei, 
or decidedly less, than unity. 

In the former case we set z sin of, and the important part of Dn arises 
from the two integrals last written. It appears* that 



where + z {cos a — (Jtt — a) sin a|, .(15) 

or when is extremely large (a = 0) 

Dn (/) ~ .(16) 


At a great distance the value of in (9) thus reduces to 

</, = cos ne. _ .( 17 ) 

from which finally the imaginary part may be omitted. 

When on the other hand zjn is decidedly less than unity, the most 
important part of (IS) arises from the first and last integrals. We set 


?i = 2:cosh/3, and then, n being very great, 

. 

where t — n (tanh /3 — /3).(19) 


* Nicholson, B. A. Beport, Dublin, 1908, p. 595 ; Phil Mag. Vol. xix. p. 240 (1910 ); Mac¬ 
donald, Phil. Trans. Yol. ccx. p. 135 (1909). • 
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Also, the most important part of the real and imaginary terms being retained, 

+ .■..( 20 ) 

The application is now simple. From (9) with introduction of an 
arbitrary coefficient 

^ = kA cos nQ . D,/ {kr) .(21) 

If we suppose that the normal velocity of the vibrating cylindrical surface 
(r = a) is represented by cos nd, we have 


and thus at distance ' 


or when r is very great 


hADn (ka) — 1, . 

</) cos nd 


( 22 ) 

(23) 

(24) 


We may now, following Stokes, compare the actual motion at a distance 
with that which would ensue were lateral motion prevented, as by the 
insertion of a large number of thin plane walls radiating outwards along 
the lines d = constant, the normal velocity at r = a being the same in both 
cases. In the altered problem we have merely in (23) to replace Dn, JDn 
by Do, Dq\ When z is great enough, Dn{z) has the value given in (16), 
independently of the particular value of n. Accordingly the ratio of 
velocity-potentials at a distance in the two cases is represented by the 
symbolic fraction 


Dq (ka) 
Dn {ka) ’ 


(25) 


in which 




+ha) 


(26) 


We have now to introduce the value of {ka). When n is very great, and 
kajn decidedly less than unity, t is negative in (20), and is negligible in 
comparison with e'~^. The modulus of (25) is therefore 

l_njha_\i e-u(g-tanh^) 

Uinh ^ cosh /3/ ’ siny ji .' 

For example, if n — 2ha, so that the linear period along the circumference of 
the vibrating cylinder {^Trajn) is half the wave-length, 

coshy8 = 2, yS = 1*317, sinh/3 = 1*7321, tanh/3 = ‘8660, 


and the numerical value of (27) is 


e-45ion ^ y'(i.732). 
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When n is great, the vibration at a distance is extraordinarily small in com¬ 
parison with what it would have been were lateral motion prevented. AvS 
another example, let n—l'lha. Then (27) = Here n 

would need to be about 17 times larger for the same sort of eSect. 

The extension of Stokes’ analysis to large values of n only emphasizes his 
conclusion as to the insignificance of the effect propagated to a distance when 
the vibrating segments are decidedly smaller than the wave-length. 


We now proceed to the case of the whispering gallery supposed to act by 
“ total reflexion.” From the results already given, we may infer that when 
the refractive index is moderate, the escape of energy must be very small, 
and accordingly that the vibrations inside have long persistence. There is, 
however, something to be said upon the other side. On account of the con¬ 
centration near the reflecting wall, the store of energy to be drawn upon 
is diminished. At all events the problem is worthy of a more detailed 
examination. 


Outside the surface of transition (r = a) we have the same expression (9) 
as before for the velocity-potential, k and V having values proper to the 
outer medium. Inside k and V are different, but the product kV is the 
same. We will denote the altered k by L In accordance with our sup¬ 
positions h>k, and h/k represents the refractive index (/jl) of the inside 
medium relatively to that outside. On account of the damping k and h are 
complex, though their ratio is real; but the imaginary part is relatively 
small. Thus, omitting the factors cos nO, we have (r > a) 


(j)=:ADn(kr), .(28) 

and inside (r<a) (hr) .(29) 

The boundary conditions to be satisfied when t ct are easily expresst 
The equality of normal motions requires that 

kADn (ka) = hB {ha );.(30) 

and the equality of pressures requires that 


(TA.Vn {fca) = pM Jn {ha), 


V / 

cr, p being the densities of the outer and inner media respectively. The 

equatipn tor. determining - the values of ha, ka (in addition to kjk = a) is 
accordingly ^ 

kl)„'{ka) hJn (ha) 

<rD„{ka) ~ pJ^Qia) ... 

. exactly by real values of h and k- for, 

^ eug „ / „ IS then real, D„7-D» includes an imaginary part. But since 

may conclude that a'pproxmiately 
/i and k are real, and the first-step is to determine these real valu^es. 
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Similarly, if we write h(t. = it' + ij/', wlu'rt* u'" = .r/yu, y' = yjfi, 
,/>„ (a/+ i,//') (.r ) +l///(•'■') 

and in virtue of (10) 


■Dn" (.>') = ■ 
wliere co.sli = «/.«'. ThuH 


cosh yS 


/V(a') + Hinlr-^/4(a;'), 


I>„ (.'/•• + V/') ^ />,/(V) / cosh ^ A, _ l) ;\\ 

l>„{.<>- + ry) />,.(.r )| ^ V /( /V />„/) 


Acconlingly with uho of (‘h>) 


(.// 4* v/) 


" niiih /i 


I + i 4 - 


. , / co.sh^ • I .j o 


b(|uation (^W) ns.s(‘rts tlu* e<|unli(y of tJio (‘Xprcssioiis oo tho t wo Hi<lt*s of (.1K) 
with 

her J,:U) f , JnUr)] 

./.Ml'. 

n wt* !it‘gloct thc‘ imaginary tunaus in (HH), 617), wo fall hadi on (14). Ilm 
imaginary imans them.selvixs giva* a .staamd <‘{juati(m. hi fi>rming this wo 
notieo tliat tho t(‘rmH in 1 / vanish in comparison wit h that in y. For in tlm 
coefficient of t/ tin* first part, viz. — fr ^ c«»h!i yS, vanishoH when n is mndo 
infinite, while* tin* s(‘cond and third parts comp*‘nHat«* oin* utmtinn* in virfuo 
of (11). Accordingly (12) gives witli regard to (14) 


fj// 


jiMcr e 


•art 0 ■ 


•CO) 


■ p/rsinhyd p sinh/:! 

in which cosh/::? = ya. .. 

In ( 10 ) iy is tlie imaginary inerennmt of htt, of which tin* principal ri‘al 
part is n. In tin* tinn‘-fac.tor the exjKanmt 

fMii jxa 

In one completes peaiod t, nVtjfMt nndm’goes tlie increment 27 r. The ex- 
pommtial factor giving the decrennmt in one* peritsl is thus 

...,( 41 ) 

or with rt*gard to the smallnc^ss of ( 19 ) 

27rycr iP-tmthfii 

np sinh ^ 

This is the factor by which the amplitude* is nnlueed after I’ach comph4.e 
period. 


1 


.( 42 ) 
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111 !hv riLsr uf iiriliiiary p er -- As an t‘xuiaplts Inkt* fi — cosh /i - 1 * 9 ; 
tlioii 1421 i^ivos 

I - *5KI/r'*c •*'''-***^\ ........(49) 


\\fiiii a hoy<aitl 10, tJn* iiii!iii|Hn|^ acx'nriliiig in (49) hfcoiaos Hinall; and 
ulii'ii II in a! nii iarj^o, th** vihmtinns liava vory i^nvut pt^rsiHioncc. 

In tho dorivalion *4 (42l wc havo Hpokon of Htationary vil*rutions. But 
I hr daiiijcno i-s, Ilf rutirsf, tin* Haim* fur vihralions which pr«'>)^rcss nauid the 
ci.rr‘iiiii!rrrnfr, hiuco ilirnc tuny r«*^ardcd as coni|>oundcd of two of 
stHfiMiiiiry \ahf’ationN which thtthr in phasr hy !H} , 

t'ajriiliii ioii thus cunfinuH the cxpcctat-iiai that tin* whispering gallt*ry 
rtfrci d««-H iiiif r«»niiirt* ii perfectly refleinJng walh !*ut that the main 
are ri‘|ir*«iiierd in lranH|iiireiit nit*dia, proviiled that the velocity of waves is 
iitoderafriy laigia* usii.Hidi* that! inniile tin* siirfaci* of transit ion. And further, 
life IrsH i!i»- nirvatiire of thin nurface, the smaller is the ridractive iinh’X 
Igreiilii” lintii unity I which aufliceH. 
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ON THE 


DIFFEACHION OF LKHTr BY HIMIKEES OF 
EELATIVE INDEX. 


SMALL* 


{Froce^duiffH of the lioj/dl Societj/, A, X(i pp. 21!)—22r>, HILL) 

In ii nhort paptH* “ C.)n tht‘ Diffruation of Light by Partieh*H t,t>inpnritli!i’ 
with thf Wav(‘»l(‘iigtht/’ KtHii and INa-ter tiaHcribe earioiiH observatiiais uptai 
thi* intiaiaity and colour of tlu^ light tranmuitU‘d through nmid! partioIf.H td’ 
precipitated Hulphur, vvhih‘ ntill hi a state of HimpcUHion, when the size uf tin* 
particles is coinparnbh* with, or decidtidly larger tlian, thte wavc»It‘ngfh «»f 
the light. The particles principally concerned in tluur experiineniH appt%’ir 
to have decidedly exceialed those dealt with in a ri»cent pijH*rJ, where tin* 
calculations were pushtal only to the point wht‘n*. tlu^ eircunlferi‘n(^^* of tln^ 
sphere is 2*25 X. Tlu^ authora cited give m the size id’ the partiedeK, wlnut 
the intensity of tlu^ light passing through was a ininimiun, bg to H) ft,, ilia! 
is over 10 wave-h*ngths of ytdlow light, and they {K>int out the deHirability 
of extending thi3 theory to largiw spheres. 

’’Phe calculations rehuTtid to related to the particular case wlu*rr? the 
(relative) refractive! indc*x of th(! spherical obstacles is L5. Tliis value was 
chosen in order to bring out the peculiar polarisation phenormuia i>l)Hervet| in 
the diffracted light at angles in the neighb(mrh(HKl td* 90", and as not iiiap|)ro- 
priate to (‘xperivnents upon jiarticles of high index suBpt.aKied in wati*r. 
I reiruirkcHi that the. extension of the calculations to greater partieles w<nilil 
be of interest, but that the arithmetical work would mpidly hecoini! hi*avy. 

Thei’c is, however, anotht:‘r particular aisci of a more tractable chanicter, 
viz., when the relative refractive index is and although it may not ho 

the one we should prefer, its discussion is of intert'St and would be exjM:3Ct4.*d, 

^ [1914. It would have been in better acoordanotj with u«age to have said ** of lielatlvi:! 
Index differing little from Unity.'*] 

t Roy. Sac. Pwc. A, Yol. Lxxxix. p. 370 (1913). 

X Roy. Soc. Pwc. A, Vol. lxxxiv . p. 2/5 (1910); SeieMtijk Payer.% Vol. v. p. 547. 
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to throw some light upon the general course of the phenomenon. It has , 
already been treated up to a certain point, both in the paper cited and the 
earlier one ^ in which experiments upon precipitated sulphur were first 
described. It is now proposed to develop the matter further. 

The specific inductive capacity of the general medium being unity, that of 
the sphere of radius R is supposed to be K, where iT ~ 1 is very small. 
Denoting electric displacements by/, g, A, the primary wave is taken to be 

.( 1 ) 


so that the direction of propagation is along x (negatively), and that of 
vibration parallel to -sr. The electric displacements (/, in the scattered 

wave, so far as they depend upon the first power of {K — 1 ), have at a great 
distance the values 


in which 


f n h 

Jl) Ql} 1 ^ ^2 ^ yA J ^ 

P = — (K — 1 ). '' 


( 2 ) 

(3) 


In these equations r denotes the distance between the point (a, 7 ) 

where the disturbance is required to be estimated, and the element of volume 
(dxdy dz) of the obstacle. The centre of the sphere R will be taken as the 
origin of coordinates. It is evident that, so far as the secondary ray is 
concerned, P depends only upon the angle (%) which this ray makes with the 
primary ray. We will suppose that % = 0 in the direction backwards along 
the primary ray, and that % = 7 r along the primary ray continued. The 
integral in ( 3 ) may then be found in the form 

kcos^ J ^i(2^-^cos^.cos<^)cos^^d^, .(4) 

r now denoting the distance of the point of observation from the centre of 
the sphere. Expanding the Bessel’s function, we get 


■A- g 


wr 




+ o 


2.5 2 . 4 . 5.7 2 . 4 . 6 . 5 . 7.9 


2.4.6.8.6.7.9,11 ■■■!’ 


.(5) 


in which m is written for 2kR cos . It is to be observed that in this 
solution there is no limitation upon the value of P if (P— 1 )^ is neglected 
absolutely. In practice it will suffice that (K — 1 ) R/X be small, X (equal to 
27 r/k) being the wave-length. 


* Phil. Mag, Vol. xn. p. 81 (1881); Soientific Papers, Vol. i. p. 518. 
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These are the formulae previously given. I had not then noticed that the 
integral in (4) can be expressed in terms of circular functions. By a general 
theorem due to Hobson ^ 

r^TT _ _ //ttX , , , sinm cosm 


so that 


J, (m cos <p) cos^ = ^«/} (w-) = 
p = _ _ 1). 4.^P3. e« 


/sm 7n 


cosm 


m 


■0) 


in agreement with (5). The secondary disturbance vanishes with P, viz., 
when tan m = m, or 

m = 2ArPcosi;) 5 ; = 7r(1-4303, 2-4690, 3-4709, 4-4774, 5-4818, etc.)t. ...(8) 

The smallest value of kR for which P vanishes occurs when % = 0, i.e. in the 
direction backwards along the primary ray. In terms of X the diameter is 

2fi = 0-7l5X. .(9) 

In directions nearly along the primary raj forwards, cos|% is small, and 
evanescence of P requires much larger ratios of R to X. As was formerly 
fully discussed, the secondary disturbance vanishes, independently of P, in 
the direction of primary vibration (a = 0, /3 = 0). 

In general, the intensity of the secondary disturbance is given by 






.( 10 ) 


in which Pq denotes P with the factor omitted, and is a function of 

the angle between the secondary ray and the axis of w. If we take polar 
coordinates (%, <p) round the axis of w, 


i-t=i 


- sin^ X ^ 3.,*-(II) 

and the intensity at distance r and direction (%, may be expressed in 
terms of these quantities. In order to find the effect upon the transmitted 
light, we have to integrate (10) over the whole surface of the sphere r. 
Thus 

r^-JJ sin X dx d4> (f^ + sin % (1 + cos" %) 

jA'Tr i\o -n^ r • 7 /T . 0 \(sin w — mCOS m)^ 

smxdx(l-hcos^x) -- - 


J 0 


r2kB 




^ I 


X {1 + + (m® — 1) cos 2m — 2m sin 2m}.(12) 


* Land. Math, Soc, Proc. Vol. xxv. p. 71 (1893). 
t See Theory of Sound, Vol, u. § 207. 
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The integral may be expressed by means of functions regarded as known. 
Thus on integration by parts 

I {1 + + (m^ - 1 ) cos 2 m — 2 m sin 2 m} ^ 

j 0 ^ m® 

— — ^ 2 m sin 2 m 1 1 

2 m® 2 m® 2 ’ 

i 7 

{ 1 +m® + (m® —l)cos 2 m — 2 msin 2 m}— 

/ 0 ■’ m® 

1 1 — cos 2 m , , cos 2 m sin 2 m 

■“2W-+,L— 

I {1 -f m® + (m® — 1 ) cos 2 m — 2 m sin 2 m} 

Jo ■’ m 

— cos 2m , m® m sin 2m 5 cos 2??i 5 

= --+ -tr H--H-^- 

Jo m 2 2 4 4* 

Accordingly, if ??? now stand for 2 ^iJ, we get 

^ //siB ^ rfx # (/■■++ V) - ~ ‘ ^ ’ -g ~ ,7 

- + 0 + + (1 - 4) <i J.(13) 

mi Vm® /Jo W J ^ 

If m is small, the { } in (13) reduces to 

0 m^ 

so that ultimately 

.(14) 

in agreement with the result which may be obtained more simply from ( 5 ). 
If we include another term, we get 

(13)1)^ (i - .(15) 

As regards the definite integral, still written as such, in (13), we have 
P1_cos2to, a? s 3 

where 7 is Eulers constant (0*5772156) and Ci is the cosinedntegral, 
defined by 

Ci {x) — j du .(17) 

As in (16), when x is moderate, we may use 

Ci(a;) = 7 + log®-+ i J— 2 ^^-...,. 


( 18 ) 
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which is always convergent. When a- is givnl^ wi* liuvi* tin* Miio 


senes 


Ci (x) = sin X 


1 1.2, 1.2.a.4 


fi i.2.:{ 1.2.:i. •t, *> 


Fairly coiapli'tiu tables of Ci(i«), as well ns nt n'iuti il itii" ut il', !ia\. 
given by Glalsher*. 

When m is large, 0i(2w) t(‘n{l.s to vanisln sn fliai ulfiniairly 
I — e(»H 2m 


I 

Jo 


dm -- 7 + log rial I. 


Hence, when kli is large, (13) Uaicls to t he fbnn 

..... 

Glaishers Table XII givcss the nuixirna and tnininia valia''H «4 ihr’ 
integral, which occur when the argument is an <«hl «»!'" I'lr, Tie: 


n Ci («7r/*2) 


I ' 

I 4-0‘47ii<KK)7 

1 Z * -0*10840711 

I 5 I +()• 1237723 


H c'l 


7 ^ O-OH! Fit MO 

0 4 O'i,i7ooiiri:i 

U -y*iiAir*n|| 


These values allow us to caleulatt‘ the | ! iiH 131, viz., 

7(1 —cos2m) sini-m ^ / 4 A, , , .. . 

- — .. 4- 5 + vd T ( 4 1 1 7 - t log iiii •- I I i tm I . 12 


when 2fii — 7i'rrj2, and n is an odd integer. In lhi.H mm* 
sin 2m = ± 1, so that (21) reduces to 


o(> ,4 ((54 

niT ^ 10 


4^ 1.7 4* h>g (HIT 1 1 ■« 1J I im 2 1 j.. 


We find 


n 

( 22 ) 

1 

0*0530 

3 

2*718 

! 

10*534 


mi 


23 •■fa I 
42':i-N2 
05iir,H 


Phil Tmm, Vol. vhx, |i, 3tl7 ilsTfli. 
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«. |**V7 
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i:SIK(4. 
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4 




'/ S liigfHTT - I “ l'i{»ir 2l IISOIH. 
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jir**ji«ii*ii’riitt‘^, iiimI thiH i*4 fhi^ t*’rMi whii’h ti» flir liiiiitiiiij fViriii i2iH. 

Tlir liiliii-'H «»f tli «’»*nrf'rtM*d ill ih«’ Iilwivr tirr %'’ii*y liirMirriilr, 

. ^ 111 , iiiiiltilig m 4^w{t X ■■■' Hlir.'4, givi.*H 2/1 \a 4 Hiiiy, !»4«»w 


II 



226 DIFFRACTION OF LIGHT BY SPHERES OF SMALL RELATIVE INDEX [381 

this point, nor beyond it, is there anything but a steady rise in the value of 
(13) as X diminishes when JR is constant. A fortiori is this the case when R 
increases and X is constant. 

An increase in the light scattered from a single spherical particle implies, 
of course, a decrease in the light directly transmitted through a suspension 
containing a given number of particles in the cubic centimetre. The 
calculation is detailed in my paper “ On the Transmission of Light through 
an Atmosphere containing Small Particles in Suspension and need not be 
repeated. It will be seen that no explanation is here arrived at of the 
augmentation of transparency at a certain stage observed by Keen and 
Porter. The discrepancy may perhaps be attributed to the fundamental 
supposition of the present paper, that the relative index is very small [or 
rather very near unity], a supposition not realised when sulphur and water 
are in question. But I confess that I should not have expected so wide 
a difference,, and, indeed, the occurrence of anything special at so great 
diameters as 10 wave-lengths is surprising. 

One other matter may be alluded to. It is not clear from the description 
that the light observed was truly transmitted in the technical sense. This 
light was much attenuated—down to only 6 per cent. Is it certain that it 
contained no sensible component of scattered light, but slightly diverted 
from its original course ? If such admixture occurred, the question would 
be much complicated. 


* PM?. Mag. Vol. xlvii. p. 375 (1899); Scientific Fa'pers^ Vol. iv. p. 397. 
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SOME CALCULATIONS IN ILLUSTEATION OF 
FOURIER’S THEOREM. 


[^Proceedings of the Royal Society, A, Vol. xo. pp. 318—323, 1914.] 


Accoeding to Fourier s theorem a curve whose ordinate is arbitrary over 
“fclae whole range of abscissae from — qo to^ = + oo can be compounded 
of harmonic curves of various wave-lengths. If the original curve contain 
^ discontinuity, infinitely small wave-lengths must be included, but if the 
discontinuity be eased off, infinitely small wave-lengths may not be necessary. 
Ixi order to illustrate this question I commenced several years ago calcula¬ 
tions relating to a very simple case. These I have recently resumed, and 
n-lthough the results include no novelty of principle they may be worth 
XX thing upon record. 

The case is that where the ordinate is constant (tt) between the limits ± 1 
for o) and outside those limits vanishes. 


In general 


<f)(x) = - dk dv(f> (v) cos k (v — x). 

rrJo j_oo 


.( 1 ) 


Here 


+CX3 ri 

dv (j) (v) cos k(v - x) = 27r cos kx I dv cos kv = 27r cos kx 

— CO 0 


sin^ 


= ^ {sin ^ (ir + 1) — sin k{x — 1)}, 

a,nd (f)(x)=J -y {sin k(x + l)-‘ sin k (x ~ 1)}.(2) 

As is well known, each of the integrals in (2) is equal to ± ; so that, as 

•vva-s required, </> (x) vanishes outside the limits ± 1 and between those limits 
the value tt. It is proposed to consider what values are assumed by 
^ when in (2) we omit that part of the range of integration in which k 
coeds a finite value k^. 


1 f;_9. 
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The integrals in (2) are at once .‘xpressihle hy what is i-all.-.i ih. ^ 
wtegral, defined by 

.- 

Thus (p (ii') = Si h\ (./* + 1) — Si ki -Ik ... .1 41 

and if the sine-integral were thorougldy knt>wn tluTe wmilii !»*' ni-inv* 
anything more to do. For moderat-t‘ values of 0 die iufegrul iiiii} 1*0' ■ 

lated from an asccaiding series which is always cunvergi-iit. h*‘i‘ 
values this series beconuvs useless; wt.* may tlieu fall back Ujsai a 
series of the scani-convergent class, viz., 

fl I 


Si(0)= 


TT 


■ COS^ 




1 

+ 


■sin^-j^^- 


^11 

I 

0^ 


. 2 . :i. 4. a 


.! .1 I 


Dr Glaisher^ luis given wry C(.>!uph‘t(* tables extending Iruni *1 !»* 
^ = 1, and also from 1 to 5 at intervals of ()’L Ik^yond this li*' 

the function for integca* values of 0 from 5 la incliiHivr% itiid atferttardH 
only at intervals of 5 for 20, 25, tlO, 25, &a For my jiurjiosc ilii-w.- iIm leU 
suffice, and I have calculated from (5) the values for the miffing intrg-rr'h 
up to 6 ^ GO. The results are recorded in tht* Tablt* below. In i*aeli vi%m\ 
except those quoted from Olaisher, tin* last fignn* is Hubjeei to a hiuhII 
error. 

For the further calculation, involviiig tnerely Hid^traetifais, I linve w b iini 


special cases = 

1, 2, 10. 

For k\ = 

u 



p{x) 

-HiOr+l) 

- 

0 

Bi(^) 

0 

Hi (0) 


16 

1-63130 

28 

1 -(50474 

39 

17 

1-59013 

29 > 

1-59731 i 

40 

18 

1 -53662 

30 

1-5(5676 

4! 

19 

1-51863 

31 

1-54177 

42 

20 

1 -54824 

32 i 

1-54424 

43 

21 

1 *59490 

33 

1 -57028 

44 

22 i 

1-61609 

34 

1 -59525 

45 

23 1 

1 -59546 

35 

1*59692 

.16 

24 1 

1*55474 

36 

1-57512 

47 

25 1 

1 -53148 

37 

1-54861 

48 

26 ! 

1-54487 

38 

1*54549 

49 

27 1 

1 -58029 

i'. 



every 

case p (os) 

is an oven function, 


U. 


Hifai 


i 'fifm-i 

I ‘mum 

i 

i 'riHoHa 
I •firiKiii 
! -.v.iwm 
narmTi 

1 

I 

I -rmni/i 
I *511507 


.nil 


50 

51 
H 
5a 

54 

55 

511 

57 

5H 

511 

m.i 




I ‘551ll;» 
I 

1 •5::i57 
I ft «is 
I'5 wi:I4 
I '5707‘i 
i '55574 
I 

I'Alls45 
I -fiHaiiM 
I '5SII75 


positive. 


HO that it 8iiltict*H In consiilrr 




Phil Tram. VoL ci,z. p. ll§7 {1«70|. 
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X 

0 (a?) 

X 

( f >{ x ) 

X 

(p{x] 

0-0 

+ 1-8922 

2*5 

+0-5084 

6*0 

-0-0953 

0-5 

1*8178 

3*0 

4-0*1528 

7*0 

4-0*1495 

1*0 

1*6054 

3*5 

-0*1244 

8*0 ! 

4-0*2104 

1-5 

1*2854 

4*0 

-0*2987 

9*0 

4-0*0842 

2-0 

0*9026 

5*0 

-0*3335 

10*0 

-0*0867 



X 

0 (a?) 

X 

4,(x) 

X 

<p(x} 

0*0 

4-3*2108 

0*9 

+ 1*9929 

3*0 

-0*1840 

0*1 

3*1934 

1*0 

1-7582 

3*5 

+0*1151 

0*2 

3*1417 

1*1 

1*5188 

4*0 

+ 0-2337 

0*3 

3*0566 

1*2 

1 *2794 

4*5 

+ 0*1237 

0*4 1 

2*9401 

1*3 

1*0443 

5*0 

-0*0692 

0*5 

2*7947 

1*4 

0*8179 

6*5 

-0*1657 

0*6 

2*6235 

1*5 

+ 0*6038 

6*0 

-0*1021 

0*7 

2*4300 

2*0 

-0*1807 



0*8 

2*2184 

2*5 

-0*3940 




Both for ki=l and for ki = 2 all that is required for the above values of 
(f) (cc) is given in Glaisher’s tables. 
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An inspection of the curves plotted from the above tables shows the 
approximation towards discontinuity as k-^ increases. 

That the curve remains undulatory is a consequence of the sudden 
stoppage of the integration at k = k-^. If> we are content with a partial 
suppression only of the shorter wave-lengths, a much simpler solution is 
open to us. We have only to introduce into (1) the factor where a is 

positive, and to continue the integration up to ^ = oo. In place of (2), we 
have 

(^{x)= J —{sin A; + 1) — sin A; “ 1)} = tan“^ ( ^^ —) — tan"^ ( ^ ~ ^~ ) * 

.(9) 

The discontinuous expression corresponds, of course, to a = 0. If a is 
merely small, the discontinuity is eased off. The following are values of 
<f) (^), calculated from (9) for a = 1, 0*5, 0 05 : 


a = 1. 


X 

^(x) 

X 

(p{x) 

X 

4,{x) 

0-0 

1-571 

2-0 

0*464 

4*0 

0*124 

0-5 

1-446 

2-5 

0*309 

5*0 

0*080 

1-0 

1-107 

3-0 

0*219 

6*0 

0*055 

1-5 

0-727 


! 




a = 0*5. 


X 

<p{x) 

X 

<p{x) 

x 


0*00 

2*214 

1*00 

1*326 

2*00 

0*298 

0*25 

2*173 

1*25 

0*888 

2*50 

0*180 

0*50 

2*111 

1*50 

0*588 

3*00 

0*120 

0*75 

1*756 

1*75 

0*408 

3*50 

0*087 


a = 0*05. 


X 

0 (^) 

X 

<p{x) 

X 

<p{x) 

0*00 

3*041 

0*90 

2*652 

1*20 

0*222 

0*20 

3*037 

0*95 

2*331 

1*40 

0*103 

0*40 

3*023 

1*00 

1*546 

1*60 

0*064 

0*60 

2*986 

1*05 

0*761 

1*80 

0*045 

0*80 

2*869 

1*10 

0*440 

2*00 

0*033 


As is evident from the form of (9), 0 (^) falls continuously as increases 
whatever may be the value of a. 
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FURTHER CALCULATIONS CONCERNING THE MOMENTUM 
OF PROGRESSIVE WAVES. 

[Philosophical Magazine, Vol. xxvii. pp. 436—440, 1914.] 

The question of the momentum of waves in fluid is of interest and has 
given rise to some difference of opinion. In a paper published several years 
ago* I gave an approximate treatment of some problems of this kind. For 
a fluid moving in one dimension for which the relation between pressure and 
density is expressed by 

p=/(p)..(1) 

it appeared that the momentum of a progressive wave of mean density equal 
to that of the undisturbed fluid is given by 

+ ^} X energy, .(2) 

in which po is the undisturbed density and a the velocity of propagation. 
The momentum is reckoned positive when it is in the direction of wave- 
propagation. 

For the '' adiabatic ” law, viz.: 



i>/Po = (p/po)’’, . 

.(3) 


/'W-W-a. . 

ro Po ; 

. (4*) 

SO that 

Pof"(po) I 1 _7+l 

4sa^ 2a 4ia 

. (5) 


In the case of Boyle’s law we have merely to make 7 = 1 in (5). 

For ordinary gases 7>1 and the momentum is positive; but the above 
argument applies to all positive values of 7 . If 7 be negative, the pressure 
would increase as the density decreases, and the fluid would be essentially 
unstable. 

* Phil. Mag. Vol. x. p. 364 (1905); Scientific Papers, Vol. v. p. 265. 
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However, a slightly modified form of (3) allows the exponent to be 
negative. If we take 

pIPo-2-(pIp,)-^ .( 6 ) 

with /3 positive, we get as above 


and accordingly 


/'(Po) = 



r(po) 


+ 1 ) 

Po 


pJ"(po) I ^ 1^0 
4a^ 2a 4a * 


a) 

( 8 ) 


If /3 = 1, the law of pressure is that under which waves can be propagated 
without a change of type, and we see that the momentum is zero. In 
general, the momentum is positive or negative according as /3 is less or 
greater than 1. 


In the above formula (2) the calculation is approximate only, powers of 
the disturbance above the second being neglected. In the present note it is 
proposed to determine the sign of the momentum under the laws (3) and (6) 
more generally and further to extend the calculations to waves in a liquid 
moving in two dimensions under gravity. 

It should be clearly understood that the discussion relates to progressive 
waves. If this restriction be dispensed with, it would always be possible 
to have a disturbance (limited if we please to a finite length) without 
momentum, as could be effected very simply by beginning with displace¬ 
ments unaccompanied by velocities. And the disturbance, considered as a 
whole, can never acquire (or lose) momentum. In order that a wave may 
be progressive in one direction only, a relation must subsist between the 
velocity and density at every point. In the case of Boyle s law this relation, 
first given by De Morgan*, is 

u = a\og{plpo), .(9) 

and more generally f 

“=/y©'?. 


Wherever this relation is violated, a wave emerges travelling in the negative 
direction. 


For the adiabatic law (3), (10) gives 



* Airy, Phil, Mag, Vol. xxxiv. p. 402 (1849). 
+ Earnshaw, Phil, Trans, 1859, p. 146. 


( 11 ) 
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a being the velocity of infinitely small disturbances, and this reduces to (9) 
when 7 = 1 . Whether 7 be greater or less than 1 , ii is positive when p 
exceeds po* Similarly if the law of pressure be that expressed in ( 6 ), 


u = 


2a 


Vo 


£±1 

2 


.( 12 ) 


Since /3 is positive, values of p greater than po are here also accompanied by 
positive values of u. 

By definition the momentum of the wave, whose length may be supposed 
to be limited, is per unit of cross-section 


Jpu dx. 


the integration extending over the whole length of the wave, 
diice the value of u given in ( 11 ), we get 

7+1 


.(IS) 

If we intro- 


(13) = 


7-1 


) ' . 


and the question to be examined is the sign of (14). For brevity we may 
write unity in place of po, and we suppose that the wave is such that its 

mean density is equal to that of the undisturbed fluid, so that Jpdx=l, 

where I is the length of the wave. If I be divided into n equal parts, then 
when n is great enough the integral may be represented by the sum 


7+1 7+1 7+1 

pi 2 + P2 “ + Ps ^ + • • • Pi “ P2 


.(15) 


7+1 

2 


in which all the p’s are positive. Now it is a proposition in Algebra that 

7+1 7+1 

pi ^ + P2 ^ + ♦ . ♦ ^ Vl + p2 + . 

n \ n 

when (7 + 1 ) is negative, or positive and greater than unity; but that the 
reverse holds when ^ (7 -f- 1 ) is positive and less than unity. Of course the 
inequality becomes an equality when all the n quantities are equal. In the 
present application the sum of the p's is n, and under the adiabatic law ( 3 ), 
7 and -J- (7 -f 1 ) are positive. Hence (15) is positive or negative according as 
^ (7 + 1 ) is greater or less than unity, viz., according as 7 is greater or less 
than unity. In either case the momentum represented by (13) is positive, 
and the conclusion is not limited to the supposition of small disturbances. 

In like manner if the law of pressure be that expressed in ( 6 ), we get 
from ( 12 ) 

2p,a 


(13): 




(■{£_. 

fp]: ^ 1 

i Ipo 

\po) 


dx, 


.(16) 
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from which we deduce almost exactly as before that the momentum (13) is 
positive if y8 (being positive) is less than 1 and negative if /5 is greater 
than 1. If /3=1, the momentum vanishes. The conclusions formerly 
obtained on the supposition of small disturbances are thus extended. 


We will now discuss the momentum in certain cases of fluid motion 
under gravity. The simplest is that of long waves in a uniform canal. If 
be the (small) elevation at any point oc measured in the direction of the 
length of the canal and u the corresponding fluid velocity parallel to x, 
which is uniform over the section, the dynamical equation is* 


du_ dr) 
dt ^ dx * 


(17) 


As is well known, long waves of small elevation are propagated without 
change of form. If c be the velocity of propagation, a positive wave may be 
represented by 

r) — F(ct — x\ .(18) 


where F denotes an arbitrary function, and c is related to the depth ho 
according to 

d^^gho .(19) 

From (17), (18) 



is the relation obtaining between the velocity and elevation at any place in 
a positive progressive wave of small elevation. 


Equation (20), however, does not suffice for our present purpose. We 
may extend it by the consideration that in a long wave of finite disturbance 
the elevation and velocity may be taken as relative to the neighbouring 
parts of the wave. Thus, writing du for ii and h for ho, so that ?? = dh, 
we have 


and on integration 


u = 2\/g\}^ + (7). 


The arbitrary constant of integration is determined by the fact that outside 
the wave u = 0 when h = ho, whence and replacing h by ho + rj, we get 


u=^2^Jg y{ho + ^) - a/Ao},.(21) 

as the generalized form of (20). It is equivalent to a relation given first in 
another notation by De Morgan f, and it may be regarded as the condition 


* Lamb’s Hydrodynamics, § 168. 
t Airy, Phil. Mag. VoL xxxiv. p. 402 (1849). 
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which imiHt he satisfied if the eniergiau-t' of a ue^'iuive wave is i.. h.- 

obviated. 


We are now prepared to calculate t.lu* luoiiientmu. For a wav.- in whu-h 
the mean elevation is zero, the inoinentuiu correspond in,t.. unit li.-ri/.-nta! 
breadth is 

p ju(/u + v)<l'<'~ : 1 p \/( |»/"d.r. .. 

when we omit cubes and higher powi'rs of W «* may writo al'-*** in ibr 


form 

:i 1 otal Knmgv 
l\romerit.tuu ^ ^ 


•jrii 


c being the V(‘Iocnty of pro|)agat i<»n of waves of Hiunll elevation. 

As in (14), with y etpial to 2, wi* may preve that the momiaifiitii 
positive without restriction upon the value of 

As anoth(*r example, p(*riodi(‘ wavt*8 moving on the Hurlare at lin p wat* i 
may also lu* nderred to. Tlu‘ momcuitum of sueh waves Ims iN*eii efileiiliilrd 
by Laml)^, on the basis of St<»kt*H H(*coial approximation. It iiji}ieai>i itiai 
the momentmu p(‘r wave-hmgth and pi*r unit width {w*r|H*ia!icii!ar to ih** 
plane of motion is 

Trpah^f ......ri-ll 

where c is the velocity of propagation of thes waves in cj!u*stifm and flu* wave 
form is approximately 

27r 

7} =» a cos ^ (ct ....- ^ ‘ifi) 

Ai 


The forward velocity of the surfact* layers was rmnarked by Stok«v*^. l*V»r 
a simple view of the matter refenuicc^ may be made also to Phil, .l/in/. \%il I. 
p. 257 (1876); Scientific Papers, VoL L p. 263. 


UyilrmlynamlcM, § 246. 
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FLUID MOTIONS. 

[Proa Roy. Inst March, 1914; Nature, Vol. xciii. p. 364, 1914.] 

The subject of this lecture has received the attention of several gene¬ 
rations of mathematicians and experimenters. Over a part of the field their 
labours have been rewarded with a considerable degree of success. In all 
that concerns small vibrations, whether of air, as in sound, or of water, as in 
waves and tides, we have a large body of systematized knowledge, though in 
the case of the tides the question is seriously complicated by the fact that 
the rotation of the globe is actual and not merely relative to the sun and 
moon, as well as by the irregular outlines and depths of the various oceans. 
And even when the disturbance constituting the vibration is not small, 
some progress has been made, as in the theory of sound waves in one 
dimension, and of the tidal bores, which are such a remarkable feature of 
certain estuaries and rivers. 

The genera] equations of fluid motion, when friction or viscosity is neg¬ 
lected, were laid down in quite early days by Euler and Lagrange, and in a 
sense they should contain the whole theory. But, as Whewell remarked, 
it soon appeared that these equations by themselves take us a surprisingly 
little way, and much mathematical and physical talent had to be expended 
before the truths hidden in them could be brought to light and exhibited in 
a practical shape. What was still more disconcerting, some of the general 
propositions so arrived at were found to be in flagrant contradiction with 
observation, even in cases where at first sight it would not seem that viscosity 
was likely to be important. Thus a solid body, submerged to a sufficient 
depth, should experience no resistance to its motion through water. On 
this principle the screw of a submerged boat would be useless, but, on the 
other hand, its services would not be needed. It is little wonder that 
practical men should declare that theoretical hydrod 3 mamics has nothing at 
all to do with real fluids. Later we will return to some of these difficulties, 
not yet fully surmounted, but for the moment I will call your attention 
to simple phenomena of which theory can give a satisfactory account. 
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Considerable simplification attends the supposition that the motion is 
always the same at the same place—is steady, as we say—and fortunately 
this covers many problems of importance. Consider the flow of water along 
a pipe whose section varies. If the section were uniform, the pressure would 
vary along the length only in consequence of friction, which now we are 
neglecting. In the proposed pipe how will the pressure vary? I will not 
prophesy as to a Eoyal Institution audience, but I believe that most un¬ 
sophisticated people suppose that a contracted place would give rise to an 
inci'eased pressure. As was known to the initiated long ago, nothing can be 
further from the fact. The experiment is easily tried, either with air or 
water, so soon as we are provided with the right sort of tube. A suitable 
shape is shown in fig. 1, but it is rather troublesome to construct in metal. 




W. Froude found para£Bn-wax the most convenient material for ship models, 
and I have followed him in the experiment now shown. A brass tube is 
filled with candle-wax and bored out to the desired shape, as is easily done 
with templates of tin plate. When I blow through, a suction is developed at 
the narrows, as is witnessed by the rise of liquid in a manometer connected 
laterally. 

In the laboratory, where dry air feom an acoustic bellows or a gas-holder 
is available, I have employed successfully tubes built up of cardboard, for 
a circular cross-section is not necessary. Three or more precisely similar 
pieces, cut for example to the shape shown in fig. 2 and joined together 





^ 1914 ] 


FLUID MOTIONS 


239 


closely along the edges, give the right kind of tube, and may be made air¬ 
tight with pasted paper or with sealing-wax. Perhaps a square section 
requiring four pieces is best. It is worth while to remark that there is no 
stretching of the cardboard, each side being merely hent in one dimension. 
A model is before you, and a study of it forms a simple and useful exercise 
in solid geometry. 

Another form of the experiment is perhaps better known, though rather 
more difficult to think about. A tube (fig. 3) ends in a flange. If I blow 
through the tube, a card presented to the flange is drawn up pretty closely, 
instead of being blown away as might be expected. When we consider the 


1 I 



Fig. 3. Fig. 4. 


matter, we recognize that the channel between the flange and the card 
through which the air flows after leaving the tube is really an expanding 
one, and thus that the inner part may fairly be considered as a contracted 
place. The suction here developed holds the card up. 

A slight modification enhances the effect. It is obvious that immediately 
opposite the tube there will be pressure upon the card and not suction. To 
neutralize this a sort of cap is provided, attached to the flange, upon which 
the objectionable pressure is taken (fig. 4). By blowing smartly from the 
mouth through this little apparatus it is easy to lift and hold up a penny 
for a short time. 

The facts then are. plain enough, but what is the explanation ? It is 
really quite simple. In steady motion the quantity of fluid per second passing 
any section of the tube is everywhere the same. If the fluid be incom¬ 
pressible, and air in these experiments behaves pretty much as if it were, 
this means that the product of the velocity and area of cross-section is 
constant, so that at a narrow place the velocity of flow is necessarily increased. 
And when we enquire how the additional velocity in passing from a wider 
to a narrower place is to be acquired, we are compelled to recognize that it 
can only be in consequence of a fall of pressure. The suction at the narrows 
is the only result consistent with the great principle of conservation of energy; 
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but It miiains rather an iuvensiori of ordinary id.-as that ivo should Inn.. 
ic-cliice the turces from the motion, rather tlian the motion from t!m fo,v. s 

ConsMe,.''.^'ff 1- 'IHif .Mraiohtronv.ud, 

tiat w. r .‘^bgbtly conical form, open at both <.mls, ami s,!j,p,.s.. 

. < . e < meet upon the narrower end a jet of air from a (ul.e liaumL; ih- 
.s.une (narrower) section (%. 5). We mi^dit expect this jm to ih- 



Kin. n. 


rdiffi!.„|t!r' complication. Hal, if we examine umr. dosolv 

velocitie.s !it* tlT^ 'blh-o u’f 

f 4i * I ' ' 1 ' and tilun’cfon* diffm-nt, nrrKsnri'.s ^ 

tlu Widu delivery end mn.st be very nearly atmoHph.Tie, ,l,.,t a, U,.- 

em ts'd tl' -TT'-’' .— 

cHction is v-uledl' n H-' «l'J«‘re,u eouir,.- 

...... 

the tonical tube without contraction. A mod,.! shows i V 

'ff JITtatln^ bci>oratory ins.rnmem annnK'. d fo,- 



III! 


^ „ ,.ea,t with air rather than water not o,dv !, 

makes no me.ss, but also because it is easi, 

there is another and more difficult i uel':: Vo;: ST' 
o«r exuding t„be» tho ch,.,*, ■„„|v gB,d wT'' " 

when the expansion is more sudden_in iK, ^ ■' bapp j,i 

of. preso™,, 
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card. Ordinary experience teaches that in such a case the flow does not 
follow the walls round the corner, but shoots across as a jet, which for a time 
preserves its individuality and something like its original section. Since 
the velocity is not lost, the pressure which would replace it is not developed. 
It is instructive to compare this case with another, experimented on by 
Savart^ and W. Froudef, in which a free jet is projected through a short 
cone, or a mere hole in a thin wall, into a vessel under a higher pressure. 
The apparatus consists of two precisely similar vessels with apertures, in 
which the fluid (water) may be at different levels (fig. 7, copied from 
Froude). Savart found that not a single drop of liquid was spilt so long as 
the pressure in the recipient vessel did not exceed one-sixth of that under 
which the jet issues. And Froude reports that so long as the head in the 
discharge cistern is maintained at «a moderate height above that in the 



recipient cistern, the whole of the stream enters the recipient orifice, and 
there is no waste, except the small sprinkling which is occasioned by in¬ 
exactness of aim, and by want of exact circularity in the orifices.” I am 
disposed to attach more importance to the small spill, at any rate when the 
conoids are absent or very short. For if there is no spill, the jet (it would 
seem) might as well be completely enclosed; and then it would propagate 
itself into the recipient cistern without sudden expansion and consequent 
recovery of pressure. In fact, the pressure at the narrows would never fall 
below that of the recipient cistern, and the discharge would be correspondingly 
lessened. When a decided spill occurs, Froude explains it as due to the 
retardation by friction of the outer layers which are thus unable to force 
themselves against the pressure in front. 

Evidently it is the behaviour of these outer layers, especially at narrow 
places, which determines the character of the flow in a large variety of cases. 

* Ann, de Ghimie, Vol. lv. p. 257, 1833. 
t Nature, Vol. xm. p. 93, 1875. 






















242 


FLUID MOTIONS 


[$U 

They are held back, as Fronde pointed out, by friction acting from the walls; 
but, on the other hand, when tht^y lag, they are pulled forward by layers 
farther in which still retain their velocity. If the latter prevail, the motion 
in the end may not be very different from what would occur in the* alKsenci* 
of friction; otherwise an tmtirely altered motion may tuism^. The situatitui 
as regards the rest of the ffuid is much easit^r wluui the laytu>i ujxm which 
the friction tells most ar(‘ allowed to escape. This happims in instnumuitH 
of the injciCtor class, but I hav(‘ soi!U‘.tinu‘H wemdered wln^tluu* full advantagi^ 
is taken of it. The long gradually exjianding (H>n(‘s are ovcumIoiu*, perhaps, 
and the friction which they entail must have a had (‘fleet. 

Similar consich‘rations (mter wlum w(( discuss the paHsag(‘ of a solid tnidy 
through a larg(^ mass of fluid otherwise^ at rest, as in tin* case <»f an airship tu* 
submarine boat. I say a submarine, becanst^ whtui a ship moves upoti the 
surface of the wat(‘r the formation of wav(‘s constituU^s a (’omplicati<ui, and 
oru^ of gn‘at importance? wh(‘n tin? spet'd is high. In onl(‘r that tin* water 
in its relative? motion may close? in prope'rly behind, tin* after part e»f tin* 
ship muvst be* suital)ly shapexl, fine? line‘H be‘ing more* ne*eeHsary at tin* sDnm 
than at the bow, as fish found out be'fore* nu‘n iuter(*st(*el theuuselveH in tin* 
problem. In a we*ll-<l(‘signe‘(l ship the* whole* resistance* (apart frmn wave*' 
making) may be? ascribed to d'lN frictioN, of the* same* nature* as tlnit, wliieh is 
e?ncount(?red whe*n the ship is re‘pla(je?d by a thin plain* moving i*dgi*ways. 

At the other <?xtreme we? may consider the motion of a thin disk or blade 
Hatways through the* water. Hc?re? the? actual motion differs altogt*tln‘r from 
that pre?scribe‘(l by the? classical hydrodynamics, a(*e?ording te» whie‘h tlie 
chaimdnr of tin? motion should be the same* he*hin(l its in front. Tin* liepnel 
refusejH to close in beehind, and a re?gion of more? or less “eli‘ud wateT** is 
dev(?lopeel, entailing a gre*atly increaHe?(l resistance*. To meet this 1 !e*lndioIiz. 
Kirchhoff* and th(?ir follow<*rs have given calculatiems in whieh tin* fluid 
behind is supposcjd to move? strictly with the* advancing solid, ami In 1»* 
Hc?parat(?d from the remainder of the mass by a surface* at whie*h a rnnte* slip 
takes place. Although some? clifficultie*H remain, th(*re‘ e*Hn In* tn» doubt that 
this theory constitutt?s a great advance. But the surfae*e of Hepiinttiem is 
unstable, and in consequence of fluid friction it soon !ose‘s its shiirpm'Hs, 
brt‘aking up into more or l(?ss periodic e?d(lie*H, de*scril)e*d in houh* di*iiu! bv 
Mallock (fig. 8). It is tlu?Be c?eldieB which ciause* the* whistling of the wind in 
trees and the more musical not.e?s of'the? a?edian harp. 

The obstacle to the closing-in of the? line*H of flow lH*liind the disk is 
doubtl(?s8, a,s bc'ibre^ the lay<‘r of liepiid in cle^se* proximity to tin* disk, wliirli 
at the edge has insufficient velocity for what is reHpnri?d of it. It would ho 
an interesting experiment to try what would he* the* effect of allowing a 
small “spill.’’ For this purpose the disk or blade* would he* made? iloubh*. 
with a suction applied to the narrow intei-sjiace. Et*li(*ve*el of the shewlr 
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moving layer, the liquid might then be able to close in behind, and success 
would he witnessed by a greatly diminished resistance. 



Fig. 8. 


When a tolerably fair-shaped body moves through fluid, the relative 
velocity is greatest at the maximum section of the solid which is the minimum 
section for the fluid, and consequently the pressure is there least. Thus the 
water-level is depressed at and near the midship section of an advancing 
steamer, as is very evident in travelling along a canal. On the same principle 
may be explained the stability of a ball sustained on a vertical jet as in a 
well-known toy (shown). If the ball deviate to one side, the jet in bending 
round the surface develops a suction pulling the ball back. As Mr Lanchester 
has remarked, the effect is aided by the rotation of the ball. That a convex 
surface is attracted by a jet playing obliquely upon it was demonstrated by 
T. Young more than 100 years ago by means of a model, of which a copy is 
before you (fig. 9). 



Fig. 9. 

A plate, bent into the form ABC, turning on centre B, is 
impelled by a stream of air B in the direction shown. 


It has been impossible in dealing with experiments to keep quite clear 
of friction, but I wish now for a moment to revert to the ideal fluid of hydro¬ 
dynamics, in which pressure and inertia alone come into account. The 
possible motions of such a fluid fall into two great classes—those which do 
and those which do not involve rotation. What exactly is meant by rotation 
is best explained after the manner of Stokes.* If we imagine any spherical 

16—2 
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portion of the fluid in its motion to be suddenly solidified, the resulting 
solid may be found to be rotating. If so, the original fluid is considered to 
possess rotation. If a mass of fluid moves irrotationally, no spherical portion 
would revolve on solidification. The importance of the distinction depends 
mainly upon the theorem, due to Lagrange and Cauchy, that the irrotational 
character is permanent, so that any portion of fluid at any time destitute of 
rotation will always remain so. Under this condition fluid motion is com¬ 
paratively simple, and has been well studied. Unfortunately many of the 
results are very unpractical. 

As regards the other class of motions, the first great step was taken in 
1858, by Helmholtz, who gave the theory of the vortex-ring. In a perfect 
fluid a vortex-ring has a certain permanence and individuality, which so 
much impressed Kelvin that he made it the foundation of a speculation 
as to the nature of matter. To him we owe also many further developments 
in pure theory. 

On the experimental side, the first description of vortex-rings that I have 
come across is that by W. B. Rogers*, who instances their production during 
the bursting of bubbles of phosphuretted hydrogen, or the escape of smoke 
from cannon and from the lips of expert tobacconists. For private obser¬ 
vation nothing is simpler than Helmholtz’s method of drawing a partially 
immersed spoon along the surface, for example, of a cup of tea. Here half a 
ring only is developed, and the places where it meets the surface are shown 
as dimples, indicative of diminished pressure. The experiment, made on a 
larger scale, is now projected upon the screen, the surface of the liquid and 
its motion being made more evident by powder of lycopodium or sulphur 
scattered over it. In this case the ring is generated by the motion of a 
half-immersed circular disk, withdrawn after a travel of two or three inches. 
In a modified experiment the disk is replaced by a circular or semi-circular 
aperture cut in a larger plate, the level of the water coinciding with the 
horizontal diameter of the aperture. It may be noticed that while the first 
forward motion of the plate occasions a. ring behind, the stoppage of the 
plate gives rise to a second ring in front. As was observed by Reuschf, the 
same thing occurs in the more usual method of projecting smoke-rings from 
a box; but in order to see it the box must be transparent. 

In a lecture given here in 1877, Reynolds showed that a Helmholtz ring 
can push the parent disk before it, so that for a time there appears to be 
little resistance to its motion. 

For an explanation of the origin of these rings we must appeal to friction, 
for in a perfect fluid no rotation can develop. It is easy to recognize that 
fidction against the wall in which the aperture is perforated, or againsb the 

* Arrm, J. Sci. Vol. xxvi. p. 246, 1858. 

t Pogg. Ann. Vol. cx. p, 309, 1860. 
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face of the disk in the other form of experiment, will start a rotation which, 
in a viscous fluid, such as air or water actually is, propagates itself to a finite 
distance inwards. But although a general explanation is easy, many of the 
details remain obscure. 

It is apparent that in dealing with a large and interesting class of fluid 
motions we cannot go far without including fluid friction, or viscosity as it is 
generally called, in order to distinguish it from the very different sort of 
friction encountered by solids, unless well lubricated. In order to define it, 
we may consider the simplest case where fluid is included between two 
parallel walls, at unit distance apart, which move steadily, each in its own 
plane, with velocities which differ by unity. On the supposition that the 
fluid also moves in plane strata, the viscosity is measured by the tangential 
force per unit of area exercised by each stratum upon its neighbours. When 
we are concerned with internal motions only, we have to do rather with the 
so-called “ kinematic viscosity,'’ found by dividing the quantity above defined 
by the density of the fluid. On this system the viscosity of water is much 
less than that of air. 

Viscosity varies with temperature; and it is well to remember that the 
viscosity of air increases while that of water decreases as the temperature 
rises. Also that the viscosity of water may be greatly increased by admixture 
with alcohol. I used these methods in 1879 during investigations respecting 
the influence of viscosity upon the behaviour of such fluid jets as are sensitive 
to sound and vibration. 

Experimentally the simplest case of motion in which viscosity is para¬ 
mount is the flow of fluid through capillary tubes. The laws of such motion 
are simple, and were well investigated by Poiseuille. This is the method 
employed in practice to determine viscosities. The apparatus before you is 
arranged to show the diminution of viscosity with rising temperature. In 
the cold the flow of water through the capillary tube is slow, and it requires 
sixty seconds to fill a small measuring vessel. When, however, the tube is 
heated by passing steam through the jacket surrounding it, the flow under 
the same head is much increased, and the measure is filled in twenty-six 
seconds. Another case of great practical importance, where viscosity is the’ 
leading consideration, relates to lubrication. In admirably conducted ex¬ 
periments Tower showed that the solid surfaces moving over one another 
should be separated by a complete film of oil, and that when this is attended 
to there is no wear. On this basis a fairly complete theory of lubrication 
has been developed, mainly by 0. Eeynolds. But the capillary nature of the 
fluid also enters to some extent, and it is not yet certain that the whole 
character of a lubricant can be expressed even in terms of both surface 
tension and viscosity. 

It appears that in the extreme cases, when viscosity can be neglected and 
again when it is paramount, we are able to give a pretty good account of 
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what passews. It is in the intermediate n^gion, wht^re hotli iiiid 

viscosity are of influence, that the difficulty is gn‘at(*Kt. But i‘V(‘ii luu-f w«‘ 
are not wholly without guidance. There is a geiuu'al law, c*alltH! f lu* law ut 
dynamical similarity, which is often of great serviee*. In tin* {mihI. this law 
has been unaccountably neglected, and not only in the {>rt‘Hc‘nt tiehl It 
allows us to infer what will happen upon one scale of operatiiuis fruiu wliiii 
has been observed at another. On tht‘ prt'sent occasion 1 must limit 
to viscous fluids, for which the law of similarity was laid down in all its 
completeness by Stokers as long ago as 1850. It app(‘ars that similar nmtions 
may take place provided a certain condition be satiHfit‘d, viz. i liat llio prodini 
of the linear dimension and the vidocity, divid(‘d by the kinematic* viseuniiy 
of the fluid, nmiain utichang(‘d. (h‘om(‘tricaI similarity is prc‘s!ippo>.rd. An 
example will make this chjarer. If wi‘ an‘ dealing with a singh* fluid, nay 
air under givcui conditions, tlui kimunatic viscosity nunains of eoiiis** lie* 
same. When a solid sphere^ movers uniformly through ain tin* r!iara«ii r “t 
the motion of the fluid round it may d(‘ptmd upon the sizo «4‘ tlir splu ro 
and upon the velocity with which it tra-vids. But we may iider ihai ilu* 
motions remain .similar, if only tht‘ product of dia.m<*Ujr and velocity Iw* givon. 
Thus, if we know the motion for a particular diametnr nud vid<tci!y *»f tln^ 
sphere, we can infer what it will be when tht‘ Vidocity is halved and fin* 
diameter doubled. The fluid velocities also will iwerywlrcu*** be halved a! 
the corresponding places. M. Kiffel found that for any sphere tlioro is a 
velocity which may be regarded as critical, i,e. a vcdocity at whiidi iln* law **! 
resistance changes its character somewdiat suddenly. It ftdhcws from iho 
rule that these critical velocities should ho inv(*rsely projHUiituinl to tin* 
diameters of the spheres, a conclusion in pretty gocnl ugreemenf witdi 
M. Eiffers observations^. But the principles is at lejwt iMjuidly imjw»riatii 
in effecting a comparison between different fliuds. If \vv know wlia! liapjHUiH 
on a certain scale and at a certain velocity in water, wt* can infer w luit will 
happen in air on any other scale, provided the vidcKUty is cdtoHim Hiiiialily. 
It is assumed here that the comprt^ssibility of tlie air does not conio info 
account, an assumption which is admissible so long as tin* velocitit*H are siniill 
in comparison with that of sound. 

But although the principle of similarity is wtdl eHtablished on tin* 
theoretical side and has met with some confirmation in c*xpiTiitit*nt, tlierr 
has been much hesitation in applying it, due i)erhapB to certain diHcrejutncii^H 
with observation which stand recorded. And then-s is another reason, it m 
rather difficult to understand how viscosity can play so large ii part ns it 
seems to do, especially when we introduce numbc*rs, which maki* it upjaair 
that the viscosity of air, or water, is very small in n*lation to tin* otlnT thin 
occurring in practice. In order to remove these doubts it is wry cicsiriililo 
to experiment with different viscosities, but this is not (*asy to do on ii 
* Comptes Bendus, Dec. 30, 1912, Jan. IS, 1918. [This volume, |k IStl.J 
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moderately large scale, as in the wind channels used for aeronautical purposes. 
I am therefore desirous of bringing before you some observations that I have 
recently made with very simple apparatus. 

When liquid flows from one reservoir to another through a channel in 
which there is a contracted place, we can compare what we may call the 
head or driving pressure, i.e, the difference of the pressures in the two 
reservoirs, with the suction, i.e. the difference between the pressure in the 
recipient vessel and that lesser pressure to be found at the narrow place. 
The ratio of head to suction is a purely numerical quantity, and according 
to the principle of similarity it should for a given channel remain unchanged, 
provided the velocity be taken proportional to the kinematic viscosity of the 
fluid. The use of the same material channel throughout has the advantage 
that no question can arise as to geometrical similarity, which in principle 
should extend to any roughnesses upon the surface, while the necessary 
changes of velocity are easily attained by altering the head and those of 
viscosity by altering the temperature. 

The apparatus consisted of two aspirator bottles (fig. 10) containing 
water and connected below by a passage bored in a cylinder of lead, 7 cm. 



long, fitted water-tight wdth rubber corks. The form of channel actually 
employed is shown in fig. 11. On the up-stream side it contracts pretty 
suddenly from full bore (8 mm.) to the narrowest place, where the diameter 
is 2*75 mm. On the down-stream side the expansion takes place in four or 
five steps, corresponding to the drills available. It had at first been intended 
to use a smooth curve, but preliminary trials showed that this was un¬ 
necessary, and the expansion by steps has the advantage of bringing before 
the mind the dragging action of the jets upon the thin layers of fluid 
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between them and the walls. The three pressures concerned are indicated 
on manometer tubes as shown, and the two differences of level representing 
head and suction can be taken off with compasses and referred to a milli¬ 
metre scale. In starting an observation the water is drawn up in the 
discharge vessel, as far as may be required, with the aid of an air-pump. 
The rubber cork at the top of the discharge vessel necessary for this purpose 
is not shown. 

As the head falls during the flow of the water, the ratio of head to suction 
increases. For most of the observations I contented myself with recording 
the head for which the ratio of head to suction was exactly 2 : 1, as indicated 
by proportional compasses. Thus on January 23, when the temperature of 
the water was 9° C., the 2 :1 ratio occurred on four trials at 120, 130, 123, 
126, mean 125 mm. head. The temperature was then raised with precaution 
by pouring in warm water with passages backwards and forwards. The 
occurrence of the 2 : 1 ratio was now much retarded, the mean head being 
only 35 mm., corresponding to a mean temperature of 37° C. The ratio of 



head to suction is thus dependent upon the head or velocity, but when the 
velocity is altered the original ratio may be recovered if at the same time 
we make a suitable alteration of viscosity. 

And the required alteration of viscosity is about what might have been 
expected. From Landolt’s tables I find that for 9° C. the viscosity of water is 
'01368, while for 37° 0. it is *00704. The ratio of viscosities is accordingly 
1*943. The ratio of heads is 125 : 35. The ratio of velocities is the square- 
root of this or 1'890, in sufficiently good agreement with the ratio of 
viscosities. 

In some other trials the ratio of velocities exceeded a little the ratio of 
viscosities. It is not pretended that the method would be an accurate one 
for the comparison of viscosities. The change in the ratio of head to suction 
is rather slow, and the measurement is usually somewhat prejudiced by 
unsteadiness in the suction manometer. Possibly better results would be 
obtained in more elaborate observations by several persons, the head and 
suction being recorded separately and referred to a time scale so as to 
facilitate interpolation. But as they stand the results suffice for my purpose, 
showing directly and conclusively the influence of viscosity as compensating 
a change in the velocity. 
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In conclusion, I must touch briefly upon a part of the subject where 
theory is still at fault, and I will limit myself to the simplest case of all— 
the uniform shearing motion of a viscous fluid between two parallel walls, 
one of which is at rest, while the other moves tangentially with uniform 
velocity. It is easy to prove that a uniform shearing motion of the fluid 
satisfies the dynamical equations, but the question remains: Is this motion 
stable ? Does a small departure from the simple motion tend of itself to 
die out ? In the case where the viscosity is relatively great, observation 
suggests an affirmative answer; and 0. Reynolds, whose illness and com¬ 
paratively early death were so great a loss to science, was able to deduce 
the same conclusion from theory. Reynolds’ m'ethod has been improved, 
more especially by Professor Orr of Dublin. The simple motion is thoroughly 
stable if the viscosity exceed a certain specified value relative to the velocity 
of the moving plane and the distance between the planes; while if the 
viscosity is less than this, it is possible to propose a kind of departure from 
the original motion which will increase/or a time. It is on this side of the 
question that there is a deficiency. When the viscosity is very small, obser¬ 
vation appears to show that the simple motion is unstable, and we ought to 
be able to derive this result from theory. But even if we omit viscosity 
altogether, it does not appear possible to prove instability a priori, at least 
so long as we regard the walls as mathematically plane. We must confess 
that at the present we are unable to give a satisfactory account of skin- 
friction, in order to overcome which millions of horse-power are expended in 
our ships. Even in the older subjects there are plenty of problems left 1 
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[Proceedings of the Royal Society, A, Vol. xc. pp. 324—328, 1914.] 


In the theory of long waves in two dimensions, which we may suppose to 
be reduced to a “ steady ” motion, it is assumed that the length is so great in 
proportion to the depth of the water that the velocity in a vertical direction 
can be neglected, and that the horizontal velocity is uniform across each 
section of the canal. This, it should be observed, is perfectly distinct from 
any supposition as to the height of the wave. If I be the undisturbed 
depth, and h the elevation of the water at any point of the wave, Uq, u the 
velocities corresponding to I, I h respectively, we have, as the equation of 
continuity. 


u 


Iuq 

T+l' 


( 1 ) 


By the principles of hydrodynamics, the increase of pressure due to retardation 
will be 


Jp {Uo^ - u^) = 


puo^ 


2lh+h^ 
' (l+hf 


( 2 ) 


On the other hand, the loss of pressure (at the surface) due to height will be 
gph ; and therefore the total gain of pressure over the undisturbed parts is 


/puo^ 1 +hl2l 


-gp]h. 


\l '(1+h/iy 

If, now, the ratio h/l be very small, the coefficient of h becomes 


.(3) 


p(uo^ll-g), .(4) 

and we conclude that the condition of a free surface is satisfied, provided 
UQ^ = gl. This determines the rate of flow Uq, in order that a stationary 
wave may be possible, and gives, of course, at the same time the velocity of 
a wave in still water. 
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Unless can be neglected, it is impossible to satisfy the condition of a 
free surface for a stationary long wave—which is the same as saying that it 
is impossible for a long wave of finite height to be propagated in still water 
without change of type. 

Although a constant gravity is not adequate to compensate the changes 
of pressure due to acceleration and retardation in a long wave of finite 
height, it is evident that complete compensation is attainable if gravity be 
made a suitable function of height; and it is worth while to enquire what 
the law of force must be in order that long waves of unlimited height may 
travel with type unchanged. If / be the force at height h, the condition of 
constant surface pressure is 



whence 


d P 

T ‘ dJi (l ^ Kf 


o 


( 6 ) 


which shows that the force must vary inversely as the cube of the distance 
from the bottom of the canal Under this law the waves may be of any 
height, and they will be propagated unchanged with the velocity V(/iO> 
where yi is the force at the undisturbed level*. 


It may be remarked that we are concerned only with the values of / at 
water-levels which actually occur. A change in f below the lewdest water- 
level would have no efiect upon the motion, and thus no difficulty arises 
from the law of inverse cube making the force infinite at the bottom of the 
canal. 


When a wave is limited in length, we may speak of its velocity relatively 
to the undisturbed water lying beyond it on the two sides, and it is implied 
that the uniform levels on the two sides are the same. But the theory of 
long waves is not thus limited, and we may apply it to the case where the 
uniform levels on the two sides of the variable region are different, as, for 
example, to hores. This is a problem which I considered briefly on a former 
occasionf, when it appeared that the condition of conservation of energy 
could not be satisfied with a constant gravity. But in the calculation of the 
loss of energy a term was omitted, rendering the result erroneous, although 
the general conclusions are not affected. The error became apparent in 
applying the method to the case above considered of a gravity varying as the 
inverse cube of the depth. But, before proceeding to the calculation of 
energy, it may be well to give the generalised form of the relation between 
velocity and height which must be satisfied in a progressive wave|, whether 
or not the tj^pe be permanent. 

* Phil. Mag. Vol. i. p. 257 (1876); Scientific Papers, Vol. i. p. 254. 

t Roy. Soc. Proc. A, Vol. lxxxi. p. 448 (1908); Scientific Papers^ Vol. v. p. 495. 

:J; Compare Scientific Papers, Vol. i. p. 253 (1899). 
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In a small positive progressive wave, the relation between the particle- 
velocity u at any point (now reckoned relatively to the parts outside the 
wave) and the elevation h is 

.(7) 

If this relation be violated anywhere, a wave will enferge, travelling in the 
negative direction. In applying (7) to a wave of finite height, the appropriate 
form of (7) is 

. 

where / is a known function of Z -h A, or on integration 



To this particle-velocity is to be added the wave-velocity 

.( 10 ) 


making altogether for the velocity of, e.g., the crest of a wave relative to 
still water 



/o . 

.(11) 

Thus if/be constant, say g, (9) gives De Morgan’s formula 



w — 2 V(7 {(Z + Jif' — Z^}, . 

.(12) 

and (11) becomes 

3V^V(i + A)-2VOO. 

.(13) 

If, again, 

{l + hf' . 

.(14) 

(11) gives as the velocity of a crest 



/.¥* 

l + h ^l + h . 

.(15) 


which is independent of h, thus confirming what was found before for this law 
of force. 


As regards the question of a bore, we consider it as the transition from a 
uniform velocity %t and depth Z to a uniform velocity uf and depth l\ V being 
greater than Z. The first relation between these four quantities is that given 
by continuity, viz., 

lu = ZV.(16) 

The second relation arises from a consideration of momentum. It may be 
convenient to take first the usual case of a constant gravity g. The mean 
pressures at the two sections are \gl, \gl\ and thus the equation of 
momentum is 


Zw(z^-ii') = i.g(Z'2-Z2). 


,(17) 
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By these equations u and v! are determined in terms of Z, V : 

{I Jr V). I'll, = \g {IV) . IjV .(18) 


We have now to consider the question of energy. The difference of work 
done by the pressure at the two ends (reckoned per unit of time and per 
unit of breadth) is — \gl'\ And the difference between the kinetic 

energies entering and leaving the region is lu ~ the density being 
taken as unity. But this is not all. The potential energies of the liquid 
leaving and entering the region are different. The centre of gravity rises 
through a height -1), and the gain of potential energy is therefore 
lu,^g{l' —1). .The whole loss of energy is accordingly 

la {^gl - Igl' + — \g {V — Z)} = lu j^Z - gV -\-lg {1 + V) 


= hi. 


uv 


(19) 


This is much smaller than the value formerly given, but it remains of the 
same sign. That there should be a loss of energy constitutes no difficulty, 
at least in the presence of viscosity; but the impossibility of a gain of energy 
shows that the motions here contemplated cannot be reversed.'’ 

We now suppose that the constant gravity is replaced by a force /, which 
is a function of y, the distance from the bottom. The pressures p, p' at the 
two sections are also functions of y, such that 

p^i'fdy, p'=l‘/dy .(20) 

d y '' y 

The equation of momentum replacing (1*7) is now 



yfdy-\ yfdy=\ yfdy, .(21) 

Jo Jo ■'I 

the integrated terms vanishing at the limits. This includes, of course, all 
special cases, such as /= constant, or/oc y-^. 

As regards the reckoning of energy, the first two terms on the left of (19) 
are replaced by 

lu || p dy - j, p'dy\ .(22) 

The third and fourth terms representing kinetic energy remain as before. 
For the potential energy we have to consider that a length u and depth I 
is converted into a length u' and depth I'. If we reckon from the bottom, 
the potential energy is in the first case 
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in which 

\ydy=\^fdy-\ fdy=po-p, 

Jo Jo .'3/ 

Po denoting the pressure at the bottom, so that the potential energy is 



The difference of potential energies, corresponding to the fifth and sixth 


terms of (19), is thus 

lu^a-p^ -J J^pdy + j, .(2^) 

The integrals in (23) compensate those of (22), and we have finally as the loss 
of energy 

lu {po - Pq 4- = lu . 

It should be remarked that it is only for values of y between I and V that 
f is effectively involved. 

In the special case where /= equations (16), (21) give 

.(26) 

the introduction of which into (24) shows that, in this case, the loss of 


energy vanishes; all the conditions can be satisfied, even though there be 
no dissipation. The reversed motion is then equally admissible. 


Experimental. 

The formation of bores is illustrated by a very ordinary observation, 
probably not often thought of in this connection. Something of the kind 
may usually be seen whenever a stream of water from a tap strikes a 
horizontal surface [or when water from a can is poured into a flat bath]. 
The experiment is best made by directing a vertically falling stream into a 
flat and shallow dish from which the water overflows*. The effective depth 
may be varied by holding a glass plate in a horizontal position under the 
water surface. Where the jet strikes, it expands into a thin sheet which 
diverges for a certain distance, and this distance diminishes as the natural 
depth of the water over the- plate is made greater. The circular boundary 
where the transition from a small to a greater depth takes place constitutes 
a bore on a small scale. The flow may be made two-dimensional by limiting 
it with two battens held in contact with the glass. I have not attempted 
measures.. On the smallest scale surface-tension doubtless plays a considerable 
part, but this maybe minimised by increasing the stream, and correspondingly 
the depth of the water over the plate, so far as may be convenient. 

* Ttie tap that I employed gives a jet whose diameter is 6 nun. A much larger tap may need 
to be fitted with a special nozzle.—May 14, [1914]. 
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THE SAND-BLAST. 

[Nature, Vol. xciii. p. 188, 1914.] 

Among the many remarkable anticipations contained in T. Young's 
Lectures on Natural Philosophy (1807) is that in which he explains the effect 
of what is now commonly known as the sand-blast. On p. 144 he writes:— 
"'There is, however, a limit beyond which the velocity of a body striking 
another cannot be increased without overcoming its resilience, and breaking 
it, however small the bulk of the first body may be, and this limit depends 
on the inertia of the parts of the second body, which must not be disregarded 
when they are impelled with a considerable velocity. For it is demonstrable 
that there is a certain velocity, dependent on the nature of a substance, with 
which the effect of any impulse or pressure is transmitted through it; a 
certain portion of time, which is shorter accordingly as the body is more 
elastic, being required for the propagation of the force through any part of 
it; and if the actual velocity of any impulse be in a greater proportion to 
this velocity than the extension or compression, of which the substance is 
capable, is to its whole length, it is obvious that a separation must be pro¬ 
duced, since no parts can be extended or compressed which are not yet 
affected by the impulse, and the length of the portion affected at any instant 
is not sufficient to allow the required extension or compression. Thus if the 
velocity with which an impression is transmitted by a certain kind of wood 
be 15,000 ft. in a second, and it be susceptible of compression to the extent of 
1/200 of its length, the greatest velocity that it can resist will be 75 ft. in a 
second, which is equal to that of a body falling from a height of about 90 ft." 

Doubtless this passage was unknown to 0. Rejmolds when, with customary 
penetration, in his paper on the sand-blast (Phil. Mag. Vol. xlvi. p. 387,1873) 
he emphasises that "the intensity of the pressure between bodies on first 
impact is independent of the size of the bodies.” 

After his manner. Young was over-concise, and it is not clear precisely 
what circumstances he had in contemplation. Probably it was the longitudinal 
impact of bars, and at any rate this affords a convenient example. We may 
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begin by supposing the bars to be of the same length, material, and section, 
and before impact to be moving with equal and opposite velocities v. At 
impact, the impinging faces are reduced to rest, and remain at rest so long 
as the bars are in contact at all. This condition of rest is propagated in each 
bar as a wave moving with a velocity a, characteristic of the material. In 
such a progressive wave there is a general relation between the particle- 
velocity (estimated relatively to the parts outside the wave) and the com¬ 
pression (e), viz., that the velocity is equal to ae. In the present case the 
relative particle-velocity is v, so that v = ae. The limit of the strength of the 
material is reached when e has a certain value, and from this the greatest 
value of V {half the original relative velocity) which the bars can bear is 
immediately inferred. 

But the importance of the conclusion depends upon an extension now to 
be considered. It will be seen that the length of the bars does not enter 
into the question. Neither does the equality of the lengths. However 
•short one of them may be, we may contemplate an interval after first impact 
so short that the wave will not have reached the further end, and then the 
argument remains unaffected. However short one of the impinging bars, the 
above calculated relative velocity is the highest which the material can bear 
without undergoing disruption. 

As more closely related to practice, the case of two spheres of radii r, 
impinging directly with relative velocity v, is worthy of consideration. 
According to ordinary elastic theory the only remaining data of th^ problem 
are the densities p, p', and the elasticities. The latter may be taken to be 
the Youngs moduli q, q\ and the Poisson’s ratios, cr, a, of which the two last 
are purely numerical. The same may be said of the ratios q'jq, p'jp, and r'jr. 
So far as dimensional quantities are concerned, any maximum strain e may 
be regarded as a function of r, v, q, and p. The two last can occur only in 
the combination q/p, since strain is of no dimensions. Moreover, q/p = a", 
where a is a velocity. Regarding e as a function of r, v, and a, we see that 
V and a can occur only as the ratio vja, and that r cannot appear at all. The 
maximum strain then is independent of the linear scale; and if the rupture 
depends only on the maximum strain, it is as likely to occur with small 
spheres as with large ones. The most interesting case occurs when one 
sphere is very large relatively to the other, as when a grain of sand impinges 
upon a glass surface. If the velocity of impact be given, the glass is as likely 
to be broken by a small grain as by a much larger one. It may be remarked 
that this conclusion would be upset if rupture depends upon the duration of 
a strain as well as upon its magnitude. 

The general argument from dynamical similarity that the maximum strain 
during impact is independent of linear scale, is, of course, not limited to the 
case of spheres, which has been chosen merely for convenience of statement. 
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THE EQUILIBRIUM OF REVOLVING LIQUID UNDER 
CAPILLARY FORCE. 

[Philosophical Magazine, Vol. xxviii. pp. 161—170, 1914] 

The problem of a mass of homogeneous incompressible fluid revolving 
with uniform angular velocity (to) and held together by capillary tension (T) 
is suggested by well-known experiments of Plateau. If there is no rotation, 
the mass assumes a spherical form. Under the influence of rotation the 
sphere flattens at the poles, and the oblateness increases with the angular 
velocity. At higher rotations Plateau’s experiments suggest that an annular 
form may be one of equilibrium. The earlier forms, where the liquid still 
meets the axis of rotation, have been considered in some detail by Beer*, but 
little attention seems to have been given to the equilibrium in the form of a 
ring. A general treatment of this case involves difficulties, but if we assume 
that the ring is thin, viz. that the diameter of the section is small compared 
with the diameter of the circular axis, we may prove that the form of the 
section is approximately circular and investigate the small departures from 
that figure. It is assumed that in the cases considered the surface is one of 
revolution about the axis of rotation. 

Fig. 1 represents a section by a plane through the axis Oy, 0 being the 
point where the axis meets the equatorial plane. One of the principal 



I’ig. 1. 

* Fogg. A 7 in. Vol. xcvi. p. 210 (1855); compare Poincare’s Capillarite, 1895. 
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In terms of y and an from (7) 


-dx~ 


or if we write 


X f 

a 

X- 

+1 - 

\ 



\a^- 

* x‘ 


+ 

1 


V 

a- 

x^/a- 

= 

1 

-z, .. 



1 

—12^ 


adz ^z. </ll + 2(1 — z) fl — z(l — z) W} 

= (i-n + |no«"i-|fi^^^, . 


when we neglect higher powers of 12 than 121 Reverting to we find for 
the integral of (10) 

. V ^ A 12V, 


±^ = (l-n + fl2= 
a ^ ^ 


H-5) -i(-S)*. 


no constant being added since y = 0 when oc — a. 

If we stop at 12, we have 

i + ... 

representing an ellipse whose minor axis OB is a (1 — 12). 

When 12^ is retained, 

OR = (1-12 + 122) a.(13) 

The approximation in powers of 12 could of course be continued if desired. 

So long as 12 < 1, is positive and the (equal) curvatures at B are convex. 

When 12 = 1, = 0 ft® surface at B is flat. In this case (8) gives 

4-^ =_^_ ^A^ 


or if we set x = a sin^ <p, 


^ dx ^J[a^ — o(^]' 
dy 0^ . 4 , 


Here x = a corresponds to 0 = -^tt, and ^ = 0 corresponds to <^ = 0. Hence 

OB = § [ sin^ ^ d(p .(16) 

The integral in (16) may be expressed in terms of gamma functions and 
we get 

OR = a Vtt . r (I) - r (i) = •4312a.(17) 

When 12 > 1, the curvature at R is concave and po is negative, as is quite 
permissible. 
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In order to trace the various curves we may calculate by quadratures 
from (4) the position of a sufficient number of points. This, as I understand, 
was the procedure adopted by Beer. An alternative method is to trace the 
curves by direct use of the radius of curvature at the point arrived at. 
Starting from (7) we find 

d?y _ f n 4 . — 

ds^ \ a J ds’ 

and thence 

“ = ..(18) 

p dxjds a- 

From (18) we see at once that 12 = 0 makes p = a throughout, and that 
when 12 = 1, ^ = 0 makes /o = oo . 


In tracing a curve we start from the point A in a known direction and with 
p = al(2n + 1), and at every point arrived at we know with what curvature 
to proceed. If, as has been assumed, the curve meets the axis, it must do so 
at right angles, and a solution is then obtained. - 


The method is readily applied to the case f2 = 1 with the advantage that 
we know where the curve should meet the axis of y. From (18) with 12 = 1 
and a = 5, 


1 _ 24 ^^ 


(19) 


Starting from cc = 5 we draw small portions of the curve corresponding to 
decrements of x equal to *2, thus arriving in succession at the points for which 
4*6, 4*4, &c. For these portions we employ the mean curvatures, 
corresponding to ^ = 4*9, 4*7, &c. calculated from (19). It is convenient to 
use squared paper and fair results may be obtained with the ordinary ruler 
and compasses. There is no need actually to draw the normals. But for 
such work the procedure recommended by Boys* offers great advantages. 
The ruler and compasses are replaced by a straight scale divided upon a strip 
of semi-transparent celluloid. At one point on the scale a fine pencil point 
protrudes through a small hole and describes the diminutive circular arc. 
Another point of the scale at the required distance occupies the centre of the 
circle and is held temporarily at rest with the aid of a small brass tripod 
standing on sharp needle points. After each step the celluloid is held firmly 
to the paper and the tripod is moved to the point of the scale required to give 
the next value of the curvature. The ordinates of the curve so drawn are 
given in the second and fifth columns of the annexed table. It will be seen 
that from ^ = 0 to ^ = 2 the curve is very flat. Fig. (1). 


* Phil. Mag. Vol. xxxvi. p. 75 (1893). I am much indebted to Mr Boys for the loan of 
suitable instruments. The use is easy after a little practice. 
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Another case of special interest is the last figure reaching the axis of 
symmetry at all, which occurs at the point ^ = 0. We do not know before¬ 
hand to what value of £1 this corresponds, and curves must be drawn 
tentatively. It appears that £l = 2*4 approximately, and the values of y 
obtained from this curve are given in columns 3 and 6 of the table. Fig. (2)*. 



Fig. (2). 


± X 

± y 

± y' 

... 

± y 

± y' 

0*0 

2*16 

0*00 

2-6 

2-06 

0*75 

0*2 

2*16 

0-01 

2-8 

2-03 

0*83 

0-4 

2-16 

0-03 

3*0 

1*99 

0-90 

0-6 

2-16 

0*06 

; 3*2 

1-95 

0*95 

0-8 

2-16 

O’lO 

3'4 

1*89 

0-99 

1*0 

2*15 

0-14 

3-6 

1-81 

1-01 

1*2 

2-15 

0-20 

3-8 ! 

1-72 

1*02 

1*4 

2-15 

0-27 

i 4-0 1 

1-61 

1*00 

1*6 

2-15 

0*34 

1 4-2 

1-49 

0-98 

1*8 

2*14 

0-42 

1 4*4 

1-32 

0-89 

2-0 

2-12 

0*50 

! 4-6 

i-n 

0-78 

2*2 

2-11 

0-58 

4-8 

; 0-80 

0-67 

2-4 

2*09 

0*65 

4*9 

0-59 

()-41 




5-0 

0-00 

j 

1 0*00 


There is a little difiiculty in drawing the curve through the point of zero 
curvature. I found it best to begin at both ends (^ = 0, y = 0) and = 5, y = 0) 
with an assumed value of fl and examine whether the two parts could be 
made to fit. 

* [1916. These figures were omitted in the original memoir.] 
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When O > 2*4 and the curve does not meet the axis at all, the constant 
in (3) must be retained, and the difficulty is much increased. If we suppose 
that dyjds == + 1 when x — and dyjds = — 1 when x — ai, we can determine 
Pq as well as the constant of integration, and (3) becomes 


ds 


~ - Of) («= - a/) + 


X- — (Xiag 
a2~ ai 


.( 20 ) 


We may imagine a curve to be traced by means of this equation. We 
start from the point A where y — 0, x ~ and in the direction perpendicular 
to OA, and (as before) we are told in what direction to proceed at any point 
reached. When x — a^, the tangent must again be parallel to the axis, but 
there is nothing to ensure that this occurs when y = 0. To secure this end 
and so obtain an annular form of equilibrium, accrjT must be chosen suitably, 
but there is no means apparent of doing this beforehand. The process of 
curve tracing can only be tentative. 

If we form the expression for the curvature as before, we obtain 


1 _ crct)- 
~p~^W 



J 


+ 


1 


as — cii 


+ 


CtjCt2 

x-(a2 — aj) 


( 21 ) 


by means of which the curves may be traced tentatively. 

If we retain the normal PQ, as we may conveniently do in using Boys’ 
method, we have the simpler expression 


11 ^ aa}“ 

p'^pq^Jt 


{2x- - -f 



( 22 ) 


When the radius CP of the section is very small in comparison with the 
radius of the ring 00, the conditions are approximately satisfied by a circular 



form. We write OP = r, 00 = a, PGA = 6. Then, r being supposed constant, 
the principal radii of curvature are r and a sec d + r, so that the equation of 
equilibrium is 


T 


1 cos 0 
r a-\-r cos 6 



(23) 
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in which should be constant as 9 varies. In this 


cos 6 


a -\-r cos 0 a \ 2a 


= “ + 






cos cos ~ cos W !■, 

2a 4a“ ' 


2r 


1 + - cos ^ = ^ + iT". ■*- COS 0 ^ cos 26. 

a. J 2 a^ ^ 


2 a- 


Thus approximately 

apQ a r cohi^ 
~f "^r'^¥a~W 


1 +Z!V+cos^in-—- — — 

i+«_.,) +COS 2r a 


2aV 
-I- cos 20 

The term in cos0 will vanish if we take &) so that 


r cdHt 7'“ 


+ cos 3i9. 


4a2‘ 


...(24) 


ara^ _ 1 
~T~r 



The coefficient of cos 29 then becomes 


3r T 

— —1- cubes of -. 
4a a 


(25) 


(26) 


If we are content to neglect rja in comparison with unity, the condition of 
equilibrium is satisfied by the circular form; otherwise there is an inequality 
of pressure of this order in the term proportional to cos 29. From (25) it is 
seen that if a and T be given, the necessary angular velocity increases as the 
radius of the section decreases. 


In order to secure a better fulfilment of the pressure equation it is 
necessary to suppose r variable, and this of course complicates the expressions 
for the curvatures. For that in the rneridianal plane we have 



or with sufficient approximation 


1 _ 1 { I (Pr I 

p r I r d9'^ 2r^ \d9) | * 


(27) 


For the curvature in the perpendicular plane we have to substitute PQ, 
measured along the normal, for PQ, whose expression remains as before 
(fig. 3). Now 

PQ _ _> (jQs QPQ' — tan 9 sin QPQ' 

Jl (qi' Sin vjj 

in which 

CJV f. I /drV) ~i ^ 1 /drV 
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;H)proxim.itely, 


I (II’ {, 1 ill' 

sin .;n ' (,/n 


1 COS ^ j 1 /r//’Y’'j sill i »//' 

Pi/ a-^ rcos6^ [ 2r“ \d(y ) ^ t /*<’os r d.O 


b V, c 


Kii'. :i. 

It will be found tluit it is uniH‘c«‘ss;ir\ lo rrt:nn [dr r/di 
pn‘ssur(^ e(|u<‘ition becomes 

Ij 1 u cos d f/siut^ I tir u ^ 

T r [ r (W"\ u-+/• cos d ^ u j /• (*o.s /* ^/d :! 7 ' 


It is j)ropos(‘d to satisfy t.his cipinlioii so far an l. rms 
inclusive. 

As a function of 6 /, r may lx* taJvon to ho 

V = V(, 4- 8/* — /*„ ■}■• /*j cos • /* cit- 2d i. 

where &c. an* constants small ro|'if i\»-lv {••/•. It v. il 

our ordm* of a,|)proximaJ,ion (S/v'r,,)’*' may ho in'i^doofr-ij ;ui<i iIm! i 
to include t.h(^ rs b(‘Vond /v imtlusivo. W'o ha\o 


e o i 6r Y/• I 

== • 1 - + ! 

[ /‘t. f'u ! 


a cos d ^ _ r,, _ K., j ;{,• ,■ 

o + rcos0 2n 4fr * 4o" 4., 


oo f f'- 5 

•<tos2dh.. f ^ rou>:;d 
iza 2o! 


eh^'' •! 


+ cos 2 ^ t'A'' '''' t '■ 

df a o" . ,,r 
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Uo ^ ^ jrj cos ^ + 4r2 cos IQ + cos SQ 

Cut/ :T(\ 


a sin 6 1 dr rg 

a + r cos 6 r do 2ro 2a ^ 


4a Vq 4a 


+ cos2^ 

[2ro 2ro, 




7'o 4a 


Thus altogether for the coefficient of cos 6 on the right of (29) we get 


1 j_ !i, 

4a^ 2a ro 2r | a aj ‘ 


This wull he made to vanish if we take o) such that 


(dhth''Q __ 3ro- ^ 3r2 

T 4a- 2a 2ro* 


The coefficient of cos 26 is 


Vq- 2a 2ro 2ro 2T [a ‘ a ' 2a?] ’ 

or when we introduce the value of o) from (31) 

•la^’o 3?’o ^^3 (^2) 

n" 4a n . 

The coefficient of cos 30 is in like manner 

.(33) 

7-0- 4a- 2ro 

These coefficients are annulled and ap^jT is rendered constant so far as 
the second order of r^ja inclusive, when we take r^, &c. equal to zero and 

r^lvo = ro^l4ia\ Ts/tq = — 3roV64a2.(34) 

We may also suppose that ri = 0. ^ 

The solution of the problem is accordingly that 

r = ro |l + cos 20 - oosSdl .(35) 


3r3 co-a^ (r^ , . n" 


- + - H- , 


gives the figure of equilibrium, provided co be such that 


The form of a thin ring of equilibrium is thus determined; but it seems 
probable that the equilibrium would be unstable for disturbances involving a 
departure from symmetry round the axis of revolution. 
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approximately, 

Thus 

1 __ cos ^ f-, J_ /^Vl . _ 1 ^ j 1 _ Jl. /^^Yl 

PQ' ” 0 ^ + r cos (9 I *” 27^“ \do) ) a tqos 6 r dO \ 2r- Kdo) J * 

.(28) 



Fig. 3. 


It will be found that it is unnecessary to retain (drjddy, and thus the 
pressure equation becomes 


apQ J-, 1 a cos 6 ct sin ^ 1 dr co-a^ / r cos 

T r j r d6-\ a -f r cos 6~^ a-{-r cos 6 r dO 2T V a / 

.(29) 

It is proposed to satisfy this equation so far as terms of the order 
inclusive. 


As a function of 6, r may be taken to be 

r = 7'o + hr = + rj cos 0 -f* rgcos 2<9 + ..., .(30) 


where ri, r^, &c. are constants small relatively to rp. It will appear that to 
our order of approximation (Sr/r^)- may be neglected and that it is unnecessary 
to include the 7'’s beyond r^ inclusive. We have 


a cos 6 
a + r cos 9 



n 

2a 


^2 . A 

— -—h COS a 

4a 


U Bn 

1 4a2 4a 



— cos 29 



4a 2aJ 


/, rcos^N® T 7\ /, (2n r. 


3^1 Vs 
2a^ 2ar 


+ cos20 fi-f 


. V ^0^2 

a 2a? a- 


+cos3«1s+':!L* 

(a 


+ 


2a^ 


r.. 
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d6 

asin 6 1 dr 

a H- r cos 6 r dd 


d d^r cb 

■~2 Vi COS d + 4r2COS 26 4* 9^3cos 80[-, 


ri To 

+ ^ + cos 


2r, 


2a 
4 cos 26 


<9 |]JL _ 4 . 

(4a Tq 4a 


' 0 

Ti Sr. 
2ro 2r. 


4-cos 30 


4a 


Thus altogether for the coefficient of cos 6 on the right of (29) we get 


14 - — - 
^4a2 


'2a 


ora? 

a a 


2T 


This wdll be made to vanish if we take o) such that 


^"1 3ro 


.( 31 ) 


The coefficient of cos 20 is 
3an To 


Sr^ 

'2rft 


co-a*' 


2r la a 2a^i" ’ 


2r3 

.(32) 

n 

7*2 

2ro 

.(33) 


1 + il 

ro^ 2a 2ro 0 

or when we introduce the value of a> from (31) 

•laT^’o 

ro" 4a 

The coefficient of cos 30 is in like manner 

Barg 

4a- 

These coefficients are annulled and ap^j T is rendered constant so far as 
the second order of r^ja inclusive, when we take rg, &c. equal to zero and 

r^ln = r^jrQ = - Sr^^j&^a? .(34) 

We may also suppose that 7\ = 0. 

The solution of the problem is accordingly that 

r = ro H- cos 20 — cos 30 
^ ( 4a- 64a^ 

gives the figure of equilibrium, provided co be such that 

co^aVo _ 3ro^ 

T ~ ~^Sa^ . 

The form of a thin ring of equilibrium is thus determined; but it seems 
probable that the equilibrium would be unstable for disturbances involving a 
departure from symmetry round the axis of revolution. 


.(35) 


.(36) 
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FURTHER REMARKS ON THE STABILITY OF 
VISCOUS FLUID MOTION. 

[Philosophical Magazine, Vol. xxviii. pp. 609—619, 1914] 

At an early date my attention was called to the problem of the stability 
of fluid motion in connexion with the acoustical phenomena of sensitive jets, 
which may be ignited or unignited. In the former case they are usually 
referred to as sensitive flames. These are naturally the more conspicuous 
experimentally, but the theoretical conditions are simpler when the jets are 
unignited, or at any rate not ignited until the question of stability has been 
decided. 

The instability of a surface of separation in a non-viscous liquid, i.e. of 
a surface where the velocity is discontinuous, had already been remarked by 
Helmholtz, and in 1879 I applied a method, due to Kelvin, to investigate the 
character of the instability more precisely. But nothing very practical can 
be arrived at so long as the original steady motion is treated as discontinuous, 
for in consequence of viscosity such a discontinuity in a real fluid must 
instantly disappear. A nearer approach to actuality is to suppose that while 
the velocity in a laminated steady motion is continuous, the rotation or 
vorticity changes suddenly in passing from one layer of finite thickness to 
another. Several problems of this sort have been treated in various papers^. 
The most general conclusion may be thus stated. The steady motion of a 
non-viscous liquid in two dimensions between fixed parallel plane walls is 
stable provided that the velocity U, everywhere parallel to the walls and 
a function of y only, is such that drJJjdy’^ is of one sign throughout, y being 
the coordinate measured perpendicularly to the walls. It is here assumed 
that the disturbance is in two dimensions and infinitesimal. It involves 

* Proc. Lond. Math. Soc. Vol. x. p. 4 (1879); xi. p. 57 (1880); xix. p. 67 (1887) ; xxvii. p. 5 
(1895); Phil. Mag. Vol- xxxiv. p. 59 (1892); xxvi. p. 1001 (1913) ; Scientific Papers, Arts. 58, 
66, 144, 216, 194. [See also Art. 377.] 
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a slipping at the walls, but this presents no inconsistency so long as the fluid 
is regarded as absolutely non-viscous. 

The steady motions for which stability in a non-viscous fluid may be 
inferred include those assumed by a viscous fluid in two important cases, 
(i) the simple shearing motion between two planes for which d^Ujcl^- = 0, 
and (ii) the flow (under suitable forces) between two fixed plane walls for 
which d^Vjdy^ is a finite constant. And the question presented itself whether 
the effect of viscosity upon the disturbance could be to introduce instability. 
An affirmative answer, though suggested by common experience and the 
special investigations of 0. Reynolds^, seemed difficult to reconcile with the 
undoubted fact that great viscosity makes for stability. 

It was under these circumstances that “ the Criterion of the Stability and 
Instability of the Motion of a Viscous Fluid,'’ with special reference to cases 

(i) and (ii) above, was proposed as the subject of an Adams Prize essayf, and 
shortly afterwards the matter was taken up by Kelvin J in papers which form 
the foundation of much that has since been written upon the subject. His 
conclusion was that in both cases the steady motion is wholly stable for 
infinitesimal disturbances, whatever may be the value of the viscosity {fju ); 
but that when the disturbances are finite, the limits of stability become 
narrower and narrower as /x diminishes. Two methods are employed : the 
first a special method applicable only to case (i) of a simple shear, the second 

(ii) more general and applicable to both cases. In 1892 (Z.c.) I had occasion 
to take exception to the proof of stability by the second method, and Orr§ 
has since shown that the same objection applies to the special method. 
Accordingly Kelvin's proof of stability cannot be considered sufficient, even 
in case (i). That Kelvin himself (partially) recognized this is shown by the 
following interesting and characteristic letter, which I venture to give in full. 

July 10 (? 1895). 

“ On Saturday I saw a splendid illustration by Arnulf Mallock of our 
ideas regarding instability of water between two parallel planes, one kept 
moving and the other fixed. (Fig. 1) Ooaxal cylinders, nearly enough planes 
for our illustration. The rotation of the outer can was kept very accurately 
uniform at whatever speed the governor was set for, when left to itself. At 
one of the speeds he shewed me, the water came to regular regime, quite 
smooth. I dipped a disturbing rod an inch or two down into the water and 
immediately the torque increased largely. Smooth regime could only be 

* Phil. Trans. 1883, Part iii. p. 935. 

+ PUL Mag. Vol. xxiv. p. 142 (1887). The suggestion came from me, but the notice was 
(I think) drawn up by Stokes. 

t Phil. Mag. Vol. xxiv. pp. 188, 272 (1887); Collected Pajoers, Vol. iv. p. 321. 

§ Orr, Proc. Roy. Irish Acad. Vol. xxvii. (1907). 
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re-established by slowing down and bringing up to speed again, gradually 
enough. 

Without the disturbing rod at all, I found that by resisting the outer 
can by hand somewhat suddenly, but not very much so, the torque increased 
suddenly and the motion became visibly turbulent at the lower speed and 
remained so. 

'' I have no doubt we should find with higher and higher speeds, very 
gradually reached, stability of laminar or non-turbulent motion, but with 
narrower and narrower limits as to magnitude of disturbance; and so find 
through a large range of velocity, a confirmation of Phil. Mag. 1887, 2, 
pp. 191—196. The experiment would, at high velocities, fail to prove the 
stability which the mathematical investigation proves for every velocity 
however high. 




hung 

water- 

> 

torsiona/ly 
to measure 
torque 


rotating 


mercury-^y 


H 


rotating 


fixed 


Fig. 1. 


As to Phil. Mag. 1887, 2, pp. 272—278,1 admit that the mathematical 
proof is not complete, and withdraw [temporarily ?] the words ‘ virtually 
inclusive' (p. 273, line 3). I still think it probable that the laminar motion 
is stable for this case also. In your (Phil. Mag. July 1892, pp. 67, 68) refusal 
to admit that stability is proved you don’t distinguish the case in which my 
proof was complete from the case in which it seems, and therefore is, not 
complete. 

“ Your equation (24) of p. 68 is only valid for infinitely small motion, in 
which the squares of the total velocities are everywhere negligible; and 
in this case the motion is manifestly periodic, for any stated periodic con¬ 
ditions of the boundary, and comes to rest according to the logarithmic law 
if the boundary is brought to rest at any time. 
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‘‘ In your p. 62, lines 11 and 12 are ' inaccurate/ Stokes limits his 
investigation to the case in which the squares of the velocities can be 
neglected 


{i.e. 


radius of globe x velocity 
diffusivity 


very small), 


in which it is manifest that the steady motion is the same whatever the 
viscosity; but it is manifest that when the squares cannot be neglected, the 
steady motion is very different (and horribly difficult to find) for different 
degrees of viscosity. 


In your p. 62, near the foot, it is not explained what V is; and it 
disappears henceforth.—Great want of explanation here—Did you not want 
your paper to be understandable without Basset in hand? I find your two 
papers of July/92, pp. 61—70, and Oct./93,pp. 355—372, very difficult reading, 
in every page, and in some gc ly difficult:. 

“ Pp. 366, 367 very mysterious. The elastic problem is not defined. It 
is impossible that there can be the rectilineal motion of the fluid asserted 
in p. 367, lines 17—19 from foot, in circumstances of motion, quite undefined, 
but of some kind making the lines of motion on the right side different from 
those on the left. The conditions are not explained for either the elastic- 
solid'^, or the hydraulic case. 

“ See p. 361, lines 19, 20, 21 from foot. The formation of a backwater 
depends essentially on the non-negligibility of squares of velocities; and your 
p. 367, lines 1—4, and line 17 from foot, are not right. 

If you come to the R. S. Library Committee on Thursday we may come 
to agreement on some of these questions.’’ 


Although the main purpose in Kelvin’s papers of 1887 was not attained, 
his special solution for a disturbed vorticity in case (i) is not without interest. * 
The general dynamical equation for the vorticity in two dimensions is 


Dt dt ^ doc dy 




( 1 ) 


where v (= /x/p) is the kinematic viscosity and drjdy^. In this 

hydrodynamical equation f is itself a feature of the motion, being connected 
with the velocities u, v by the relation 



( 2 ) 


while u, V themselves satisfy the equation of continuity ” 


du dv 
dx dy 


(3) 


• * I think Kelvin did not understand that the analogous elastic problem referred to is that of 
a thin plate. See words following equation (5) of my paper. 
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In other applications of (1), e.g. to the diffusion of heat or dissolved matter 
in a moving fluid, f is a new dependent variable, not subject to (2), and 
representing temperature or salinity. We may then regard the motion as 
known while ^ remains to be determined. In any case v f V-f. If 

the fluid move within fixed boundaries, or extend to infinity under suitable 
conditions, and we integrate over the area included. 




so that 
1 d 


I a JJ*’ f - '/f i * - -//1(2)’+(D’H" 


.(4) 


by Green s theorem. The boundary integral disappears, if either ^ or (H^jdn 
there vanishes, and then the integral on the left necessarily diminishes as 
time progresses^. The same conclusion follows if f and d^jdn have all along 
the boundary contrary signs. Under these conditions f tends to zero over 
the whole of the area concerned. The case where at the boundary ^ is 
required to have a constant finite value Z is virtually included, since if we 
write for Z disappears from (1), and ^ everywhere tends to the 

value Z. 


In the hydrodynamical problem of the simple shearing motion, f is a 
constant, say is a linear function of y, say U, and 'y = 0. If in the 
disturbed motion the vorticity be Z and the components of velocity be 
U -{-u and v, equation (1) becomes 


dt 




(5) 


^ in which u, and v relate to the disturbance. If the disturbance be treated 
as infinitesimal, the terms of the second order are to be omitted and we get 
simply 


dt 


+ 


U§- = vV^^. 
doo ^ 


( 6 ) 


In (6) the motion of the fluid, represented by U simply, is given independently 
of 5*, and the equation is the same as would apply if f denoted the tempera¬ 
ture, or salinity, of the fluid moving with velocity U, Any conclusions that 
we may draw have thus a- widened interest. 

In Kelvin’s solution of (6) the disturbance is supposed to be periodic in cCy 
proportional to and U is taken equal to jSy, He assumes for trial 

^ y{n— t)y}^ . / V 


Compare Orr, lx. p. 115. 
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where J* is a function of t. On substitution in (6) he finds 

ilT 

whence t^ .(g) 

and comes ultimately to zero. Equations (7) and (S) determine ^ and so 
suffice for the heat and salinity problems in an infinitely extended fluid. 
As an example, if we suppose n=0 and take the real part of (7), 

Tcos k{x — 0t.y), . -..( 9 ) 

reducing to f = (7 cos kx simply when 35 = 0. At this stage' the lines of 
constant f are parallel to y. As time advances, T diminishes with increasing 
rapidity, and the lines of constant f tend to become parallel to x. If x be 
constant, ^ varies more and more rapidly with y. This solution gives a 

good idea of the course of events when a liquid of unequal salinity is 

stirred. 

In the hydrodynamical problem we have further to deduce the small 
velocities u, v corresponding to ?■. From (2) and (3), if u and v are pro¬ 
portional to 



Thus, corresponding to (9), 

2T 

= . 

No complementary terms satisfying (Pvjdy^ — = 0 are admissible, on account 

of the assumed periodicity with x. It should be mentioned that in Kelvin s 
treatment the disturbance is not limited to be two-dimensional. 

Another remarkable solution for an unlimited fluid of Kelvin's equation 
(6) with U = j3y has been given by Oseen*. In this case the initial value 
of ^ is concentrated at one point (^, ?;), and the problem may naturally be 
regarded as an extension of one of Fourier relating to the conduction of heat. 
Oseen finds 


Cp (1+xVP^*^) 

4:TTvt v(i+’.. 

where 0 = [jv, 0) d^dn; .(13) 

and the result may be verified by substitution* 

* Arkiv for Matematik, Astronomi ock Fysik, Upsala, Bd. 'vii. No. 15 (1911). 
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“The curves ^ = coust. constitute a system of coaxal and similar ellipses, 
whose centre at t = 0 coincides with the point rj, and then moves with 
the velocity parallel to the a:-axis. For very small values of t the eccen¬ 
tricity of the ellipse is very small and the angle which the major axis makes 
with the a;-axis is about 45°. With increasing t this angle becomes smaller. 
At the same time the eccentricity becomes larger. For infinitely great 
values of the angle becomes infinitely small and the eccentricity infinitely 
great.” 

When ^ = 0 in (12), we fall back on Fourier’s solution. Without loss of 
generality we may suppose f = 0, ■»? = 0, and then (r^ y^) 


t) = 


4irrvt 


(14) 


representing the diffusion of heat, or vorticity, in two dimensions. It may 
be worth while to notice the corresponding tangential velocity in the hydro- 
dynamical problem. If yjr be the stream-function, 

’ dy^ r dr \ dr j ’ 

so that r ^ ^ (1 - .(15) 

the constant of integration being determined from the known value of dyfrjdr 
when r = 00 . When r is small (15) gives 


d^Jr 

dr 


Gr 
4}7rvt ^ 


.(16) 


becoming finite when r = 0 so soon as t is finite. 

At time t the greatest value of dyjrjdr occurs when 

r2= 1-256 x .(17) 


On the basis of his solution Oseen treats the problem of the stability 
of the shearing motion between two parallel planes and he arrives at 
the conclusion, in accordance with Kelvin, that the motion is stable for 
infinitesimal disturbances. For this purpose he considers '‘the specially 
unfavourable case ” where the distance between the planes is infinitely great. 
I cannot see myself that Oseen has proved his point. It is doubtless true 
that a great distance between the planes is unfavourable to stability, but to 
arrive at a sure conclusion there must be no limitation upon the character 
of the infinitesimal disturbance, whereas (as it appears to me) Oseen assumes 
that the disturbance does not sensibly reach the walls. The simultaneous 
evanescence at the walls of both velocity-components of an otherwise sensible 
disturbance would seem to be of the essence of the question. 
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atirraHjioiiiliii^^ to avaiy raid vurtiaity at. a oti thi* jwisitivi* wa 

iiit.r«Mitiaa tha opjio.4ii|i» vortiaiiy at tlu* imitga of th«^ point in tha pinna #/ - 0, 

.Hi^inira ihi^ aniuilim-iit in an unliniif.ad Hui«i of tfta valoai!y-aiinij.a>naiit 
I* j.iariilta! toy, but flit* aoiii|iiui«*nt a, paralla! n» fhi* f!»»w, ranuiitiH liiiila. In 
ortitT hirihm’ t*» annnl it, it in in g«*nantl naaaHHiiry intriHlm^a ni*w vortiaify 
III If S3 0. Ttii^ %^fii1,iaii$a.H on tlia puHitlva i^nia ara no! wholly iirhtlmry. 

Laf. m HUppitHa thai iniUally tin* only Cmldilbmitli vorliaity in tha iniaTior 
III itia tliii«| i*4 III *i. iiml lliuL tliin Vortiaiiy i?' aloakwina, or ponifiva, likt* lliat 
of iha iinifif4iiirb«’il mot.ioii 2i If tiiin axistad atona, tiiara would lia of 
naw*»«iiy It I'iiiiia valotniy along tha wall in itn naighboiirlioiH!. In unlar 

.■ - .. , . 



Fig* % Fig. ;e 

in til** a*»ndit.ititi «.«^(>, thara muat la* inutiiiitiim'ftiiHly iiitri'iiliiaaii nt 

tha wait a t,iagHliv‘a voriiaity *4’ an amount Hufi'iaiaiit lo give* 

1 % tlii'H and tha lof*fi! iiilanMity muM. b* invarnaly m tJ'ia r|i?4tanaa frofii A iind 
m ilia Hina Ilf ilia Jiiigla batwaan tluH diHl-iinea and tin* wall ( Ifidititiolizl. 
Ah wa Itiivf* Maaii ilif*Ha vortiaitiaH land to flilTuHa and in udditioii t«» ttmvu 
wit:!i iha valority of t.lia fluid, thema naiir tlia widl nhiwly mid tlioHa iiiiKitig 
fr«»ni A niora ijuiakly. Ah A ih aiUTit*d on, riaw n**giiiiva voil,ic?iiii*H an* 
ih*valo|.i«*d lit tiioHa juirtH of tha wall whirli fira baiiig fippr<»iii*iiafL Af,. tha 
otiiar aiifi tlif* VortiaifiaH naiir ilia wnl! lic*aoiiia liiraHHiva and iiiiiHi ba roiu- 
pcuimtaiL T«> aflraT- iliiH, ni*w immtive vortieity iniiHt tii* d.<*va!opi»fl at iha 
wiilb wltoHfi fiifliiHioii ovi.T nhort dinUineaH riiptdiy tJia iiagativa .so far 
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as may be required. After a time, dependent upon its distance, the vorticity 
arising from A loses its integrity by coming into contact with the negative 
diffusing from the wall and thus suffers diminution. It seems evident that 
the end can only be the annulment of all the additional vorticity and 
restoration of the undisturbed condition. So long as we adhere to the 
suppositions of equation (6), the argument applies equally well to an original 
negative vorticity at A, and indeed to any combination of positive and 
negative vorticities, however distributed. 

It is interesting to inquire how this argument would be affected by the 
retention in (5) of the additional velocities u, v, which are omitted in (6), 
though a definite conclusion is hardly to be expected. In fig. 2 the negative 
vorticity which diffuses inwards is subject to a backward motion due to the 
vorticity at A in opposition to the slow forward motion previously spoken of. 
And as A passes on, this negative vorticity in addition to the diffusion 
is also convected inwards in virtue of the component velocity v due to A. 
The effect is thus a continued passage inwards behind A of negative vorticity, 
which tends to neutralize in this region the original constant vorticity (Z). 
When the additional vorticity at A is negative (fig. 3), the convection 
behind A acts in opposition to diffusion, and thus the positive developed 
near the wall remains closer to it, and is more easily absorbed as A passes 
on. It is true that in front of A there is a convection of positive inwards; 
but it would seem that this would lead to a more rapid annulment of A 
itself; and that upon the whole the tendency is for the effect of fig. 2 to 
preponderate. If this be admitted, we may perhaps see in it an explanation 
of the diminution of vorticity as we recede from a wall observed in certain 
circumstances. But we are not in a position to decide whether or not a 
disturbance dies down. By other reasoning (Eeynolds, Orr) we know that 
it will do so if /3 be small enough in relation to the other elements of the 
problem, viz. the distance between the walls and the kinematic viscosity v. 

A precise formulation of the problem for free infinitesimal disturbances 
was made by Orr (1907). We suppose that f and v are proportional to 
^int where n =p + iq. If = S, we have from (6) and (10) 

. 

1 a 

and = .( 19 ) 

with the boundary conditions that v = 0, dvjdy = 0 at the walls. Orr easily 
shows that the period-equation takes the form 
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where Si, are any two independent solutions of (18), and the integrations 
are extended over the interval between the walls. An equivalent equation 
was given a little later (1908) independently by Sommerfeld^. 

Stability requires that for no value of k shall any of the qs determined 
by ( 20 ) be negative. In his discussion Orr arrives at the conclusion that 
this condition is satisfied, though he does not claim that his roethod is 
rigorous. Another of Orr’s results may be mentioned here. He shows that 
p + kl3y necessarily changes sign in the interval between the walls. 

The stability problem has further been skilfully treated by v. Misesf and 
by Hopf I, the latter of whom worked at the suggestion of Sommerfeld, 
with the result of confirming the conclusions of Kelvin and Orr. Doubtless 
the reasoning employed was sufficient for the writers themselves, but the 
statements of it put forward hardly carry conviction to the mere reader. 
The problem is indeed one of no. ordinary difficulty. It may, however, be 
simplified in one respect, as has been shown by v. Mises. It suffices to 
prove that q can never be zero, inasmuch as it is certain that in some cases 
(0 = 0) q is positive. • 

In this direction it may be possible to go further. When /3 = 0 , it is 
easy to show that not merely g, but g —iV, is positive§. According to 
Hopf, this is true generally. Hence it should suffice to omit k^ — qfv in (18), 
and then to prove that the fi^-solutions obtained from the equation so 
simplified cannot satisfy (20). The functions Si and S^^ satisfying the 
simplified equation 

.( 21 ) 

where 77 is real, being a linear function of y with real coefficients, could be 
completely tabulated by the combined use of ascending and descending 
series, as explained by Stokes in his paper of 18571|. At the walls rj takes 
opposite signs. 

Although a simpler demonstration is desirable, there can remain (I suppose) 
little doubt but that the shearing motion is stable for infinitesimal dis¬ 
turbances. It has not yet been proved theoretically that the stability can 
fail for finite disturbances on the supposition of perfectly smooth walls; but 
such failure seems probable. We know from the work of Reynolds, Lorentz, 
and Orr that no failure of stability can occur unless SD'^jv >177, where D is 
the distance between the walls, so that 0D represents their relative motion. 

* Atti del IV. Congr. intern, dei Math. Roma (1909). 

t Festschrift H. Weber, Leipzig (1912), p. 252; Jahresber, d. Deutschen Math. Ver. Bd. xxi. 
p. 241 (1913). The mathematics has a very wide scope. 

Z Inn. der Physik, Bd. xliv. p. 1 (1914). 

§ Phil. Mag. Vol. xxxiv. p. 69 (1892); Scientific Papers^ Vol. iii. p. 583. 

11 Camb. Phil. Trans. Vol. x. p. 106; Math, and Phys. Papers, Vol. iv. p. 77. This appears 
to have long preceded the work of Hankel. I may perhaps pursue the line of inquiry here 
suggested. 
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NOTE ON THE FOEMULA FOE THE GEADIENT WIND. 


[^Advisory Committee for Aeronautics, Reports and Memoranda, 
No. 147. January, 1915.] 


An instantaneous derivation of the formula for the “ gradient wind ” has 
been given by Gold*. For the steady horizontal motion of air along a path 
whose radius of curvature is r, we may write directly the equation 

{(or sin X ± vf _1 dp ^ (cor sin Xf 
r p dr r 

expressing the fact that the part of the centrifugal force arising from the 
motion of the wind is balanced by the effective gradient of pressure. 


“In the equation p is atmospheric pressure, p density, v velocity of 
moving air, X is latitude, and co is the angular velocity of the earth about its 
axis.'’ Gold deduces interesting consequences relating to the motion and 
pressure of air in anti-cyclonic regions f. 

But the equation itself is hardly obvious without further explanations, 
unless we limit it to the case where sinX=l (at the pole) and where the 
relative motion of the air takes place about the same centre as the earth’s 
rotation. I have thought that it may be worth while to take the problem 
avowedly in two dimensions, but without further restriction upon the 
character of the relative steady motion. 

The axis of rotation is chosen as axis of -s’. The axes of x and y being 
supposed to rotate in their own plane with angular velocity co, we denote by 
u, V, the velocities at time t, relative to these axes, of the particle which then 
occupies the position x, y. The actual velocities of the same particle, parallel 
to the instantaneous positions of the axes, will be u — coy, v + cox, and the 
accelerations in the same directions will be 


du du 
dt'^^dx 


du ^ 

+ v^ - 2cov ■ 

dy 


(O^X 


* Proc, Boy. Soc. Vol. lxxxa. p. 436 (1908). 
t See also Shaw’s Forecasting Weather, Chapter ii. 
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dv dv dv ^ ^ ^ 

bitice the relative motion is supposed to be steady, dujdt, dvjdt disappear, 
and the dynamical equations are 

^ , g du du , 

P<K-"'* + ^“’-“,E-’’S7,.« 

.( 2 ) 

p dy '> dm dy ^ ’ 

1 he velocities u, v may be expressed by means of the relative stream- 
function ^}r : 

'ii == d-yfr/dy, V = — dyjr jdx, 

liquations (1)^ (2) then become 

.W 

j f 1 i im - o] - -‘f-t ■ . 

and on integration, if we leave out the part of p independent of the relative 
motion, 

. 

ill which by a known theorem V^yjr is a function of ’xfr only. If co be omitted, 
(5) coincides with the equation given long ago by Stokesf. It expresses p 
in t(u‘ins of ; but it does not directly allow of the expression of yjr in terms 
of p, as is required if the data relate to a barometric chart. 

Wo may revert to the more usual form, if in (1) or (H) we take the axis 
of w perpendicular to the direction of (relative) motion at any point. Then 
u = 0, and 

lf = 2cov + P^pt .( 6 ) 

p dx dx dy^ 

But since d^^r/dy = 0, the curvature at this place of the stream-line = const.) 
is 

1 d'\jr 

~ r dy^ ’ dx ' 

and thus 1 ^ = 2o)v + — , .(7) 

p dx r 

^ Lamb’s Hydrodynamics, § 206. 

+ Gaynh. Phil, Trans, Vol. vn. 1842 f Math, and Phys. Papers, Vol. i. p. 9. 
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giving the velocity v in terms of the barometric gradient dpjdoo by means of 
a quadratic. As is evident from the case &) = 0, the positive sign in the 
alternative is to be taken when x and r are drawn in opposite directions. 

In (7) r is not derivable from the barometric chart, nor can ^ be deter¬ 
mined strictly by means of p. But in many cases it appears that the more 
important part of p, at any rate in moderate latitudes, is that which depends 
ixpon ft), so that approximately from (5) 


^ = —p/2pco .(8) 

Substituting this value of a/t in the smaller terms, we get as a second 
approximation 


2pco . yjr — — p 


Soo^p 


dx. 


') \dy} j 




4ft)^p 


dp. 


■(9) 


With like approximation we may identify r in (7) with the radius of curvature 
of the isoharic curve which passes through the point in question. 

The interest of these formulae depends largely upon the fact that the 
velocity calculated as above from the barometric gradient represents fairly 
well the wind actually found at a moderate elevation. At the surface the 
discrepancy is larger, especially over the land, owing doubtless to friction. 
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SOME PROBLEMS CONCERNING THE MUTUAL INFLUENCE 
OF RESONATORS EXPOSED TO PRIMARY PLANE WAVES. 

{Philosophical Magazine, Vol. xxix. pp. 209—222, 1915.] 

Eecent investigations, especially the beautiful work of Wood on Eadia- 
tioir of Gas Molecules excited by Lighthave raised questions as to the 
behaviour of a cloud of resonators under the influence of plane waves of 
their own period. Such questions are indeed of fundamental importance. 
Until they are answered we can hardly approach the consideration of absorp¬ 
tion, viz. the conversion of radiant into thermal energy. The first action 
is upon the molecule. We may ask whether this can involve on the average 
an increase of translatory energy. It does not seem likely. If not, the 
transformation into thermal energy must await collisions.' 

The difficulties in the way of answering the questions which naturally 
arise are formidable. In the first place we do not understand what kind of 
vibration is assumed by the molecule. But it seems desirable that a be- 
ginning should be made; and for this purpose I here consider the case of 
the simple aerial resonator vibrating symmetrically. The results cannot be 
regarded as even roughly applicable in a quantitative sense to radiation, 
inasmuch as this type is inadmissible for transverse vibrations. Nevertheless 
they may afford suggestions. 

The action of a simple resonator under the influence of suitably tuned 
primary aerial waves was considered in Theory of Sound, § 319 (1878). The 
primary waves were supposed to issue from a simple source at a finite 
distance c from the resonator. With suppression of the time-factor, and at a 
distance r from their source, they are representedf by the potential 



* A convenient summary of many of the more important results is given in the Guthrie 
Lecture, Proc. Phys. Soe. Vol. xxvi. p. 185 (1914). 

+ A slight change of notation is introduced. 
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in which k=^ 27 rj\ and X is the wave-length; and it appeared that the 
potential of the secondary waves diverging from the resonator is 




( 2 ) 


so that 47rr'^ Mod^ = 47r/.(3) 

The left-hand member of (3) may be considered to represent the energy 
dispersed. At the distance of the resonator 

Mod^-^-l/c^ 

If we inquire what area S of primary wave-front propagates the same 
energy as is dispersed by the resonator, we have 


or S—4i'7rj]c^~\^l'nr .(4) 

Equation (4) applies of course to plane primary waves, and is then a 
particular case of a more general theorem established by Lamb* 

It will be convenient for our present purpose to start de novo with plane 
primary waves, still supposing that the resonator is simple, so that we are 
concerned only with symmetrical terms, of zero order in spherical harmonics. 

Taking the place of the resonator as origin and the direction of pro¬ 
pagation as initial line, we may represent the primary potential by 


<j() = gi^rcose — X ■+• ikr cos 6 — cos^ ^ -f.(5) 


The potential of the symmetrical waves issuing from the resonator may 
be taken to be 




ae' 




fp rp ^ ' 


.( 6 ) 


Since the resonator is supposed to be an ideal resonator, concentrated in a 
point, r is to be treated as infinitesimal in considering the conditions to be 
there satisfied. The.first of these is that no work shall be done at the 
resonator, and it requires that total pressure and total radial velocity shall 
be in quadrature. The total pressure is proportional to d (cj)yjr) j dt, or to 
^(<^> + and the total radial velocity is cZ (0 + '\fr)ldr. Thus {<j) + yfr) and 
d{(\>^?^)jdr must be in the same (or opposite) phases, in other words their 
ratio must be real. Now, with sufficient approximation, 

^ ^ r'- ’’ dr r®’ 

SO that a’~^ — ik — real...^7^ 


* Camh, Trans. Vol, xviii. p. 348 (1899) ; Proc. Math. Soc. Vol. xxxii. p. 11 (1900). The 
resonator is no longer limited to be simple. See also Rayleigh, Phil. Mag. Vol. iii. p. 97 (1902); 
Scientific Papers, Vol. v. p. 8. ’ 
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If we write 

a = Ae^, l/a = A-^e~‘\ .( 8 ) 

A = — sin a.(9) 

So far a is arbitrary, since we have used no other condition than that no 
work IS being done at the resonator. For instance, (9) applies when the 
•source of disturbance is merely the presence at the origin of a small quantity 
of gas of varied character. The peculiar action of a resonator is to make A 
a maximum, so that sin a = ± 1, say -1. Then 

A^ljk, a = -ilk, .( 10 ) 




As in (3), 47 rr 2 ^ ^ ^ ^ 2 /. 

and the whole energy dispersed corresponds to an area of primary wave- 
front equal to X^/ir. 


The condition of resonance implies a definite relation between 
and d((li+ ^fr)|dr, If we introduce the value of a from (10), we see that 
this is 

\ja + ljr — ik 

. 

and this is the relation which must hold at a resonator so tuned as to 
respond to the primary waves, when isolated from all other influences. 


The above calculation relates to the case of a single resonator. For 
many purposes, especially in Optics, it would be desirable to understand the 
operation of a company of resonators. A strict investigation of this question 
requires us to consider each resonator as under the influence, not only 
of the primary waves, but also of the secondary waves dispersed by its 
neighbours, and in this many difficulties are encountered. If, however, the 
resonators are not too near one another, or too numerous, they may be 
supposed to act independently. From (11) it will be seen that the standard 
of distance is the wave-length. 

The action of a number {n) of similar and irregularly situated centres of 
secondary disturbance has been considered in various papers on the light 
from the sky^. The phase of the disturbance from a single centre, as it 
reaches a distant point, depends of course upon this distance and upon the 
situation of the centre along the primary rays. If all the circumstances are 
accurately prescribed, we can calculate the aggregate eflfect at a distant 
point, and the resultant intensity may be anything between 0 and that 
corresponding to complete agreement of phase among all the components. 
But such a calculation would have little significance for our present purpose. 

* Compare also ‘‘Wave Theory of Light,” Enc, Brit. Vol. xxiv. (1888), § 4; Scientific Papers, 
Vol. III. pp. 53, 54. 
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Owing to various departures from ideal simplicity, e.g, want of liQmogeneity 
in the primary vibrations, movement of the disturbing centres, the impossi¬ 
bility of observing what takes place at a mathematical point, we are in effect 
only concerned with the average, and the average intensity is oi times that 
due to a single centre. 

In the application to a cloud of acoustic resonators the restriction was 
necessary that the resonators must not be close compared with X; otherwise 
they would react upon one another too much. This restriction may appear 
to exclude the case of the light from the sky, regarded as due mainly to the 
molecules of air; but these molecules are not resonators—at any rate as 
regards visible radiations. We can most easily argue about an otherwise 
uniform medium disturbed by numerous small obstacles composed of a 
medium of different quality. There is then no difficulty in supposing the 
obstacles so small that their mutual reaction may be neglected, even although 
the average distance of immediate neighbours is much less than a wave¬ 
length. When the obstacles are small enough, the whole energy dispersed 
may be trifling, but it is well to observe that there must be some. No 
medium can be fully transparent in all directions to plane waves, which 
is not itself quite uniform. Partial exceptions may occur, e.g, when the want 
of uniformity is a stratification in plane strata. The dispersal then becomes 
a regular reflexion, and this may vanish in certain cases, even though the 
changes of quality are sudden (black in Newfcon’s rings)But such trans¬ 
parency is limited to certain directions of propagation. 


To return to resonators: when they may be close together, we have to 
consider their mutual reaction. For simplicity we will suppose that they all 
lie on the same primary wave-front, so that as before in the neighbourhood 
of each resonator we may take 

<^= 1, d(f>ldr = 0 . (14) 

Further, we suppose that all the resonators are similarly situated as regards 
their neighbours, e.g., that they lie at the angular points of a regular 
polygon. The waves diverging from each have then the same expression, 
and altogether 

{e- 




-iJCTi 0 - 




.(15) 


where n, rg, ... are the distances of the point where is measured from the 
various resonators, and a is a coefficient to be determined. The whole 
potential is 0 + and it suffices to consider the state of things at the first 
resonator. With sufficient approximation 

Qj P ifcKt 

^ + ^ = l + + . 

* See Froc. Roy. Soc, Vol. lxxxvi a, p. 207 (1912); [This volume, p. 77]. 


( 16 ) 
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R being the distance of any other resonator from the first, while (as before) 


dr ' 


(17) 


We have now to distinguish two cases. In the first, which is the more 
important, the tuning of the resonators is such that each singly would 
respond as much as possible to the primary waves. The ratio of (16) to (17) 
must then, as we have seen, be equal to when is indefinitely 

diminished. Accordingly 




(18) 


which, of course, includes (10). If we write a = then 




l/k^ 


2 


cos kR 




1 + S 


sin kR 


kR 


(19) 


The other case arises when the resonators are so tuned that the aggregate 
responds as much as possible to the primary waves. We may then proceed 
as in the investigation for a single resonator. In order that no work may be 
done at the disturbing centres, and ‘y\r)ldr must be in the 

same phase, and this requires that 


1 1 D-ihR 

- _j -+ 2 —^ = real, 

a ri R 


or 


- = real+ii; + i2 
a 


sin kR 

~~W~ 


( 20 ) 


The condition of maximum resonance is that the real part in (20) shall 
vanish, so that 


1 

il 

^ sin kR] 

+ ^ iS \ . 

.(21) 

A = 

1/k 

..(22) 


- sin kR 



* + ^ kR 



The present value of is greater than that in (19), as was of course to 
be expected. In either case the disturbance is given by (15) with the value 
of a determined by (18), or (21). 

The simplest example is when there are only two resonators and the 
sign of summation may be omitted in (18). In order to reckon the energy 
dispersed, we may proceed by either of two methods. In the first we con¬ 
sider the value of and its modulus at a great distance r from the resonators. 
It is evident that \jr is symmetrical with respect to the line R joining the 
resonators, and if 0 be the angle between r and R, r-^^ — r^ — R cos 6. Thus 

. Mod^ yjr ~ A^ {22 cos (kR cos ^)}; 
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and on integration over angnlar spacts 

sin kli^ 

27rr‘*^ j Mod* yjr . sin (16 = Htt-I * 11 f ^ j 
Introducing the value of A’^ from (19)* havt* finally 


^irr"^ f Mod'-^ \[r . sin 6 (16 - - 

j {) I 


HttA*' f I + 


/. m\kH\ 

['* til ! 

1 sill 


k-n 


If W(3 supposci that kli is !argt‘, hut still stj that l( is Miiidl i‘*»iii|i.iriii 
with r, (24) naluces to Htt/*’”'-' or enmgy di.spia'si'd is tlirii f h*- 

double of that which would he dispiu’stsl !)y eiieh r«*soririt«ir acting , 

otherwise*, the* mutual nwtion com|)Iicatt‘H tin* {‘Xpressiun. 

Th(* greatest int(*rfer(‘nc(‘ naturally oeeurx when kit in Hinall, ri-li tinii 
bt‘comes 2IifIir,2X^l7r, or l()7r/f^ in agreement witii Thn^rii nf Suun^l, i 112 b 
The whole (‘nergy disperst'd is tln*n nnudi Ifm ilinn if tlna*** weri* mhIv 
nxsonator. 

It is of int(‘reBt to trace tin* itifluence of distanei* mere closely. If «** pm 
Zr/i = 27rm, so that /i = mX, we may wriit* (24) 

.8 = (2X'V7r).F,.....1 2 : 1 1 

where aS" is the area of primary wave-front winch carri«.*s the siiini’ iinsrgv m 
is dispersed by tlie two njsonators and 

27r/// + sin (2ir/a) 

27rm 4* (27rm)'‘* + 2sin ( 27 rw> ‘ .• - ..1 

If 2'/a is an intc^ger, the sine vanishes and 

1 4-(27r//e) ’ .I I 

not differing much from unity even when 2w - I; and whrmever 2iii is great. 
F approaches unity. 

The following table gives the values <4^ F for viihies *if tm lioi greater 
than 2: 
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In the case of two resonators the integration in (23) presents no difficulty; 
but when there are a larger number, it is preferable to calculate the emission 
of energy in the dispersed waves from the work which would have to be done 
to generate them at the resonators (in the absence of primary waves)—a 
method which entails no integration. We continue to suppose that all the 
resonators are similarly situated, so that it suffices to consider the work done 
at one of them—say the first. From (15) 


■<jr = a 


1 — ikr 


+ r- 




dyjr a 

dr r- ‘ 


The pressure is proportional to i^fr, and the part of it which is in the same 
phase as d^Jr/dr is proportional to 


a 


(j ^ sin kJR) 

r+^-TT)' 


Accordingly the work done at each source is proportional to 


.-It „ sin kR 


kR 


.(28) 


Hence altogether by (19) the energy dispersed by n resonators is that 
carried by an area S of primary wave-front, where 


/S = 


nX^ 


l+t 


sin kR 
“fciT 


TT 

COS kR 

2 

r. _ sin kR 


[‘^^R _ 


1 *+^ mJ 


2 ’ 


.(29) 


the constant factor being determined most simply by a comparison with the 
case of a single resonator, for which n = l and the S's vanish. We fall back 
on (24) by merely putting n = 2, and dropping the signs of summation, as 
there is then only one iJ. 

If the tuning is such as to make the effect of the aggregate of resonators 
a maximum, the cosines in (29) are to be dropped, and we have 


S = 


nX? ITT 


l + t 


sin kR' 


(30) 


As an example of (29), we may take 4 resonators at the angular points of 
a square whose side is b. There are then 3 i2’s to be included in the sum¬ 
mation, of which two are equal to b and one to b \/2, so that (28) becomes 




\ ^ ^ sin kb ^ sin (kb V2)| 

^ ~T6V2 1 ■ 


( 31 ) 
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A similar result may be arrived at from the value of y[r at an infinite 
distance, by use of the definite integral* 

Jo sin sin 0 .(^2) 

Jo ^ 

As an example where the company of resonators extends to infinity, we 
may suppose that there is a row of them, equally spaced at distance R. 

By (18) 

1 ‘7 Q-l%kR Q-%%kR I /QO\ 

+ . 

The series may be summed. If we write 

S = e-^ + -y- + -^—.(34) 

where A is real and less than unity, we have 

cZ2 _ i 

dx 1 — A 


and 2 = — ^ log (1 — he .(35) 

no constant of integration being required, since 

• 2 = — A*"^ log (1 — A) when x — 0. 

If now Ave put A = 1, 

2 = — log (1 — — — log ^2 sin ^ (^ - tt) + 2i mr .(36) 

Thus ^ ~ ^ I"" “ tt) + 2iw7r|.(37) 

If kR = 2m7r, ox R = m\ where m is an integer, the logarithm becomes 
infinite and a tends to vanish 

When R is very small, a is also very small, tending to 

<x = J? H- 2 log {kR) .(38) 


The longitudinal density of the now approximately linear source may be 
considered to be a/i?, and this tends to vanish. The multiplication of 
resonators ultimately annuls the effect at a distance. It must be remembered 
that the tuning of each resonator is supposed to be as for itself alone. 

In connexion with this we may consider for a moment the problem in 
two dimensions of a linear resonator parallel to the primary waves, which 
responds symmetrically. As before, we may take at the resonator 

<^ = 1 , d^ldr = 0. 


* Enc, Brit. 1. c. equation (43); Scientific Papers, Vol. iii. p. 98. 
t Phil. Mag. Vol. xiv. p. 60 (1907); Scientific Papers, Vol. v. p. 409. 










RESONATORS EXPOSED TO PRIMARY PLANE WAVES 


287 


’1915] 

As regards ^fr, the potential of the waves diverging in two dimensions, we 
must use different forms when r is small (compared with X) and when r is 
largeWhen r is small 


ikr 


7 + log^ l-^ + 


kV k‘^r^ 


2 ^ 2^.42 


22 2^ 42 4 - 2) + 




22.42.6- 


+ i + .(39) 


and when r is large, 



\2ikr) [ 1. Sikr 1.2. (Sikrf 

■ j. ...(40) 

By the same argument as for a point resonator we find, as the condition that 
no work is done at ?’=0, that the imaginary part of 1/a is “w/2. For 
maximum resonance 

a —2^/7^, .(41) 

so that at 

a distance approximates to 



Trfr , 

. m 

Thus 

27rr.Mod^A|r= —, . 

TT 

.(43) 


which expresses the width of primary wave-front carrying the same energy 
as is dispersed by the linear resonator tuned to maximum resonance. 


A subject which naturally presents itself for treatment is the effect of a 
distribution of point resonators over the whole plane of the primary wave- 
front. Such a distribution may be either regular or haphazard. A regular 
distribution, e.g. in square order, has the advantage that all the resonators 
are similarly situated. The whole energy dispersed is then expressed by 
(29), though the interpretation presents difficulties in general. But even 
this would not cover all that it is desirable to know. Unless the side of the 
square {b) is smaller than X, the waves directly reflected back are accom¬ 
panied by lateral spectra ” whose directions may be very various. When 
6 < X, it seems that these are got rid of. For then not only the infinite lines 
forming sides of the squares which may be drawn through the points, but a 
fortiori lines drawn obliquely, such as those forming the diagonals, are too 
close to give spectra. The whole of the effect is then represented by the 
specular reflexion. 

In some respects a haphazard distribution forms a more practical problem, 
especially in connexion with resonating vapours. But a precise calculation 
of the averages then involved is probably not easy. 


Theory of Sound, § 341. 
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If we suppose that the scale (b) of the regular structure is very small 
compared with X, we can proceed further in the calculation of the regularly 
reflected wave. Let Q he one of the resonators, 0 the point in the plane of 
the resonators opposite to P, at which yfr is required; OP = x, OQ = y, PQ = r. 
Then if m be the number of resonators per unit area, 


or since ydy = r dr, 


C 0—'wr 

= 27rma J y dy , 

/•OO 

= I'jrma 1 dr, 

X 


The integral, as written, is not convergent; but as in the theory of diffraction 
we may omit the integral at the upper limit, if we exclude the case of a 
nearly circular boundary. Thus 




2'irma 

ik 


Q—ikx 


(44) 


and 


Mod^i/r = 




(45) 


The value of A- is given by (19). We find, with the same limitation as 
above, 

2 — = 27rm f cos kH dR = 0, 

It Jo 

2 = 27rm [ kRdR — ^Trmjk, 

It Jo 

Thus A^ =^lj{k -{■ ^irmjky 

. 

When the structure is very fine compared with \ ¥ in the denominator 
may be omitted, and then Mod'^ '>1^ = 1, that is the regular reflexion becomes 
total. 

The above calculation is applicable in strictness only to resonators arranged 
in regular order and very closely distributed. It seems not unlikely that a 
similar result, viz. a nearly total specular reflexion, w^ould ensue even when 
there are only a few resonators to the square wave-length, and these are in 
motion, after the maimer of gaseous molecules; but this requires further 
examination. 


In the foregoing investigation we have been dealing solely with forced 
vibrations, executed in synchronism with primary waves incident upon the 
resonators, and it has not been necessary to enter into details respecting the 
constitution of the resonators. All that is required is a suitable adjustment 
to one another of the virtual mass and spring. But it is also of interest to 
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consider free vibrations. These are of necessity subject to damping, owing 
to the communication of energy to the medium, forthwith propagated away; 
and their persistence depends upon the nature of the resonator as regards 
mass and spring, and not merely upon the ratio of these quantities. 

Taking first the case of a single resonator, regarded as bounded at the 
surface of a small sphere, we have to establish the connexion • between the 
motion of this surface and the aerial pressure operative upon it as the result 
of vibration. We suppose that the vibrations have such a high degree of 
persistence that we may calculate the pressure as if they were permanent. 
Thus if \[r be the velocity-potential, we have as before with sufficient approxi¬ 
mation 

, , 1 ~ ikr 1 d^Ir 1 

ir/a = -, 

^ ^ r a dr r- 


so that, if p be the radial displacement of the spherical surface, dpjdt = a/r^ 
and 

= — r (1 — ikr) dpjdt .(47) 

Again, if a be the density of the fluid and the variable part of the 
pressure, 

= — crd^ / dif = <rr (1 — ikr) d^p / . 

which gives the pressure in terms of the displacement p at the surface of a 
sphere of small radius r. Under the circumstances contemplated we may 
use (48) although the vibration slowly dies down according to the law of 
where n is not wholly real. 

If M denotes the mass ’’ and ya the coefficient of restitution applicable 
to p, the equation of motion is 

Af ^ -h yap + 4i7rar^ (1 — ikr) ^ = 0, .*("^9) 

or if we introduce and write M' for M 4- 47ro’r^, • 


(— M' + 4i7rakr ^. ^) 4- ya = 0. 


.(50): 


Approximately, 

n = V(P'/ M'). {1 4- i. 27r(Tkr*lM ']; 
and if we write n = jp 4- iq, 

p = ^(ya/Ar'X q = p- ^irakr^jM' .(51) 

If T be the time in which vibrations die down in the ratio of 0 : 1, T = 1 / 

If there be a second precisely similar vibrator at a distance R from the 
first, we have for the potential 


dt’ 


.( 52 ) 


R. VI. 
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I ^ 


! ' 


I 



i ■ 
? ‘ 


and for the pressure due to it at the surface of the first vibrator 

df . 






.(53) 


The equation, of motion for is accordingly 

^ lo - ^'*0 = 0 ; 


dt^ 

and that for differs only by the interchange of pi and pg. Assuming that 
both pi and pa are as functions of the time proportional to we get to 
determine n 

{M' — 47 r< 7 r^. ikr] — p = ±n^. 4i7rar^R~'^ g-tkR^ 

or approximately 

fl+^‘(4B±.-“)l.(54)- 


/a 

/y M" 

If, as before, we take n=p + iq, 


P 


''\J M"{}- 


^^‘cos/.e), .(55). 


?=p • 


.(56) 


We may observe that the reaction of the neighbour does not disturb the 
frequency if cosfcjB = 0, or the damping if sinkR — O. When kR is small, 
the damping in one alternative disappears. The two vibrators then execute 
their movements in opposite phases and nothing is propagated to a distance. 

The importance of the disturbance of frequency in (55) cannot be estimated 
without regaord to the damping. The question is whether the two vibrations 
get out of step while they still remain considerable. Let us suppose that 
there is a relative gain or loss of half a period while the vibration dies down 
in the ratio of e : 1, viz. in the time denoted previously by T, so that 

(pi-p,)T = w. 

Calling the undisturbed values of p and q respectively P and Q, and supposing 
kR to be small, we have 

P 4i7rar^ 

Q 

in which QjP ^ ^Trcrkr^jM', According to this standard the disturbance of 
frequency becomes important only when kR< I/tt, or R less than X/ttI It 
has been assumed throughout that r is much less than R. 







39L 

ON THE WIDENING OF SPEOTEUM LINES. 

[Philosophical Magazine, VoL xxix. pp. 274—284, 1915.] 

Modern improvements in optical methods lend additional interest to an 
examination of the causes which interfere with the absolute homogeneity of 
spectrum lines. So far as we know these may be considered under five heads, 
and it appears probable that the list is exhaustive: 

(i) The translatory motion of the radiating particles in the line of sight, 
operating in accordance with Doppler’s principle. 

(ii) A possible effect of the rotation of the particles. 

(iii) Disturbance depending on collision with other particles either of the 
same or of another kind. 

(iv) Gradual dying down of the luminous vibrations as energy is radiated 
away. 

(v) Complications arising from the multiplicity of sources in the line of 
sight. Thus if the light from a flame be observed through a similar one, the 
increase of illumination near the centre of the spectrum line is not so great 
as towards the edges, in accordance with the principles laid down by Stewart 
and Kirchhoff; and the line is effectively widened. It will be seen that this 
cause of widening cannot act alone, but merely aggravates the effect of other 
causes. 

There is reason to think that in many cases, especially when vapours in a 
highly rarefied condition are excited electrically, the first cause is the most 
important. It was first considered by Lippich* and somewhat later inde¬ 
pendently by myselff. Subsequently, in reply to Ebert, who claimed to 
have discovered that the high interference actually observed was inconsistent 
with Doppler’s principle and the theory of gases, I gave a more complete 

* Pogg. Ann. Yol. cxxxix. p. 465 (1870). . 

t Nature, Vol. vni. p. 474 (1873); Scientific Papers, Yol. i. p. 183. 
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calculation*, taking into account the variable velocity of the molecules as 
defined by Maxwell’s law, from which it appeared that there was really no dis¬ 
agreement with observation. Michelson compared these theoretical results 
with those of his important observations upon light from vacuum-tubes and 
found an agreement which was thought sufficient, although there remained 
some points of uncertainty. 

The same ground was traversed by Schonrockf, who made the notable 
remark that while the agreement was good for the monatomic gases it failed 
for diatomic hydrogen, oxygen, and nitrogen; and he put forward the sugges¬ 
tion that in these cases the chemical atom, rather than the usual molecule, was 
to be regarded as the carrier of the emission-centres. By this substitution, 
entailing an increase of velocity in the ratio • 1? l^he agreement was much 
improved. 

While I do not doubt that Schonrock’s comparison is substantially correct, 
I think that his presentation of the theory is confused and unnecessarily com¬ 
plicated by the introduction (in two senses) of the “ width of the spectrum 
line,” a quantity not usually susceptible of direct observation. Unless I 
misunderstand, what he calls the observed width is a quantity not itself 
observed at all but deduced from the visibility of interference bands by 
arguments which already assume Doppler’s principle and the theory of gases. 
I do not see what is gained by introducing this quantity. Given the nature of 
the radiating gas and its temperature, we can calculate from known data the 
distribution of light in the bands corresponding to any given retardation, and 
from photometric experience we can form a pretty good judgment as to the 
maximum retardation at which they should still be visible. This theoretical 
result can then be compared with a purely experimental one, and an agree¬ 
ment will confirm the principles on which the calculation was founded. 
I think it desirable to include here a sketch of this treatment of the question 
on the lines followed in 1889, but with a few slight changes of notation. 

The phenomenon of interference in its simplest form occurs when two 
equal trains of waves are superposed, both trains having the same frequency 
and one being retarded relatively to the other by a linear retardation XJ. 
Then if X denote the wave-length, the aggregate may be represented by 


cos nt -f cos {lit — IttX jX) = 2 cos (ttX /X) . cos (nt — ■JrX/X) . (1) 

The intensity is given by 

1 = 4 cos2 (ttZ/X) = 2 {1 -f- cos (27rX/X)}.(2) 


If we regard X as gradually increasing .from zero, I is periodic, the maxima 
(4) occurring when X is a multiple of X and the minima (0) when X is an odd 

"‘On the limits to interference when light is radiated from moving molecules,” PhiL Mag. 
Vol. XXVII. p. 298 (1889); Scientific Papers, Vol. in. p. 258. 
t Aim. tier Physik, Vol. xx. p. 995 (1906). 

X In the paper of 1889 the retardation was denoted by 2A. 







TilK or STOTlirM LINKS 


29 :i 

liiiiif i|i!«‘ !t' Haiidn iir«* viHiliU* to variniiH valut‘s of A**, 

till* iiMr'k*‘N! [ilas^'H nv*^ iibm>lutt*ly <loVf*i«l uf li^^Iit, ntid this riiiuiiiis truo lunv- 
«‘Vfr A’ loo) b»'. that Is laavoviT hii^li tho un!t*r uf ioLalbnau’o. 

Hi*/ i-**i|iur»‘H that thi* light (duplic‘at,t*tl hy rotloxitin <*r 

lillpTwin*'I 'di.iuld hiiv»' ;iii ahNuhiti'ly flotlihto lr»*i|Uo!if’y» o#* should ho 
liil«-ly Siioli light i.n it»>! af otir ■dih|>o«il; uii«l a dofout of 

!isi!u».gi-iii-i!y ^mII UHual!} oiiiail a huiil l*» init'rforouoo, an A" iiirroasoH. Wo 
ar«“ ioo\ !..* rMiiHitlrr !h«* paiiK’iilar d«dooi aiHiug iu urooniaiu'o wit It I>«i{i|>U*rs 
priiioi jilr- ti/*oi da- iiu»!|t»u of I hr radial iitg purlioli‘,H in thf* liiio of Higltl. 

^liMWi-d that for ganoH in Ituiipt'i’aturo oqidHhriuui tlu* niiiahor id 
iiiolrrulr^i % i'liivti U's I'rNilvrd ill llu'rr 0*01 aiigulur tfirootioHs li<* \vi!.hil.| 

I hr rang*' lau-'*! hr |iro|Miriional !.*» 

tf’ f lii‘ til*' rlio>rtiMij uf fhr liito of sight. t!io ooiiij»oiiiill volooilirs I/, f an* 
ttilhoii! III l!ir prrsriit prohlnn. All that wo rri|iiiro to know islliat 

flu' *4' laolnadoH for wlurh ihr ooriipolirnl f lios hrtW’r'i'll and 

% * *^1** K’* to 

o ......tdi 

llir r«'li4!ioii of ii fo fli*' inrali troHiiUann vidooily Ih 


{f ttiis 111 irrnisof’r thai inytlSH**) ro'**ulfs wi/n* oKj»r»*sHod, hut i! was potntod 
oil! that r to ho ilistingiiishod from thi* voiooiiy of moan HijUiiro with 

whioft tho pri« 4 .,siiro moro i!ir«a 4 .|y oonmn'iotl. If this ho raihal i*, 


mi iliiil 



Again, t-lio rohitiiiii hotwoiui tin* original wavodongth A and tlm iirtim! waivt*^ 

huiglli as iiisttirhrd hy tli*’ liioliun, is 


(• il. ii.-riDK' ih«' "f ligl't- iitt.-iisiiy ..f tln' Hglit. in thf ini. r- 

fi-rm. '* wt <'«r iu» iijwu tin- innl.rul. H moviti). wit h s. lority f. 

i?* hv <21 


l/ / aa 2 , I + t’l)H 

i 


2-n-A' 

A 


I +■ 














294 ON THE WIDENING OF SPECTRUM LINES [391*' 


and this is now to be integrated with respect to ^ between the limits ±oo. 
The bracket in (8) is 


27rX 2'7rX^ 

1 + cos —-T— cos —-T— - 
A Ac 


. 27rX . 27rX^ 

• sin— r— sm —7—^ . 
A Ac 


The third term, being uneven in contributes nothing, 
integrals are included in the well-known formula 



“ cos (2rx) dx=^ ^ e 


The remaining 


Thus 



1 -I- cos 



(9) 


The intensity at the darkest part of the bands is found by making X an 
odd multiple of and the maximum brightness by making X a multiple 
of 


Thus 



I2 + li 


y. 


( 10 ) 


where V denotes the '' visibility ’’ according to Michelson’s definition. Equa¬ 
tion (10) is the result arrived at in my former paper, and y8 can be expressed 
in terms of either the mean velocity v, or preferably of the velocity of mean 
square 


The next question is what is the smallest value of V for which the bands 
are recognizable. Relying on photometric experience, I estimated that a rela¬ 
tive difference of 5 per cent, between /j and Jg would be about the limit in 
the case of high interference bands, and I took V = *025, Shortly afterwardsi* 
I made special experiments upon bands well under control, obtained by means 
of double refraction, and I found that in this very favourable case the bands 
were still just distinctly seen when the relative difference between Ji and I 2 
was reduced to 4 per cent. It would seem then that the estimate V = *025 
can hardly be improved upon. On this basis (10) gives in terms of v 


X 

A 


2c 

7j-3/2^ 


V(log,40) = -690|, 


( 11 ) 


as before. 


In terms of v' by (6) 


x_ ys.c 

A 7r^/2.v' 


V(loge 40) = *749 


c 

v' ‘ 


( 12 ) 


As an example of (12), let us apply it to hydrogen molecules at 0° C. 
Here v' = 1839 x 10^ cm./sec. and c == 3 x 10^®. Thus 

XjA = 1*222 X 10^.(13) 

* See also Froc. Boy. Soc. Vol. lxxvi A. p. 440 (1905); Scientific Papers, Vol. v. p. 261. 
t Phil. Mag. Vol. xxvii. p. 484 (1889); Scientific Papers, Vol. iii. p. 277. 
t It seems to be often forgotten that the first published calculation of molecular velocities was 
that of Joule (Manchester Memoirs, Oct. 1848, Phil. Mag. ser. 4, Vol. xiv. p. 211). 
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This is for the hydrogen molecule. For the hydrogen atom (13) naust be 
divided by a/ 2. Thus for absolute temperature T and for radiating centres 
whose mass is m times that of the hydrogen atom, we have 

In Buisson and Fabry's corresponding formula, which appears to be derived 
from Schonrock, 1*427 is replaced by the appreciably different number 1*22^. 

The above value of X is the retardation corresponding to the limit of visi¬ 
bility, taken to be represented by F= *025. In Schonrock's calculation the 
retardation Xi, corresponding to F=*5, is considered. In (12), V(log6 40) 
would then be replaced by V(loge 2), and instead of (14) we should have 

^^ = 6-186xl0»yg)..,...(15) 

But I do not understand how F= *5 could be recognized in practice with any 
precision. 

Although it is not needed in connexion with high interference, we can of 
course calculate the width of a spectrum line according to any conventional 
definition. Mathematically speaking, the width is infinite; but if we dis¬ 
regard the outer parts where the intensity is less than one-half the maximum' 
the limiting value of ^ by (3) is given by 

/3p = log,2, .(16) 


and the corresponding value of X by 


^ - A ^ fjloge 2) 
A c c f/3 


Thus, if 8X denote the half-width of the line according to the above definition, 


ax ^ V(*6931) 
A 


= 3*57 X 10- 



(18) 


T denoting absolute temperature and m the mass of the particles in terms of 
that of the hydrogen atom, in agreement with Schonrock. 


In the application to particular cases the question at once arises as to what 
we are to understand by T and m. In dealing with a flame it is natural to 
take the temperature of the flame as ordinarily understood, but when we pass 
to the rare vapour of a vacuum-tube electrically excited, the matter is not so 
simple. Michelson assumed from the beginning that the temperature with 
which we are concerned is that of the tube itself or not much higher. This 
view is amply confirmed by the beautiful experiments of Buisson and Fabryf, 

* [1916. I understand from M. Fabry that the difference between our numbers has its 
origin in a somewhat different estimate of the minimum value of F. The French authors admit 
an allowance for the more diiSficult conditions under which high interference is observed.] 
t Journ, de Physique, t. ii. p. 442 (1912). 
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who observed the limit of interference when tubes containing helium, neon, 
and krypton were cooled in liquid air. Under these conditions bands 
which had already disappeared at room temperature again became distinct, 
and the ratios of maximum retardations in the two cases (1*66, 1*60, 1*58) 
were not much less than the theoretical 1*73 calculated on the supposition that 
the temperature of the gas is that of the tube. The highest value of X/A, in 
their notation N, hitherto observed is 950,000, obtained from krypton in 
liquid air. With all three gases the agreement at room temperature between 
the observed and calculated values of A is extremely good, but as already 
remarked their theoretical numbers are a little lower than mine (14). We 
may say not only that the observed effects are accounted for almost completely 
by Doppler’s principle and the theory of gases, but that the temperature of 
the emitting gas is not much higher than that of the containing tube. 

As regards m, no question arises for the inert monatomic gases. In the 
case of hydrogen Buisson and Fabry follow Schonrock in taking the atom 
rather than the molecule as the moving source, so that m = 1; and further 
they find that this value suits not only the lines of the first spectrum of 
hydrogen but equally those of the second spectrum whose origin has some¬ 
times been attributed to impurities or aggregations. 

In the case of sodium, employed in a vacuum-tube, Schonrock found a fair 
agreement with the observations of Michelson, on the assumption that the 
atom is in question. It may be worth while to make an estimate for the D 
lines fi:om soda in a Bunsen flame. Here m = 23, and we may perhaps take 
T at 2500. These data give in (14) as the maximum number of bands 

X/A = 137,000. 

The number of bands actually seen is very dependent upon the amount of soda 
present. By reducing this Fizeau was able to count 50,000 bands, and it 
would seem that this number cannot be much increased^, so that observation 
falls very distinctly behind calculationf. With a large supply of soda the 
number of bands may drop to two or three thousand, or even further. 

The second of the possible causes of loss of homogeneity enumerated above, 
viz. rotation of the emitting centres, was briefly discussed many years ago in 
a letter to Michelsonj', where it appeared that according to the views then 

* “Interference Bands and their Applications,” Nature, Vol. xlviii. p. 212 (1893); Scientijic 
Papers, Vol. iv. p. 59. The parallel plate was a layer of water superposed upon mercury. An 
enhanced illumination may be obtained by substituting nitro-benzol for water, and the reflexions 
from the mercury and oil may be balanced by staining the latter with aniline blue. But a thin 
layer of nitro-benzol takes a surprisingly long time to become level. 

t Smithells {Phil. Mag. Vol. xxxvn. p. 245, 1894) argues with much force that the actually 
operative parts of the flame may be at a much higher temperature (if the word may be admitted) 
than is usually supposed, but it would need an almost impossible allowance to meet the dis¬ 
crepancy. The chemical questions involved are very obscure. The coloration with soda appears 
to require the presence of oxygen (Mitcherlich, Smithells). 

X PhiL Mag. VoL xxxiv. p. 407 (1892); Scientific Papers, Vol. iv. p. 15. 
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Widely held this cause should be more potent than (i). The transverse vibra¬ 
tions emitted from a luminous source cannot be uniform in all directions, and 
tbe effect perceived in a fixed direction from a rotating source cannot in 
general be simple harmonic. In illustration it may suffice to mention the 
^ase of a bell vibrating in four segments and rotating about the axis of 
Symmetry. The sound received by a stationary observer is intermittent and 
therefore not homogeneous. On the principle of equiparfcition of energy 
between translatory and rotatory motions, and from the circumstance that the 
dimensions of molecules are much less than optical wave-lengths, it followed 
that the loss of homogeneity from (ii) was much greater than from (i). I had 
view diatomic molecules—for at that time -mercury vapour was the only 
l^nown exception; and the specific heats at ordinary temperatures showed that 
two of the possible three rotations actually occurred in accordance with equi- 
Partition of energy. It is now abundantly clear that the widening of spectrum 
lines at present under consideration does not in fact occur; and the difficulty 
that might be felt is largely met when we accept Schonrock’s supposition that 
the radiating centres are in all cases monatomic. Still there are questions 
i'emaining behind. Do the .atoms rotate, and if not, why not ? I suppose that 
the quantum theory would help here, but it may be noticed that the question 
is not merely of acquiring rotation. A permanent rotation, not susceptible of 
alteration, should apparently make itself felt. These are problems relating 
to the constitution of the atom and the nature of radiation, which I do not 
venture further to touch upon. 

The third cause of widening is the disturbance of free vibration due to 
encounters wdth other bodies. That something of this kind is to be expected 
has long been recognized, and it would seem that the widening of the 1) lines 
when more than a very little soda is present in a Bunsen flame can hardly be 
accounted for otherwise. The simplest supposition open to us is that an 
entirely fresh start is made at each collision, so that we have to deal with a 
series of regular vibrations limited at both ends. The problem thus arising 
has been treated by Godfrey* and by Schonrock-f-. The Fourier analysis of 
the limited train of waves of length r gives for the intensity of various parts 
of the spectrum line 

k~^ sin^ {irrk\ .(19) 


where k is the reciprocal- of the wave-length, measured from the centre of the 
line. In the application to radiating vapours, integrations are required with 
respect to r. 

Calculations of this kind serve as illustrations; but it is not to be sup¬ 
posed that they can represent the facts at all completely. There must surely 


* Phil. Trans. A. Vol. cxcv. p. 346 (1899). See also Proc. Boy. Soc. Vol. lxxvi. A. p. 440 (1905); 
Scientific Papers, Vol. v. p. 257. 

t Ann. der Physih, Vol. xxii. p. 209 (1907). 
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be encounters of a milder kind where the free vibrations are influenced but 
yet not in such a degree that the vibrations after the encounter have no rela¬ 
tion to the previous ones. And in the case of flames there is another question 
to be faced; Is there no distinction in kind between encounters first of two 
sodium atoms and secondly of one sodium atom and an atom say of nitrogen ? 
The behaviour of soda flames shows that there is. Otherwise it seems im¬ 
possible to explain the great effect of relatively very small additions of soda 
in presence of large quantities of other gases. The phenomena suggest that 
the failure of the least coloured flames to give so high an interference as is 
calculated from Doppler s principle may be due to encounters with other gases, 
but that the rapid falling off- when the supply of soda is increased is due to 
something special. This might be of a quasi-chemical character, e.g. tem¬ 
porary associations of atoms; or again to vibrators in close proximity putting 
one another out of tune. In illustration of such effects a calculation has been 
given in the previous paper It is in accordance with this view that, as 
Gouy found, the emission of light tends to increase as the square root of the 
amount of soda present. 

We come now to cause (iv). Although it is certain that this cause must 
operate, we are not able at the present time to point to any experimental 
verification of its influence. As a theoretical illustration “ we may consider 
the analysis by Fourier’s theorem of a vibration in which the amplitude follows 
an exponential law, rising from zero to a maximum and afterwards falling 
again to zero. It is easily proved that 

_ -- — ; - f du cos UX W -f ^. .(20) 

2(X \/7r J 0 

in which the second member expresses an aggregate of trains of waves, each 
individual train being absolutely homogeneous. If a be small in comparison 
with r, as will happen when the amplitude on the left varies but slowly, 
g-(tt+r) 2 / 4^2 neglected, and ('“-»*)j^g sensible only when u is very 

nearly equal to 

An analogous problem, in which the vibration is represented by sin bt, 
has been treated by GarbassoJ. I presume that the form quoted relates to 
positive values of t and that for negative values of t it is to be replaced by 
zero. But I am not able to confirm Garbasso’s formula^. 

As regards the fifth cause of (additional) widening enumerated at the 
beginning of this paper, the case is somewhat similar to that of the fourth. 
It must certainly operate, and yet it does not appear to be important in prac¬ 
tice. In such rather rough observations as I have made, it seems to make no 

* Phil, Mag. supra, p. 209. [This volume, Art. 390.] 

t Phil. Mag, Vol. xxxiv. p. 407 (1892); Scientific Papers, Vol. iv. p. 16. 

X Ann. der Physik, Vol. xx. p. 848 (1906). 

§ Possibly the sign of a is supposed to change when t passes through zero. But even then 
what are perhaps misprints would need correction. 
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great difference whether two surfaces of a Bunsen soda flame (front and hack) 
are in action or only one. If the supply of soda to each be insufficient to 
cause dilatation, the multiplication of flames in line (3 or 4) has no important 
effect either upon the brightness or the width of the lines. Actual measures, 
in which no high accuracy is needed, would here be of service. 

The observations referred to led me many years ago to make a very rough 
comparison between the light actually obtained from a nearly undilated soda 
line and that of the corresponding part of the spectrum from a black body at 
the same temperature as the flame. I quote it here rather as a suggestion to 
be developed than as having much value in itself. Doubtless, better data are 
now available. 


How does the intrinsic brightness of a just undilated soda flame compare 
with the total brightness of a black body at the temperature of the flame ? 
As a source of light Violle's standard, viz. one sq. cm. of just melting platinum, 
is equal to about 20 candles. The candle presents about 2 sq. cm. of area, so 
that the radiating platinum is about 40 times as bright. Now platinum is 
not a black body and the Bunsen flame is a good deal hotter than the melting 
metal. I estimated (and perhaps under estimated) that a factor of 5 might 
therefore be introduced, making the black body at flame temperature 200 times 
as bright as the candle. 

To compare with a candle a soda flame of which the D-lines were just 
beginning to dilate, I reflected the former nearly perpendicularly from a single 
glass surface. The soda flame seemed about half as bright. At this rate the 


intrinsic brightness of the flame was x ^ 


2 25 50 


of that of the candle, and 


accordingly 


10,000 


of that of the black body. 


The black body gives a continuous spectrum. What would its brightness 
be Avhen cut down to the narrow regions occupied by the D-lines ? According 
to Abney's measures the brightness of that part of sunlight which lies between 


the D’s would be about of the whole. 


We may perhaps estimate the 


region actually covered by the soda lines as ^ of this. 


At this rate we 


should get 

1 1 __ 1 


as the fraction of the whole radiation of the black body which has the wave¬ 
lengths of the soda lines. The actual brightness of a soda flame is thus of 
the same order of magnitude as that calculated for a black body when its 
spectrum is cut down to that of the flame, and we may infer that the light of 
a powerful soda flame is due much more to the widening of the spectrum lines 
than to an increased brightness of their central parts. 
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THE PRINCIPLE OF SIMILITUDE. 

\_Nature, Vol. xcv. pp. 66—68, March, 1915.] 

I HAVE often been impressed by the scanty attention paid even by original 
workers in physics to the great principle of similitude. It happens not infre¬ 
quently that results in the form of “ laws ” are put forward as novelties on the 
basis of elaborate experiments, which might have been predicted a priori after 
a few minutes’ consideration. However useful verification may be, whether 
to solve doubts or to exercise students, this seems to be an inversion of the 
natural order. One reason for the neglect of the principle may be that, at 
any rate in its applications to particular cases, it does not much interest 
mathematicians. On the other hand, engineers, who might make much more 
use of it than they have done, employ a notation which tends to obscure it. 
I refer to the manner in which gravity is treated. When the question under 
consideration depends essentially upon gravity, the symbol of gravity {g) makes 
no appearance, but when gravity does not enter into the question at all, g 
obtrudes itself conspicuously. 

I have thought that a few examples, chosen almost at random from various 
fields, may help to direct the attention of workers and teachers to the great 
importance of the principle. The statement made is brief and in some cases 
inadequate, but may perhaps suffice for the purpose. Some foreign considera¬ 
tions of a more or less obvious character have been invoked in aid. In using 
the method practically, two cautions should be borne in mind. First, there 
is no prospect of determining a numerical coefficient from the principle of 
similarity alone ; it 'must be found, if at all, by further calculation, or experi¬ 
mentally. Secondly, it is necessary as a preliminary step to specify clearly 
all the quantities on which the desired result may reasonably he supposed to 
depend, after which it may be possible to drop one or more if further considera¬ 
tion shows that in the circumstances they cannot enter. The following, then, 
are some conclusions, which may be arrived at by this method: 

Geometrical similarity being presupposed here as always, how does the 
strength of a bridge depend upon the linear dimension and the force of gravity? 
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In order to entail the same strains, the force of gravity must be inversely 
as the linear dimension. Under a given gravity the larger structure is the 
weaker. 

The velocity of propagation of periodic waves on the surface of deep water 
is as the square root of the wave-length. 

The periodic time of liquid vibration under gravity in a deep cylindrical 
vessel of any sciction is as the stpiare root of the linear dimension. 

'^rhc‘ periodic time of a tuning-fork, or of a Helmholtz resonator, is directly 
as the liiUNU* dimension. 

*1110 intc^nsity of light scatterc'd in an otherwise uniform medium from a 
small partick^ of different refractive index is inversely as the fourth power of 
the wave-length. 

'‘Idle resolving power of an object-glass, measured by the reciprocal of the 
angle with which it can deal, is directly as the diameter and inversely as the 
wave-length of the light. 

^ The frequency of vibration of a globe of licpiid, vibrating in any of its 
modes under its own gravitation, is independent of the diameter and directly 
as thti s(|uare root of the density. 

''Fhc^ frequency of vibration of a drop of liquid, vibrating under capillary 
forces, is directly as the sqiiarci root of the capillary tension and inversely as the 
squarci root of the density and as the 1 ^ power of the diameter. 

The time-constant {Le, the time in which a current falls in the ratio e:l) 
of a linear conducting electric circuit is directly as the inductance and inversely 
as thci resistance, measured in electro-magnetic measure. 

The time-constant of circumferential electric currents in an infinite con¬ 
ducting cylinder is as the square of the diameter. 

In a gaseous medium, of which the particles repel one another with a force 
inversely as the r^^th power of the distance, the viscosity is as the {n -f 3)/(2n - 2) 
power of the absolute temperature. Thus, the viscosity is proportional 

to temperature. 

Eiffel found that the resistance to a sphere moving through air changes 
its character somewhat suddenly at a certain velocity. The consideration of 
viscosity shows that the critical velocity is inversely proportional to the 
diameter of the sphere. 

If viscosity may be neglected, the mass (M) of a drop of liquid, delivered 
slowly from a tube of diameter (a), depends further upon (T) the capillary 
tension, the density (cr), and the acceleration of gravity i<g). If these data 
suffice, it follows from similarity that 
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where F denotes an arbitrary function. Experiment shows that F varies but 
little and that within somewhat wide limits it may be taken to be 3*8. 
Within these limits Tate’s law that M varies as a holds good. 

In the iEolian harp, if we may put out of account the compressibility and 
the viscosity of the air, the pitch (n) is a function of the velocity of the wind 
(^j) and the diameter {d) of the wire. It then follows from similarity that the 
pitch is directly as v and inversely as cZ, as was found experimentally by 
Strouhal. If we include viscosity (z/), the form is 

n = vld.f(vlvd), 

where / is arbitrary. 


As a last example let us consider, somewhat in detail, Boussinesq’s problem 
of the steady passage of heat from a good conductor immersed in a stream of 
fluid moving (at a distance from the solid) with velocity v. The fluid is 
treated as incompressible and for the present as inviscid, while the solid has 
always the same shape and presentation to the stream. In these circum¬ 
stances the total heat (A) passing in unit time is a function of the linear 
dimension of the solid (a), the temperature-difference (0), the stream-velocity 
(v), the capacity for heat of the fluid per unit volume (c), and the conductivity 
(k). The density of the fluid clearly does not enter into the question. We 
have now to consider the dimensions ” of the various symbols. 


Those of a are (Length)h 

„ „ V „ (Length)^ (Time)-^ 

„ „ 6 „ (Temperature)h 

,, 0 „ (Heat)^ (Length)-^ (Temp.)-\ 

„ „ K „ (Heat)^ (Length)”^ (Temp,)“^ (Time)“\ 

„ „ h „ (Heat)^ (Time)~^ 


Hence if we assume 




we have 

by heat l^u^v, 

by temperature Q = y — u — v, 
by length 0 = a?-l-s^ — 3i^-v, 

by time — 1 = — ; 

so that 

Since 5 is undetermined, any number of terms of this form may be com¬ 
bined, and* all that we can conclude is that 


h = fca0 . F {avcjfc), 
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where F is an arbitrary function of the one variable avcjic. An important 
particular case arises when the solid takes the form of a cylindrical wire of 
any section, the length of which is perpendicular to the stream. In strictness 
similarity requires that the length I be proportional to the linear dimension 
of the section h ; but when I is relatively very great h must become proportional 
to I and a under the functional symbol may be replaced by b. Thus 

kW . F (bvcj k). 

We see that in all cases h is proportional to and that for a given fluid 
F is constant provided v be taken inversely as a or h. 

In an important class of cases Boussinesq has shown that it is possible to go 
further and actually to determine the form of F. When the layer of fluid which 
receives heat during its passage is very thin, the flow of heat is practically in 
one dimension and the circumstances are the same as when the plane boundary 
of a uniform conductor is suddenly raised in temperature and so maintained. 
From these considerations it follows that F varies as so that in the case of 
the wire 

h oc Id . *J{bvclic)y 

the remaining constant factor being dependent upon the shape and purely 
numerical. But this development scarcely belongs to my present subject. 

It will be remarked that since viscosity is neglected, the fluid is regarded 
as flowing past the surface of the solid with finite velocity, a serious departure 
from what happens in practice. If we include viscosity in our discussion, the 
question is of course complicated, but perhaps not so much as might be ex¬ 
pected. We have merely to include another factor, where v is the kine¬ 
matic viscosity of dimensions (Length)*'* (Time)“^ and we find by the same 
process as before 

Here z and w are both undetermined, and the conclusion is that 

7 /I 7-f ( ! 

h ~ KCbO . F ■! —, — K 

( /C K ] 

where F is an arbitrary function of the two variables ^vc/a: and cvIk. The 
latter of these, being the ratio of the two diifusivities (for momentum and for 
temperature), is of no dimensions; it appears to be constant for a given kind 
of gas, and to vary only moderately from one gas to another. If we may 
assume the accuracy and universality of this law, cvjic is a merely numerical 
constant, the same for all gases, and may be omitted, so that h reduces to the 
forms already given when viscosity is neglected altogether, F being again a 
function of a single variable, avciic or bvcfK. In any case F is constant for 
a given fluid, provided v be taken inversely as a or b. 
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[Nature, Vol. xov. p. 644, ,Aul(. I!M5. | 

The (iUt‘sti<)H niised by Dr Rialnnicliinsky {Nttfure, duly 2h. p. lOa)* 
belougs rather to th(^ logic than io tin* use of the principle ef similitude, with 
which I was mainly conctirruid. It Wiaild ha widl worthy of turthm* dismissitin. 
The conclusion that I gavt^ follows on the husis tht* usual Foiiritu* ei|uation 
for tlu‘ conduction of ht^at, in which heat and icunperature an* regarded an 
su:L(/enen\s\ It would indecsl Ih‘ a parndoK if further know!iMi| 4 e of tlie nature 
of heat, atlorde.d by molecular thtaay put us in a w<a*si‘ position than !>eft»re 
in d(‘aling witli a [)articular probhun. The sohitimi would seem to !«* that 
tlie Fourier lujuations tanbody sonuThing as to the nature of heat ami tmiipeiii- 
turt^ which is ignon‘d in the alte.rnative arguimmt of Dr Rinlamehinsky. 

[H)17. R(derencH‘ may l)e made alH<» to a letter sigiaal J. L. in tin* same 
numbt*r of iVoia/Y*, and to Nitture, April 2:2, HUr>. See furtlier liuektiiglmnn 
Nature, Vol X(JVL p. 3h(), Dec*. 1015. Mr Btmkingham had at an t*arlier <liite 
(Oct. 1914) givtm a valuahh* diHCUHsicai of tin* wla*le theory f/V///*v/cu/ lierieie, 
Vol IV. p. 345), and further ({UeHtiouH have lH*en raiseil in the saute Ib^view 
by Tolmun. 

Ah a variation of the hint example, we may consider tin* passagt* of heat 
b(‘twe<m two infinib^ pnralhd plane an rfaees mnintnim**! at fixed tenij^eratnren 
differing by 0, wlu*n the inttu'vening space is otampied l»y a Htrenin of inctme 
j)n‘HHibU* viscouH fluid {ej/, wab*r) of mean velocity c. In a uniform r**giine 
th(^ hi’at passing across is proportional the tina^ anti to t he ar«*a (considered ; 
but in many easels the nnifonnity is in4 idmolutt* and it is necessary t(» take* 
the meuin passagt^ ovtT citlnu* a larger (unmgh an^a or a long enough time. On 
this undtucstanding th(*re is a (hdinib* (piantity h\ n*pr(*H(*nfing the passagi* 
of heat ptT unit aix^a and {ler unit tiim‘. 

If then* ha no strtiam 0), or in any casi* if tin* kinematie visc’csity (e) 
is infinite, W(^ have 

A/ = K0l(t, 

a, Ixu’ng th(i distance* h(4»W(H‘n tlie surfac(»s, sinci* then the motion, if any, 
takes place in plane strata. Btit when the vehrity is high (Uiough, (»r fin* 
viscosity low emough, tlm motion lM‘co!ru*H turhuteui, and tin* Hmv of h(*at 
may be greatly augmenbnl. With th(» saim* reasoning and witli the saiiie 
notation as before we havt.^ 



* “In Nature of March IB. Titml Rayleigh aive« this forimila h - Kafh F it$re!KK c«inMi»li«ring 
heat, teinperatuie, lengtli, and time m four * indfa-Haidetifc ’ iiriil*. If we i»a|i|iiwi^ itjiit only ilirre 
of tliene quantitien an* really iridepeadent, we obtain a difi-ntril ruMjlt. For «‘Xiiin|>i«% if Ihc 
temperature is defined an the mean kiaetie energy of the inoleeiilt^M, the prisif*l|ilc of hiinilarlty 
allowe UR only to affirm that h:-:Tm0 . 
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or which comes to the same ' i 

av cv\ 

V ’ K ) ’ 

Fy Fj being arbitrary functions of two variables. And, as we have seen, 
F {0, cv/fc) = 1. 

For a given fluid cvjfc is constant and may be omitted. Dynamical 
similarity is attained when av is kept constant, so that a complete determi¬ 
nation of Fy experimentally or otherwise, does not require a variation of both 
a and v. There is advantage in retaining a constant; for if a varies, geo¬ 
metrical similarity demands that any roughnesses shall be in proportion. 

It should not be overlooked that in the above argument, c, k, v are treated 
as constants, whereas they would really vary with the temperature. The 
assumption is completely justified only when the temperature difference 6 
is very small. 

Another point calls for attention. The regime ultimately established may 
in some cases depend upon the initial condition. Reynolds’ observations 
suggest that with certain values of avjv the simple stratified motion once 
established may persist; but that the introduction of disturbances exceeding 
a certain amount may lead to an entirely different (turbulent) regime. Over 
part of the range F would have double values. 

It would be of interest to know what F becomes when av tends to infinity. 
It seems probable that F too becomes infinite, but perhaps very slowly.] 


a V 


R. VL 


20 
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DEEP WATER WAVES, PROGRESSIVE OR STATIONARY, 

TO THE THIRD ORDER OF APPROXIMATION. 

[Proceedings of the Royal Society, A, Vol. xci. pp. 345—353, 1915.] 

As is well known, the form of periodic waves progressing over deep water 
without change of type was determined by Stokes* to a high degree of approxi¬ 
mation. The wave-length (X) in the direction of x being 27r and the velocity 
of propagation unity, the form of the surface is given by 

y a cos (ir *— t) — J cos 2 (^ — t) + f cos 3 (x^t), .(1) 

i4nd the corresponding gravity necessary to maintain the motion by 

g = l-a\ ...( 2 ) 

The generalisation to other wave-lengths and velocities follows by dimen¬ 
sions.'' 

These and further results for progressive waves of permanent type are 
most easily arrived at by use of the stream-function on the supposition that 
the waves are reduced to rest by an opposite motion of the water as a whole, 
when the problem becomes one of steady motionf. My object at present is 
to extend the scope of the investigation by abandoning the initial restriction. 
to progressive waves of permanent type. The more general equations inay 
then be applied to progressive waves as a particular case, or to stationary 
waves in which the principal motion is proportional to a simple circular 
function of the time, and further to ascertain what occurs when the conditions 
necessary for the particular cases are not satisfied. Under these circumstances 
the use of the stream-function loses much of its advantage, and the method 
followed is akin to that originally adopted by Stokes. 

* Gamb. Phil. Trans. Vol. viii. p. 441 (1847); Math, and Phys. Papers, Vol. i. p. 197. 

t Phil. Mag. Vol. i. p. 257 (1876); Scientific Papers, Vol. i. p. 262. Also Phil. Mag. Vol. xxi. 
p^. 183 (1911); [This volume, p. 11]. 
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The velocity-potential being periodic in oc^ may be expressed by the series 

<^ — ae~y — ae~y + 

- cos 2co -1- fye~‘^y sin 8co — cos 3rr + ..., .. .(3) 

where a, a, etc., are functions of the time only, and y is measured down¬ 
wards from mean level. In accordance with (3) the component velocities are 
given by 

u = dcl>/dx e~y {ot cos ^ -h a' sin x) + 2e~“^y (/3 cos 2x + /S' sin 2x) + .., 

— ?; = dc^jdy — e^y {a sin x — a! cos x) + 2e~^y (/8 sin 2x — /3' cos 2x) 

The density being taken as unity, the pressure equation is 

p — — dcj^jdt F-^ gy + v^), .(4) 

in which is a function of the time. 


In applying ( 4 ) we will regard a, a, as small quantities of the first order, 
while / 3 , /S', 7 , y, are small quantities of the second order at most; and for 
the present we retain only quantities of the second order. /3,'etc., will then 
not appear in the expression for -P In fact 

'ur + = e'~-y (a^ + ct'% 

and 

doL . da" rf/S ^ . 

p — — Q-y X -jT e~'y cos X —^ e -y sm 2x+ ... 

^ dt dt dt 

9y ^ h + 1^- .. -(o) 

The surface conditions are (i) thatp be there zero, and (ii) that 


I)t dt dx dy 


0 . 


( 6 ) 


The first is already virtually expressed in (5). For the second 

' ,dd 


dp d‘‘a . d°^a' 


/doc ,da\ 


+ r, 


dp da 

L. = — Q y cos X — 
dx dt 


dt 


e^y sin X —.. 


^ ^ ^- 2 / sin iT — “ cos + ... + ^ + e {o? + a'% 

dy dt dt 

In forming equation ( 6 ) to the second order of small quantities we need to 
include only the principal term of u, but v must be taken correct to the 
second order. As the equation of the free surface we assume 

y — a cos x-\- a' siiix + h cos 2x 4 - sin 2^ 4- c cos 3 ^ 4 - c' sin 4 -.(7) 
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in which h, b', c, o', are small compared with a, a'. Thus ( 6 ) gives 

/I / • N / , d^a' \ „ 

(1 — a cos x — a sm ;») I — -j- sin x + cos x j — sm 2x 


d-^' - d^y . n , d^y „ da ,da.' , 

+ —oos2x-£^smSx+^^oosSx-a^^-a-^ + F 

— (a cos x + a' sin x) cos ^ ^ sin — {(1 - a cos x—a sin x) 

X (a sin x — ol cos x) 4- 2yS sin 2oc — 2/3' cos 2x + 87 sin ^x — 87 ^ cos 3^?:;} 
x| 5 r+_smaj-^cosa, =0.(8) 


This equation is to hold good to the second order for all values of x, and 
therefore for each Fourier component separately. The terms in sinia? and 
cos X give 

d^a . ^ dV . , ^ 


+ ^a= 0 , 


+ ga' = 0. 


The term in sin 2x gives 

, o„n _ < 


a fd^a 


a fd^od 




and, similarly, that in cos 2x gives 


^- + 2 ^/ 3"=0 .( 11 ) 


In like manner 


+ 8^7 = 0, 


+ 8 ^ 7 '= 0 ,. 


and so on. These are the results of the surface condition DplI)t = Q. From 
the other surface condition {p = 0 ) we find in the same way 


■ 4 ga' = 0 , 


+ ga = 0. 


dl3 , a da' a da dB , 

S'*"a(+2 . 

7 dB a' da a da' dB . , /o o\ 

= + .(15) 


dt 2 dt 2 dt 

-Jt^9c' = 0, 


+ go = 0. 


From equations (9) to (16) we see that a, a' satisfy the same equations (9) 
as do a, a!, and also that c, c' satisfy the same equations ( 12 ) as do y, y' ; hut 
that b, b' are not quite so simply related tq 0, 0. 
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Let us now suppose that the principal terms represent a progressive wave. 
In accordance with (9) we may take 

a = cos a' = A sin t\ .(17) 

where t — \lg Then if /3', 7 , 7 ', do not appear, c, are zero, and 
h = (sin^ f — cos^ > b' = —A^ cos t' sin t '; so that 

y = Aqos(x — t') — ^A^ cos 2 — 1'\ .(18) 

representing a permanent wave-form propagated with velocity \/g. So far 
as it goes, this agrees with ( 1 ). But now in addition to these terms we may 
have others, for which &, h' need only to satisfy 

( 6 , 60 = 0,.(19) 

and Gy g' need only to satisfy 

{d^ldt'^ + Z)(Gy c0 = 0.(20) 

The corresponding terms in y represent merely such waves, propagated in 
either direction, and of wave-lengths equal to an aliquot part of the principal 
wave-length, as might exist alone of infinitesimal height, when there is no 
primary wave at all. When these are included, the aggregate, even though 
it be all propagated in the same direction, loses its character of possessing 
a permanent wave-shape, and further it has no tendency to acquire such 


a character as time advances. 

If the principal wave is stationary we may take 

a = cos t'y a' = 0 ......( 21 ) 

If /3, /3\ 7 , jy vanish, 

b = —^a% b' = 0y c = 0 , c' = 0, 

and y — A cos x . cos t' — ^A^ cos 2x . cos^ t'. .( 22 ) 

According to ( 22 ) the surface comes to its zero position everywhere when 
cos t' = 0, and the displacement is a maximum when cos = ± 1 . Then 

y = ± A cos ^ — lA^cos 2x, .(23) 


so that at this moment the wave-form is the same as for the progressive 
wave (18). Since y is measured downwards, the maximum elevation above 
the mean level exceeds numerically the maximum depression below it. 

In the more general case (still with /3, etc., evanescent) we may write 
a = A cos t' + 5sin^', a'= A'cos 35'4-5'sin 
with V = — aa'y b = ^ (a'^ — a^), c' = 0 , c = 0 . 

When /3', 7 , 7 ', are finite, waves such as might exist alone, of lengths 
equal to aliquot parts of the principal wave-length and of corresponding 
frequencies, are superposed. In these waves the amplitude and phase are 
arbitrary. 
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When we retain the third order of small quantities, the equations naturally 
become more complicated. We now assume that in (3) /3, /3', are small 
quantities of the second order, and 7, 7', small quantities of the third order. 
For p,. as an extension of (5), we get 

. / da . da \ / d^ . , d^' ^ \ 

P " I “ V + -Jt ^ 

+ e~^ ^sin 3a! + ^ cos 3a:j + gy + F— (a^ + a'^) 

— {(ayS H- af^') cos os + (a^' — a'^) sin .■—(24) 

This is to be made to vanish at the surface. Also we find, on reduction, 

- ^ = (1 - 2/ + 1(5 + ^«) sin ^ - (5- + 

+ (1 - 2y) |(^ + 2g^'j sin 2a; - + 2gl3''^ cos 2a;| 

+ 2 (1 - 2y) (a g + a' -g) + 4 sin a. I («^' - 

4- 4 cos os ~ (a/3' + a'/3) 4- (a^ 4- a'^) (a sin x — a' cos x); .(25) 

and at the surface DpjDt = 0 for all values of x. In (25) y is of the form (7), 
where 5, h\ are of the second order, c, c\ of the third order. 

Considering the coefficients of sin a?, cos x, in (25) when reduced to Fourier s 
form, we see that d^ajdf + ga, d^a'jdfga\ are both of the third order of 
small quantities, so that in the first line the factor (1 — y 4- ^y^) may be re¬ 
placed by unity. Again, from the coefficients of sin 2x, cos 2x, we see that to 
the third order inclusive 

^+W-o, .( 26 ) 

and from the coefficients of sin 3x, cos 3a? that to the third order inclusive 

g + 3n=0, g' + 3j,'-0..^..,(2!) 

And now returning to the coefficients of sin a?, cos x, we get 
d ^a d d 

^ + 5!a - 2a' ^ + a'2) + 4 ^ (a/3' - a'^) + a (a» + a'O = 0, .. .(28) 

5 + 5'«' + 2a (a^ + a'^) -4>~ (a/3' + a'/3) + a' (aH a'O = 0. (29) 
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Passing next to the condition ^ = 0 , we see from (24), by considering the 
coefficients of sin x, cos x, that 

^ + go! H- terms of 3rd order = 0, 

^ + terms of 3rd order = 0. 

The coefficients of sin 2x, cos ^x, require, as in (14), (15), that 
IdjS , , 1 d/5' 

»—+ .w 

Again, the coefficients of sin ^x, cos 3a?, give 

0' - ^ 5 - } (a'6 +«4') +1«' (•'■ - 3«>) 

. 

.p’') 

When y, y, vanish, these results are much simplified. We have 
b' = — aa, h = \{a'^ — a^) .(33) 

c' = - c = -~ (3a'“ - a^).(34) 

O O' 

If the principal terms represent a purely progressive wave, we may take, 
as in (17), 

a = A cos nt, a' •= A sin nt, .(35) 

where n is for the moment undetermined. Accordingly 

b'=^A'^sin 2ntj b — — ^A'^cos 2nt, 

c'= Isin c = f A^cos3?z^5 

so that 

y = A cos(x—nt) — -^A^cos 2 {x — nt) -h |A®cos 3 (a? — nt),. .-(*^ 6 ) 

representing a progressive wave of permanent type, as found by Stokes. 

To determine n we utilize (28), (29), in the small terms of which we may 
take 

a — g ^adt — — cos nt, oc' = — g Jadt = — ^ sin nt, 

so that. a,^ + ‘(x’^ = g^A^ln^. 

and = g + g^A^/n^=^ g (1A^), .(37) 
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or, if we restore homogeneity by introduction of /r (= 27 r/A.), 

= gjk. (1 + ¥A‘^) .(38) 

Let us next suppose that the principal terms represent a stationary, 
instead of a progressive, wave and take 

a=^ A cos nt, a' = 0 .(39) 

Then by (33), (34), 

Z?' = 0, i ^ J.- cos^ nt, d =0, c = fcos-* nt ; 

and 

y — A cos nt cos x — ^A^cos^ nt cos '2x + ^A^ cos** 7it cos 3^^*. .. .(40) 
When cos oit = 0, 3 / = 0 throughout; when cos nt —I, 

y = A cos X — \A‘ cos 2x + §-4® cos 3x, 

so that at this moment of maximum displacement the form is the same as for 
the progressive wave (36). 

We have still to determine n so as to satisfy (28), (29), with evanescent 
/ 9 , /3'. The first is satisfied by a = 0 , since a' — 0 . The second becomes 

^+,a+4«. ^+«'-0. 

In the small terms we may take cl g Jadt = —sin nif, so that 

5 SIR o7it) = 0. 


To satisfy this we assume 

OL =• H sin nt+ K sin 3nt, 


Then 

from the first of which 






o 


gA^ 
4 ’ 


.(41) 


or, if we restore homogeneity by introduction of /r, 

n^=glk,(l ~ \k^A^) ...(42) 

With this value of n the stationary vibration 
y — A cos nt cos hx — ^kA^ cos^ nt cos 2kx + cos** 7it cos 3fa,.. .( 43 ) 
satisfies all the conditions. It may be remarked that according to (42) the 
frequency of vibration is diminished by increase of amplitude. 


The special cases above considered of purely progressive or purely stationary 
waves possess an exceptional simplicity. In general, with omission of/ 3 , /S', 
equations (28), (29), become 


d^a 


dt- 




2 dad { 0 ? + a!^) 
g dt dt 


+ a (a*^ + «'-) = 0, 


.(44) 
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and a like equation in which a and d are interchanged. In the terms of the 
third order, we take 

a = P cos + Q sin nt, ol = P' cos + Q' sin .(45) 

so that 

a 2 4- a'2 ^ ^ (P2 + Q2 ^ + Q'^) + ^ (P^ + P'^ _ _ Q'^) cos 2nt 

+ {PQ + P'Q) sin 

The third order terms in (44) are 
^ (P^ + + Or + Q'^) (P cos nt+ Q sin nt) 

+ 2 cos nt cos 2nt j^P (P^ 4- F^ — Qr — Q'^) — (PQ + -P'Qoj 

+ 2 sin nt sin 2nt (PQ + P'Q') (P^ 4* P'^ — ' 

+ 2 sin cos 2nt |:| Q (F 4- P'- — — Q'^) H —— (PQ + 

4- 2 cos nt sin 2ni j^P (PQ + P'Q') + (-f^ + P'^ — Q^ - Q ’ 

of which the part in sin nt has the coeflScient 

Q {i (P^ + P'O +1 (Q^ + Q'Ol (PQ + P'Q') 

+ n^l9 . [Q (P^ + - Q'^) - (PQ + P'Q')} 


or, since — g approximately, 

Q {f (P^ + P'O - i (Q^ + Q'")} - fP (PQ + P'Q') . C^^) 

In like manner the coefficient of cos nt is 

p a (Q^ + Q'O - i (P^ + P'")] ^Q (PQ + ^'Q')’ . 

differing merely by the interchange of P and Q. 


But when these values are employed in (44), it is not, in general, possible, 
with constant values of P, Q, F, Q', to annul the terms in sin nt, cos nt We 
obtain from the first, 

} (p. + F-) - i («■ + «'•)- H W + J'Q'). .(*8) 

and from the second 

»> - s + 5 («■ + «'•) - i (-P-+-P") - S w+'.(“> 

and these are inconsistent, unless 

(PP' + QQ’) (PQ' - P'Q) = 0.(50) 

The latter condition is unaltered by interchange of dashed and undashed 
letters, and thus it serves equally for the equation in a. 
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The two alternatives indicated in (50) correspond to the particular cases 
already considered. In the first (PP' + QQ' = 0 ) we have a purely progressive 
wave and in the second a purely stationary one. 

When the condition (50) does not hold good, it is impossible to satisfy our 
equations as before with constant values of n, P, Q, P\ Q ; and it is perhaps 
hardly worth while to pursue the more complicated questions which then 
arise. It may suffice to remark that an approximately stationary wave can 
never pass into an approximately progressive wave, nor vice versa. The 
progressive wave has momentum, while the stationary wave has none, and 
momentum is necessarily conserved. 

When 7 , 7 ', are not zero, additional terms enter. Equations (26), 

(30), show that the additions to 6 , h\ vary as the sine and cosine of 
and represent waves which might exist in the complete absence of the 
principal wave. 

The additions to c, c\ are more complicated. As regards the parts depend¬ 
ing in (31), (32), on djjdt, dyjdt, they are proportional to the sine and cosine 
of V (3^). t, and represent waves which might exist alone. But besides these 
there are other parts, analogous to the combination-tones of Acoustics, result¬ 
ing from the interaction of the /3-waves with the principal wave. These vary 
as the sine and cosine of ^/g. [^J2 + 1 } i^, thus possessing frequencies differing 
from the former frequencies. Similar terms will enter into the expression for 
as determined from (28), (29). 

In the paxticular case of /3, vanishing, even though 7 , 7 ' (assumed still 
to be of the third order) remain, we recover most of the former simplicity, 
the only difference being the occurrence in c, c\ of terms m.\J{^g).t, such as 
might exist alofie. 
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IPhilomtphiaU Mayadne, Vol. XXIX. pp. 4‘l3»--.444, H)5, 1!)I5.] 

Ix what. hfiH long boon known as tlu‘ /Kolian Harp, a Htn4»cho(l string, 
siioli ns n pianoforte wire or a violin Hiring, is eausod to vibrato in oni‘ of its 
posHililo iiiodtts by the impact of wind ; and it was usually suf>j)os(*d tliat tho 
atuion was annlogouH to that of a violin bow, so that thi‘ vibrations W(U'i‘ 
o,\ooutorl in tiio plain* containing tlu* direction of tho wind. A closer <‘xa,niina» 
tion nhowini, howt*vor, that this opinion was t‘rron(*ous and that in fa(‘t the 
vibralioiiH aro transvonso to the wind^. It is not (essential to tin* production 
<«f sound that tho string should taki^ part in the vibration, and the genmtd 
[ihtmoinonon, oxomplifuMl in the whistling of wind among treos, has }K*cm 
invoHtigatod hy Strouhalf undm* the nanu* of Iteibttngdone. 

In HtnududH (‘xpiirinients a vertical win* or rod attach(*d to a suitable 
frame was (^ansod to r<*voIvi* with uniform vtdocity about a parallel axis, ddn* 
pitch t»f the leolian tone generated by the ndat.ive motion of tln^ wire and of 
t lie iiir was found to be independent of the k‘ngth and of the ttmsion of the 
wire, Imt to vary with tho diameter (D) and with the speecl (F) of the motion. 
Within certain limits the relation between the fre(|uency of vibration (iV) jind 
tltf»so data was expressible by 

Af--185F/A ...(D: 

tlio et*ntim(!tre and the second being units. 

Wht‘n the speed is such that the joolian tone coincides with one of tin* 
pro}>i*r toni*B of the wire, supported so as to be capable of free independent 
viluntion, the sound is greatly reinforced, and with this advantage Strouhal 
found it possible* to extend the range of his observations. Under the more 
extreme conditions then pnicticable the observed pitch deviated considerably 

• Pkii, Mag, VoL vii. p. 149 (1879); Scientijic Papers, Vol. i. p. 413. 

f Wii£ Ann. Vol. v. p. 210 (1878). 

X In (1) V li the velocity of the wire relatively to the wallH of the laboratory. 
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from tho vahio given by (1). He further showed that with a givon diamottu* 
and a given speed a rise of temperature was att(‘udt‘d by a fall in piteh. 

If, as a})pears probable, the compressibility of the fluid may bi‘ left <>u! 
account, W(‘. may n^gard iV as a function of the relative* velocity ly IK nnd r 
the kinematic cot^flicient of viscosity. In this cast* N is mHH‘ssnri!y the 
form 

N^V/I),f{i>/VI)l .... 

when* /* n*prt*sents an arbitrary function; and th(‘n‘ is dynamical similarity, 
if V rx VI). In obstu’vations upon air at one tt‘mpt‘rat un* r is ctaistanl ; and 
if I) vary iiua^rstdyas V, NDjV should In* constant, a result fairly In !iarncai\ 
with tht^ obstu'vations of Strouhal. Again, if tin* t(‘mpi‘rat.un‘ rises, c incresises, 
and in ordt^r to accord with obscuwatioti, w(? must supposi^ that tin* function / 
diniinislu‘s with inen^asing argunumt. 

“An (‘xamination of tlu* actual valuers in Stroidial’s <*xperiments slaovs 
that v/VJ) was always small: and wi* an* thus h‘d to represent y by a few 
tmans of MacLaiirin’s s(‘ries. If we take 


we g(‘t 


f(.r) = a 4* 6./’ 'f 

JS a + h + c . 




“If the third term in (3) maybe negh‘ct(‘d, the ndaticai lH*twt»en A"" and V 
is linear. This law was formulated by Strouhal, and his diagrams slnnv that 
the coefficient 6 is negative, as is also nM|uircd to expn^sH the t>l)served idler! 
of a rise of temperature. Further, 


D 


(IN 

(iV 




Cl/- 


14) 


so that D'.ilNidV is very lUiarly constant, a r<‘sidt also givtm ly Strouhal i»n 
th(‘, basis of his measureim^nts. 


“On th(* whol(‘ it would app(*ar that tin* ph(‘nomena are Hatista«*torily 
n‘preserited by (2) or (3), but a dynamical theory has yi*t to be given. It 
would be of interest to extiuul the experiments to liijuiils*.” 

Bid'orc the above paragraphs wiini written I had commenced a sysieinalic 
(h‘duction of the form of/from StrouhaFs obsinwations by plotting A7> T 
against VI). Lately I have returned to tin* subji‘(‘t, and I fiiid that nenrlv 
all his results are fairly well represented by two ti^rms (jf (3). In 
nuiasure 



Although the agreement is fairly good, tln‘n* are sigtis that a (diange of 
wire introduces greater discrepancies than a change* in - a cinnanstance 


Theory of Sounds 2nd od. VoL lu § H72 
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which may possibly be attributed to alterations in the character of the 
surface. The simple form (2) assumes that the wires are smooth, or else 
that the I'oughnesses are in proportion to i), so as to secure geometrical 
similarity. 


The completion of (5) from the theoretical point of view requires the 
introduction of v. The temperature for the experiments in which v would 
enter rnosb was about 20° C., and for this temperature 



1806 X 10-' 
“ -00120 


= -1505 c.G.s. 


The generalized form of (5) is accordingly 


ND 


= •195 1- 


20-1 z;\ 

VB )’ 


( 6 ) 


aj)i)licable now to any fluid when the appropriate value of v is introduced. 
For water at 15° C., v ~ *0115, much less than for air. 

Stroiihal’s observations have recently been discussed by Kruger and 
La,uth*, who appear not to be acquainted with my theory. Although they 
do not introduce viscosity, they recognize that there is probably some cause 
for the obscu’ved deviations from the simplest formula (1), other than the ■ 
complication arising from the circulation of the air set in motion by the 
revolving parts of the apparatus. Undoubtedly this circulation marks a weak 
place in thc^ method, and it is one not easy to deal with. On this account the 
num(‘i*ical (juantities in (6) may probably require some correction in order to 
exprt‘HB the true formula when V denotes the velocity of the wire through 
othei’wise undisturbed fluid. 

We may find confirmation of the view that viscosity enters into the 
(|VU‘rttion, much as in (6), from some observations of Strouhal on the effect 
of tenipeniture. Changes in v will tell most when VD is small, and therefore 
I take Strouhars table XX., where jD = -0179 cm. In this there appears 

^, = ir, Fi = 385, iV',/F, = 6-70, 

K = 381, W,/F, = 6-48, z/,. 


Introducing these into (6), we get 


6-70 6-48 = 



2OT1/A 

v,d) 


•195 _20-1i/A 

D V V,B ) ’ 


or with sufficient approximation 


•52D^F 

■195x20-1 


= -016 C.G.S. 


“Theorie der Hiebtone,” .inn., d. Physik, Vol. xhv. p. 801 (1914). 
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We may now compare this with the known values of v for the temperatures 
in question. We have 

= 1853 X 10~^ psi == -001161, 

/xn = 1765 X 10-^ pn = -001243 ; 
so that V 2 ~ ‘1596, vi — *1420, 

and z/g — i/j = *018. 

The difference in the values of v at the two temperatures thus accounts in (6) 
for the change of frequency both in sign and in order of magnitude. 

As regards dynamical explanation it was evident all along that the origin 
of vibration was connected with the instability of the vortex sheets which 
tend to form on the two sides of the obstacle, and that, at any rate when a 
wire is maintained in transverse vibration, the phenomenon must be unsym- 
metrical. The alternate formation in water of detached vortices on the two 
sides is clearly described by H. Benard*. ‘‘Pour une vitesse suffisante, 
au-dessous de laquelle il n’y a pas de tourbilloDS (cette vitesse limite croit 
avec la viscosite et decroit quand Fepaisseur transversale des obstacles aug- 
mente), les toiirhillons produits p^.riodiqueme7it se detachent alternativement d 
droite et d gauche du remous d'arriere qui suit le solide; Us gagnent presque 
immediatement leur emplacement definitif, de sorte qu'd Varriere de Vobstacle 
se forme une double rangie alternde d'entonnoirs stationnaires, ceux de droite 
dextrogyres, ceux de gauche levogyres, separes par des intervalles igaux!' 

The symmetrical and unsymmetrical processions of vortices were also 
figured by Mallockf from direct observation. 

In a remarkable theoretical investigationJ K4rm4n has examined the 
question of the stability of such processions. The fluid is supposed to be 
incompressible, to be devoid of viscosity, and to move in two dimensions. 
The vortices are concentrated in points and are disposed at equal intervals (V) 
along two parallel lines distant A. Numerically the vortices are all equal, but 
those on different lines have opposite signs. 

Apart from stability, steady motion is possible in two arrangements (a) 
and (6), fig. 1, of which (a) is symmetrical. Kdrm^n shows that (a) is always 
unstable, whatever may be the ratio of hto and further that (6) is usually 
unstable also. The single exception occurs when cosh {Trhjl) = V2, or hjl = 0*283. 
With this ratio of h/l, (b) is stable for every kind of displacement except 
one, for which there is neutrality. The only procession which can possess a 
practical permanence is thus defined. 

* G. B. t. 147, p. 839 (1908). 

t Broc. Boy. Soc. Vol. lxxxiv. A, p. 490 (1910). 

J Gottingen Nachrichten, 1912, Heft 5, S. 547; Karman and Eubach, Bhysik. Zeitschrift, 
1912, p. 49. I have verified the more important results. 
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ihe corresponding motion, is expressed by the complex potential (6 
potential, yjr stream-function) 

i„„ sin(7r(^,- ^)/;[ 


<i> + = ~ log 


27r ° sin {tt (zq + z)/l ]' 


•(0 


_ 


- ^ 

a. _3 

•-$ 

Z'aj 
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> ^ 



-d 

L— i 

f — - - 

h ^ 

_ 

- e - 

L ^ 

, (b) 


f-z ^ 

> ^- (< 



Fig. 1. 


in which f dimotes the strength of a vortex, s=a; + iy, Zf, = ll + ih. The 
.'■-a.xi.s is ili'awn midway between the two lines of vortices and the y-axis 
halves tli(> distance between neighbouring vortices with opposite rotation. 
Karnian gives a drawing of the stream-lines thus defined. 


'l’lu‘ constant velocity of the processions is given by 


ti 


^ . . ttA 

-^tanh ^ 


I a/s 


( 8 ) 


This velocity is relative to the fluid at a distance. 

Th<‘ observers who have experimented upon water seem all to have used 
obsta.el(‘S not susceptible of vibration. For many years I have had it in my 
mind to r(,‘ptiat the amlian harp effect with water*, but only recently have 
brought tile matter to a test. The water was contained in a basin, about 
cm. in diameter, which stood upon a sort of turn-table. The upper part, 
how(‘ViU’, was not properly a table, but was formed of two horizontal beams 
crossing one another at right angles, so that the whole apparatus resembled 
ratlun* a tnm-stiley with four spokes. It had been intended to drive from a 
small watm‘-engine, but ultimately it was found that all that was needed 
could more conveniently be done by hand after a little practice. A metro¬ 
nome b(‘at appr(,)ximate half seconds, and the spokes (which projected beyond 
th(‘ ba.sin) were pushed gently by one or both hands until the rotation was 
uniform with passage of one or two spokes in correspondence with an assigned 
numlier of beats. It was necessary to allow several minutes in order to 


* From an old note-book. ^‘Bath, Jan. 1884. I find in the baths here that if the spread 
fingers be drawn pretty quickly through the water (palm foremost was best), they are thrown into 
tran.HvcrBO vibration and strike one another. This seems like aaolian string.... The blade of a 
fl(*Hh-brush about inch broad seemed to vibrate transversely in its own plane when moved 
tlirough water broadways forward. It is pretty certain that with proper apparatus these vibrations 
might be developed and observed.” 
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make sure that the water had attained its ultimate velocity. The axis of 
rotation was indicated by a pointer affixed to a small stand resting on the 
bottom of the basin and rising slightly above the level of the water. 

The pendulum (fig. 2), of which the lower part was immersed, was 
supported on two points (A, B) so that the possible vibrations were limited 
to one vertical plane. In the usual arrangement the vibrations of the rod 
would be radial, i.e. transverse to the motion of the water, but it was easy to 
turn the pendulum round when it was desired to test whether a circumferential 
vibration could be maintained. The rod G itself was of brass tube 8^ mm. 
in diameter, and to it was clamped a hollow cylinder of lead D. The time 



of complete vibration (r) was about half a second. When it was desired to 
change the diameter of the immersed part, the rod C was drawn up higher 
and prolonged below by an additional piece-—a change which did not much 
affect the period r. In all cases the length of the part immersed was 
about 6 cm. 

Preliminary observations showed that in no case were vibrations generated 
when the pendulum was so mounted that the motion of the rod would be 
circumferential, viz. in the direction of the stream, agreeably to what had 
been found for the seolian harp. In what follows the vibrations, if any, are 
radial, that is transverse to the stream. 

In conducting a set of observations it was found convenient to begin with 
the highest speed, passing after a sufficient time to the next lower, and so on. 
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With the minimum of intermission. I will take an example relating to the 
main rod, whose diameter (D) is mm., t = 60/106 sec., beats of metronome 
62 in 30 sec. I he speed is recorded by the number of beats corresponding 
to the passage of tivo spokes, and the vibration of the pendulum (after the 
lapse ot a sufficient time) is described as small, fair, good, and so on. Thus on 
Dec. 21, 1914 : 

2 spokes to 4 beats gave fair vibration, 


5 .good.•. 

6 .rather more . . . 

*7.good. 

8.fair. 


from which we may conclude that the maximum effect corresponds to 6 beats, 
or to a time {T) of revolution of the turn-table equal to 2 x 6 x 30/62 sec. 
The distance (v) of the rod from the axis of rotation was 116 mm., and the 
speed of the water, supposed to move with the basin, is 27 rr/r. The result 
of tlu‘ observations may intelligibly be expressed by the ratio of the distance 
tiuvelh'd by the water during one complete vibration of the pendulum to the 
diameter of the latter, viz. 

T . ^irrjT 27r x 116 x 62 ^ 

D~' ~ 8-5 X 6 X 106 " 

Conc<,)rdant numbers were obtained on other occasions. 

In the above calculation the speed of the water is taken as if it were 
rigidly connected with the basin, and must be an over estimate. When the 
pendulum is away, the water may be observed to move as a solid body after 
the rotation has been continued for two or three minutes. For this purpose 
the otherwise clean surface may be lightly dusted over with sulphur. But 
when the pendulum is immersed, the rotation is evidently hindered, and that 
not merely in the neighbourhood of the pendulum itself. The difficulty 
thence arising has already been referred to in connexion with Strouhals 
experiments and it cannot easily be met in its entirety. It may be mitigated 
by increasing r, or by diminishing D. The latter remedy is easily applied up 
to a certain point, and I have experimented with rods 5 mm. and 3-^ mm. in 
diameter. With a 2 mm. rod no vibration could be observed. The final 
results were thus tabulated : 

Diameter ... 8*5 mm. 5'0 mm. 3*5 mm. 

Ratio ... 8*35 7*5 7*8 

from which it would appear that the disturbance is not very serious. The 
difference between the ratios for the 5*0 mm. and 3 o mm. rods is hardly out¬ 
side the limits of error; and the prospect of reducing the ratio much below 7 
seemed remote. 

The instinct of an experimenter is to try to get rid of a disturbance, even 
though only partially; but it is often equally instructive to increase it. The 
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observations of Dec. 21 were made with this object in view; besides those 
already given they included others in which the disturbance due to the 
vibrating pendulum was augmented by the addition of a similar rod (8^ mm.) 
immersed to the same depth and situated symmetrically on the same diameter 
of the basin. The anomalous effect would thus be doubled. The record was 
as follows : 

2 spokes to 3 beats gave little or no vibration, 


4 .fair 

5 .large 

6 .less 

7 .little or no 


As the result of this and another day’s similar observations it was concluded 
that the 5 beats with additional obstruction corresponded with 6 beats with¬ 
out it. An approximate correction for the disturbance due to improper 
action of the pendulum may thus be arrived at by decreasing the calculated 
ratio in the proportion of 6 :5; thus 

1(8-35) = 70 

is the ratio to be expected in a uniform stream. 'It would seem that this 
cannot be far from the mark, as representing the travel at a distance from 
the pendulum in an otherwise uniform stream during the time of one com¬ 
plete vibration of the latter. Since the correction for the other diameters 
will be decidedly less, the above number may be considered to apply to all 
three diameters experimented on. 

In order to compare with results obtained from air, we must know the 
value of vjVD. For water at 15° 0. = ya = *0115 C.G.S.; and for the 8*5 mm. 

pendulum z//FD = *0011. Thus from (6) it appears that NDIV should have 
nearly the full value, say *190. The reciprocal of this, or 5*3, should agree 
with the ratio found above as 7*0; and the discrepancy is larger than it 
should be. 

An experiment to try whether a change of viscosity had appreciable 
influence may be briefly mentioned. Observations were made upon water 
heated to about 60° 0. and at 12° C. No difference of behaviour was detected. 
At 60° G, iji = *0049, and at 12° 0. - *0124 

. I have described the simple pendulum apparatus in some detail, as apart 
from any question of measurements it demonstrates easily the general prin¬ 
ciple that the vibrations are transverse to the stream, and when in good 
action it exhibits very well the double row of vortices as witnessed by dimples 
upon the surface of the water. 

The discrepancy found between the number from water (7*0) and that 
derived from Strouhal’s experiments on air (5*3) raises the question whether 
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the latter can be in error. So far as I know, Strouhal’s work has not been 
repeated ; but the error most to be feared, that arising from the circulation 
of the air, acts in the wrong direction. In the hope of further light I have 
remounted my apparatus of 1879. The draught is obtained from a chimney. 
A structure of wood and paper is fitted to the fire-place, which may prevent 
all access of air to the chimney except through an elongated horizontal 
aperture in the front (vertical) wall. The length of the aperture is 26 inches 
(66 cm.), and the width 4 inches (10'2 cm.); and along its middle a gut string 
is stretched over bridges. 

The draught is regulated mainly by the amount of fire. It is well to 
have a margin, as it is easy to shunt a part through an aperture at the top of 
the enclosure, which can be closed partially or almost wholly by a superposed 
caid. An adjustment can sometimes be got by opening a door or window. 
A piece of paper thrown on the fire increases the draught considerably for 
about half a minute. 

The string employed had a diameter of *95 mm., and it could readily be 
made to vibrate (in 3 segments) in unison with a fork of pitch 256. The 
octave, not difficult to mistake, was verified by a resonator brought up close 
to the string. That the vibration is transverse to the wind is confirmed by 
the behaviour of the resonator, which goes out of action when held symmetri¬ 
cally. The sound, as heard in the open without assistance, was usually feeble, 
but became loud when the ear was held close to the wooden frame. The 
difficulty of the experiment is to determine the velocity of the wind, where 
it acts upon the string. I have attempted to do this by a pendulum arrange¬ 
ment designed to determine the wind hy its action upon an elongated piece 
of mirror (10‘i cm. x 1*6 cm.) held perpendicularly and just in front of the 
string. The pendulum is supported on two points—in this respect like the 
one used for the water experiments; the mirror is above, and there is a 
counter-weight below. An arm projects horizontally forward on which a 
rider can be placed. In commencing observations the wind is cut off by a large 
card inserted across the aperture and just behind the string. The pendulum 
then assumes a sighted position, determined in the usual way by reflexion. 
When the wind operates the mirror is carried with it, but is brought back to 
the sighted position by use of a rider of mass equal to *485 gm. 

Observations have been taken on several occasions, but it will suffice to 
record one set whose result is about equal to the average. The (horizontal) 
distance of the rider from the axis of rotation was 62 mm., and the vertical 
distance of the centre line of the mirror from the same axis is 77 mm. The 
force of the wind upon the mirror was thus 62 x *485 ^77 gms. weight. 
The mean pressure P is 

62 X *485 X 981 dynes 

77 X 16*2 ” " * 


cm.'^ 
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The formula connecting the velocity of the wind V with the pressure P may 
be written 

F=:CpV% 

where p is the density; but there is some uncertainty as to the constancy 
of C. It appears that for large plates C = *62, but for a plate 2 inches square 
Stanton found 0 = *52. Taking the latter value* we have 

23-7 23-7 

•52p”*52 X -00123’ 

on introduction of the value of p appropriate to ’ the circumstances of the 
experiment. Accordingly 

192 cm./sec. 


The frequency of vibration (t“^) was nearly enough 256; so that 


Vt^ _ 192 

jD 256 X *095 


= 7*9. 


In comparing this with Strouhal, we must introduce the appropriate value 
of yP, that is 19, into (5). Thus 


_F 

ATP” P* 


= 6 * 1 . 


Whether judged from the experiments with water or from those just detailed 
upon air, this (Strouhal’s) number would seem to be too low ; but the uncer¬ 
tainty in the value of C above referred to precludes any very confident 
conclusion. It is highly desirable that Strouhal’s number should be further 
checked by some method justifying complete confidence. 


When a wire or string exposed to wind does not itself enter into vibration,, 
the sound produced is uncertain and diflficult to estimate. No doubt the wind 
is often different at different parts of the string, and even at the same part it 
may fluctuate rapidly. A remedy for the first named cause of unsteadiness es 
to listen through a tube, whose open end is brought pretty close to the 
obstacle. This method is specially advantageous if we take advantage of our 
knowledge respecting the mode of action, by using a tube drawn out to a 
narrow bore (say 1 or 2 mm.) and placed so as to face the processions of 
vortices behind the wire. In connexion with the fire-place arrangement the 
drawn out glass tube is conveniently bent round through 180° and continued 
to the ear by a rubber prolongation. In the wake of the obstacle the sound 
is well heard, even at some distance (50 mm.) behind; but little or nothing- 
reaches the ear when the aperture is in front or at the side, even though quite 
close up, unless the wire is itself vibrating. But the special arrangement for 

* But I confess that I feel doubts as to the diminution of C with the linear dimension. 
[1917. See next paper.] 
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a draught, where the observer is on the high pressure side, is not necessary ; 
in a few minutes any one may prepare a little apparatus competent to show 
the effect. Fig. 3 almost explains itself. A is the drawn out glass tube 



• Fig. 3. 

B the loop of iron or brass wire (say 1 mm. in diameter), attached to the tube 
with the aid of a cork 0. The rubber prolongation is not shown. Held in 
tjic crack of a slightly opened door or window, the arrangement yields a sound 
which is often pure and fairly steady. 
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ON THE RESISTANCE EXPERIENCED BY SMALL PLATES 
EXPOSED TO A STREAM OF FLUID. 

[^Philosophical Magazine, Vol. xxx. pp. 179—181, 1915.] 

In a recent paper on iEolian Tones* I had occasion to determine the 
velocity of wind from its action upon a narrow strip of mirror (101 cm. x l*6cm.), 
the incidence being normal. But there was some doubt as to the coefficient 
to be employed in deducing the velocity from the density of the air and the 
force per unit area. Observations both by Eiffel and by Stanton had indicated 
that the resultant pressure (force reckoned per unit area) is less on small plane 
areas than on larger ones; and although I used provisionally a diminished 
value of G in the equation P = in view of the narrowness of the strip, it 
was not without hesitationf. I had in fact already commenced experiments 
which appeared to show that no variation in C was to be detected. Subse¬ 
quently the matter was carried a little further; and' I think it worth while 
to describe briefly the method employed. In any case I could hardly hope to 
attain finality, which would almost certainly require the aid of a proper wind 
channel, but this is now of less consequence as I learn that the matter is 
engaging attention at the National Physical Laboratory. 

According to the principle of similitude a departure from the simple law 
would be most apparent when the kinematic viscosity is large and the stream 
velocity small. Thus, if the delicacy can be made adequate, the use of air 
resistance and such low speeds as can be reached by walking through a still 
atmosphere should be favourable. The principle of the method consists in 
balancing the two areas to be compared by mounting them upon a vertical axis, 
situated in their common plane, and capable of turning with the minimum 
of friction. If the areas are equal, their centres must be at the same distance 
(on opposite sides) from the axis. When the apparatus is carried forward 
through the air, equality of mean pressures is witnessed by the plane of the 
obstacles assuming a position of perpendicularity to the line of motion. If in 

* Phil. Mag. Vol. xxix. p. 442 (1915). [Art. 394.] 
t See footnote on p. [324]. 
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this position the mean pressure on one side is somewhat deficient, the plane 
on that side advances against the relative stream, until a stable balance is 
attained in an oblique position, in virtue of the displacement (forwards) of the 
centres of pressure from the centres of figure. 

The plates under test can be cut from thin card and of course must be 
accurately measured. In my experiments the axis of rotation was a sewing- 
needle held in a U-shaped strip of brass provided with conical indentations. 
The longitudinal pressure upon the needle, dependent upon the spring of the 
brass, should be no more than is necessary to obviate shift. The arms con¬ 
necting the plates with the needle are as slender as possible consistent with 
the necessary rigidity, not merely in order to save weight but to minimise 
their resistance. They may be made of wood, provided it be accurately shaped, 
or of wire, preferably of aluminium. Regard must be paid to the proper 
balancing of the resistances of these arms, and this may require otherwise 
superfluous additions. It would seem that a practical solution may be attained, 
though it must remain deficient in mathematical exactness. The junctions 
of the various pieces can be effected quite satisfactorily with sealing-wax used 
sparingly. The brass U itself is mounted at the end of a rod held horizontally 
in front of the observer and parallel to the direction of motion. I found it 
best to work indoors in a long room or gallery. 

Although in use the needle is approximately vertical, it is necessary to 
eliminate the possible effect of gravity more completely than can thus be 
attained. When the apparatus is otherwise complete, it is turned so as to 
make the needle horizontal, and small balance weights (finally of wax) adjusted 
behind the plates until equilibrium is neutral. In this process a good opinion 
can be formed respecting the freedom of movement. 

In an experiment, suggested by the case of the mirror above referred to, 
the comparison was between a rectangular plate 2 inches x inches and an 
elongated strip *51 inch broad, the length of the strip being parallel to the 
needle, i.e. vertical in use. At first this length was a little in excess, but was 
cut down until the resistance balance was attained. For this purpose it 
seemed that equal areas were required to an accuracy of about one per cent., 
nearly on the limit set by the delicacy of the apparatus. 

According to the principle of similitude the influence of linear scale (1) 
upon the mean pressure should enter only as a function of vjVl, where v is the 
kinematic viscosity of air and V the velocity of travel. In the present case 
i; = -1505, V (4 miles per hour) = 180, and I, identified with the width of the 
strip, = 1*27, all in c.G.S. measure. Thus 

x;/FZ = *00066. 

In view of the smallness of this quantity, it is not surprising that the influence 
of linear scale should fail to manifest itself. 
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In virtue of the more complete symmetry realizable when the plates to he 
compared are not merely equal in area but also similar in shape, this method 
would be specially advantageous for the investigation of the possible influence 
of thickness and of the smoothness of the surfaces. 

When the areas to be compared are unequal, so that their centres need to 
be at different distances from the axis, the resistance balance of the auxiliary 
parts demands special attention. I have experimented upon circular disks 
whose areas are as 2:1. When there was but one smaller disk (6 cm. in 
diameter) the arms of the lever had to be also as 2:1 (fig. 1). In another 



experiment two small disks (each 4 cm. in diameter) were balanced against a 
larger one of equal total area (fig. 2). Probably this arrangement is the 
better. In neither, case was any difference of mean pressures detected. 



In the figures A A represents the needle, B and C the large and small 
disks respectively, D the extra attachments needed for the resistance balance 
of the auxiliary parts. 
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HYDEODYNAMICAL PROBLEMS SUGGESTED BY 
PITOT’S TUBES. 

{Proceedings of the Royal Society, A, Yol. xci. pp. 603—511, 1915.] 

The general use of Pitot’s tubes for measuring the velocity of streams 
suggests hydrodynamical problems. It can hardly be said that these are of 
practical importance, since the action to be observed depends simply upon 
Bernoulli’s law. In the interior of a long tube of any section, closed at the 
* further end and facing the stream, the pressure must be that due to the velocity 
{v) of the stream, i.e, ^pv^, p being the density. At least, this must be the 
case if viscosity can be neglected. I am not aware that the influence of 
viscosity here has been' detected, and it does not seem likely that it can be 
sensible under ordinary conditions-. It would enter in the combination vjvl, 
where v is the kinematic viscosity and I represents the linear dimension of 
the tube. Experiments directed to show it would therefore be made with 
small tubes and low velocities. 

In practice a tube of circular section is employed. But, even when viscosity . 
is ignored, the problem of determining the motion in the neighbourhood of a 
circular tube is beyond our powers. In what follows, not only is the fluid 
supposed frictionless, but the circular tube is replaced by its two-dimensional 
analogue, i.e. the channel between parallel plane walls. Under this head two 
problems naturally present themselves. 

The first problem proposed for consideration may be defined to be the * 
flow of electricity in two dimensions, when the uniformity is disturbed by the 
presence of a channel whose infinitely thin non-conducting walls are parallel 
to’the flow. By themselves these walls, whether finite or infinite, wmuld 
cause no disturbance; but the channel, though open at the finite end, is sup¬ 
posed to be closed at an infinite distance away, so that, on the whole, there 
is no stream through it. If we suppose the flow to be of liquid instead of 
electricity, the arrangement may be regarded as an idealized Pitot’s tube. 
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although we know that, in consequence of the sharp edges, the electrical law 
would be widely departed from. In the recesses of the tube there is no 
motion, and the pressure developed is simply that due to the velocity of the 
stream. 

The problem itself may be treated as a modification of that of Helmholtz^, 
where flow is imagined to take place within the channel and to come to 
evanescence outside at a distance from the mouth. If in the usual notationf 
s = iy, and w = be the complex potential, the solution of Helm¬ 


holtz’s problem is expressed by 

.;.( 1 ) 

or OG = ^ cos'yjr, y— ylr + sin y}r .(2) 


The walls correspond to = ± tt, where y takes the same values, and they 
extend from ^ = —oo to x = — l. Also the stream-line 'v|r = 0 makes y = 0, 
which is a line of symmetry. In the recesses of the channel (f) is negative 
and large, and the motion becomes a uniform stream. 

To annul the internal stream we must superpose upon this motion, ex¬ 
pressed say by another of the form + where 

- <p 2 + i '^2 — —X — iy. 

In the resultant motion, 

<f> = (pi + = X, -t- '\/r2 = - y, 

SO that (f>i = (j) X, '\jri = -f- y, 

and we get 


0 = <^-h 6*^+^ cos (t/t -I- y), 0 ='\jr + sin ('\jr-h y), . (3) 

whence ^ ^ + log V(<^' + y = - ^ 4- tan"^ .(4) 

or, as it may also be written, 

z— — w + logw .(5) 


It is easy to verify that these expressions, no matter how arrived at, satisfy 
the necessary conditions. Since x is an even function of yjr, and y an odd 
function, the line y = 0 is an axis of symmetry. When i/r = 0, we see from 
(3) that sin y = 0, so that y = 0 or + tt, and that cos y and (f> have opposite 
signs. Thus when ^ is negative, y = 0; and when (f) is positive, y = + tt. 
Again, when ^ is negative, x ranges from H- oo to — oo; and when is 
positive X ranges from — oo to — I, the extreme value at the limit of the 
wall, as appears from the equation 

dx/d(j) = - 1 -h I/^ = 0, 

making (f>~ 1, x = — 1, The centol stream-line may thus be considered to 
pass along y = 0 from og = co to x = — co . At x = — oc it divides into two 

* Berlin Monatsher, 1868; Phil. Mag. Vol. xxxvi. p. 337 (1868). In this paper a new path 
was opened. 

t See Lamb’s Hydrodynamics, § 66. 
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branches along y~±7r. From = —oo toir = ~l. the flow is along the 
inner side of the walls, and from ir = --l to x = ^ oo back again along the 
outer side. At the turn the velocity is of course infinite. 

We see from (4) that when is given the difference in the final values of 
y, corresponding to infinite positive and negative values of (/>, amounts to tt, 
and that the smaller is the more rapid is the change in y. 

The corresponding values of x and y for various values of (p, and for the 
stream-lines = — 1 , —-I, — I-, are given in Table I, and the more important 
parts are exhibited in the accompanying plots (fig. 1 ). 

TABLE I. 


< t > 

’ A - 

-4 



i '=- 

-1 

X 

y 

X 

y 

X 

y 

-10 

12-303 

0-2750 

12-30 

0-550 

12-31 

1-100 

- 5 

6-610 

0-3000 

6-614 

0-600 

6-63 

1-198 

- 3 

4-102 

0-3333 

4-112 

0-665 

4-15 

1*322 

- 2 

2-701 

0-3745 

2-723 

0-745 

2-80 

1-464 

- 1 

1-030 

0-495 

1-111 

0-964 

. 1*35 

1-785 

- 0*50 

0-081 

0-714 

0-153 

1-285 

— 

— 

- 0*25 

- 0-790 

1*035 

— 

— 

— 

— 

0-00 

- 1-386 

1-821 

- 0-693 

2*071 

0-00 

2*571 

0-25 

- 1-290 

2-606 

— 

— 

— 

— 

0-50 

- 1-081 

2-928 

- 0-847 

2-881 

- 0*388 

3-035 

1-0 

- 0-970 

3-147 

- 0-888 

3-178 

- ‘ 0-653 

3-356 

2-0 

- 1-299 

3*267 

- 1-277 

3-397 

- 1 - 195 ‘ 

3-678 

3-0 

- 1-898 

3-308 

- 1-888 

3-477 

— 

— 

4-0 

— 

— 

— 

— 

- 2*584 

3*897 

5-0 

- 3-389 

3-342 

- 3-386 

3-542 

— 

— 

10*0 

- 7-697 

3-367 

— 

— 

- 7-692 

4-042 

20-0 

— 

1 

. — 

— 

- 17-00 

4-092 


In the second form of the problem we suppose, after Helmholtz and 
Kirchhoff, that the infinite velocity at the edge, encountered when the fluid 
adheres to the wall, is obviated by the formation of a surface of discontinuity 
where the condition to be satisfied is that of constant pressure and velocity. 
It is, in fact, a particular case of one treated many years ago by Prof Love, 
entitled '‘Liquid flowing against a disc with an elevated rim,” when the 
height of the rim is made infinite^. I am indebted to Prof Love for the 
form into which the solution then degrades. The origin 0' (fig. 2 ) of ^ + iy 
or - 2 ; is taken at one edge. The central stream-line ('kJt = 0) follows the line of 
symmetry AJB from*t/ = + oo to 3 / = —oo. At 3 / = —00 it divides, one half 
following the inner side of the wall CO' from y = — co to 3 / = 0 , then 
becomes a free surface O'D from 3 / = 0 to 3 / = — 00 . The connexion between 

* Camb. PML Proc. Vol. vii. p. 185 (1891). 
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z and '10 {= <p + iyfr) is expressed with the aid of an auxiliary variable 6. 

ri'n. _ 


Thus 

z = tan 6 — 6 — tan^ 6 — i log cos 6, ..(6) 

w = l seed'd .( 7 ) 

If we put tan = ^ + iri, we get 

«> ^ = HI + P - V% t = .(8) 

We find further (Love),. 

+ if) - J tan-1 -M— _ ^ tan-i 

+ |log[(l-^)i + a .(9) 

so that .* = f i tan-i +1 tan'i , .(10) 

:'/ = ■»? - i (?- i') + i log {(1 - iff + f}.(11) 


The stream-lines, corresponding to a constant -x/^, may be plotted from 
( 10 ), ( 11 ), if wo substitute for 97 and regard ^ as the variable parameter. 
Since by (8) 

</>=i (1 + r) - rie> dci>/dt 2t7r, 

there is no occasion to consider negative values of and (j> and f vary always 
in the same direction. 

As regards the fractions under the sign of tan"h we see that both vanish 
when ^ = 0, and also when ^= 00 . The former, viz., — 1\ 

at first + when -^ is very small, rises to oc when ^^ = -|{l ± V(1 
which happens when 'v/r < |, but not otherwise. In the latter case the fraction 
is always positive. When 'x/r < the fraction passes through qo, there 
changing sign. The numerically least negative value is reached when 
I {A/(l-f48^2) - 1}. The fraction then retraces its entire course, until 
it becomes zero again when ^ = 00 . On the other hand the second fraction, 
at first positive, rises to infinity in all cases when = I {V (1H- 16i/r^) — 1}, 
after which it becomes negative and decreases numerically to zero, no part of 
its course being retraced. As regajrds the ambiguities in the resulting angles, 
it will suffice to suppose both angles to start from zero with This choice 
amounts to taking the origin of x at 0, instead of Oi 

When 'x/r is very small the march of the functions is peculiar. The first 
fraction becomes infinite when p = 4^^^ that is when ^ is still small. The 
turn occurs when p = 12^^, and the corresponding least negative value is. 
also small. The first tan”^ thus passes from 0 to tt while ^ is still small 
The second fraction also becomes infinite when ^2=4'x/r-, there changing 
sign, and again approaches zero while f is of the same order of magnitude. 
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The second tan“^ thus passes from 0 to tt, thereby completing its course, 
while f is still small. 

When ^fr= 0 absolutely, either ^ or rj, or both, must vanish, but we must 
still have regard to the relative values of and Thus when ^ is small 
enough, x — 0, and this part of the stream-line coincides with the axis of 
symmetry. But while ^ is still small, x changes from 0 to tt, the new value 
representing the inner face of the wall. The transition occurs when f = 2^lr, 
7} = 1, making in ( 11 ) y — —co. The point O' at the edge of the wall 
{x — TT, y — 0) corresponds to f = 0 , 77 = 0 . 


For the free part of the stream-line we may put 77 = 0 , so that 

00 = ^ + ^ tan-^ |rii; ^ ? + T'". .(12) 

where tan“^ f is to be taken between 0 and ^tt. Also 

y=-ir+iiog(i+r). (13) 

When f is very great. 


= .^.(14) 

and the curve approximates to a parabola. 

When f is small, 

^•~7r = Jp, 2 / = ip, .(15) 

so that the ratio {x — ir)/y starts from zero, as was to be expected. 

The upward movement of y is of but short duration. It may be observed 
that, while dxjd^ is always positive, 

d^ 2(l + f)’. 

which is positive only so long as ^ < 1. And when ^ = 1, 

x — TT = 1 — ^TT ^ 0*2146, y = -i + log 2 = 0*097. 


Some values of x and y calculated from ( 12 ), (13) are given in Table II 
and the corresponding curve is shown in fig. 3. 


TABLE ll.—ylr = 0. 



X 

y 


X 

y 

0-0 

3*142 

0 

2*5 

4*451 

- 0-571 

0*5 

3*178 

-1-0 *050 

3*0 

4*892 ^ 

- 1*098 

1*0 

3*356 

H-0-097 

4*0 

5*816 

- 2*583 

1*5 

.3*659 

4-0*027 

5*0 

6*768 

- 4*62 

2-0 

4*034 

-0*195 

20*0 

21*621 

-97*00 
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It is easy to verify that the velocity is constant along the curve defined 
by (12), (13). We have 


and when '\jr = 0, 


d<f:) 1 + d(f) ’ 


dy ^ ^ 1 — d^ 
d4~'2 iTf ^ ’ 


io+a 

d4>ld^ = \^. 


A lY 

\ 

1 

1 

O' 

i M 

0 

V ! 



■' I 

oo=7r' ! 

1' 

oo 

oo 

■ H 

, i 

■ i 


B 

C :i 

Fig. 2. J 


Thus 


dx _ ‘if ^2/ _ I ~ 


,nd 


# 1 + f^’ d(P I'+f’ 

(dxjdcj^y + {dyld<py = 1..(17) 

The square root of the expression on the left of (17) represents the 
ciprocal of the resultant velocity. 


TABLE III.—./r=^V- 


1 

a: 

y 


X 

y 

0 

0 

00 

0*40 

2-9667 

+ 0*076 

0-05 

0-1667 

9*098 

0*50 

3*0467 

0*130 

0*10 

0-2995 

3*008 

0*60 

3*1089 

0-162 

0*13 

0*4668 

1-535 

0*80 

3*2239 

0*198 

0*15 

0*6725 

0*766 

1*00 

3*3454 

0*207 

0-17 

1*0368 j 

i +0*109 

1*50 

3*6947 

+0*125 

0*18 

1*2977 , 

; -0*143 

2-00 

4*0936 

-0*112 

0-19 

1*5907 

: -0*304 

2*50 

4*5234 

-0*501 

0-20 

1 ‘8708 * 

1 -0*370 

3*00 

4*9725 

-1*032 

0-22 

2*2828 

-0*331 

4-00 

5*9039 

-2*536 

0-25 

2*5954 

-0*195 

6*00 

7*8305 

-7*161 

0-30 

2*8036 

-0*047 
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Fig. 3. 

When 'yfr differs from zero, the calculations are naturally more complicated. 
The most interesting and instructive cases occur when ^|r is small. I have 
chosen i/r=l/10. The corresponding values of and y are given in 
Table III, calculated from equations (10), (11), and a plot is shown in fig. 3. 

As in the former problem, where the liquid is supposed to adhere to the 
walls notwithstanding the sharp edges, the pressure in the recesses of the 
tube is simply that due to the velocity at a distance. At other places 
the pressure can be deduced from the stream-function in the usual way. 















ON THK CHAHACTKH OK •rUH 


N " SO I ’ M ). 


I Vid \( v. 


NtMi: ttt.. yuiH ai4ii I .••■.k.'tl j;,|- i,, ilif ... an 

■iMill.'iai 1 iviiiaii.-.! ii,a| ii„. h.-M I ha.i l||,-n aid,- tu.i,, vva> In 

tlirnti^li n niidHT liih- nipi.-,! ai ai>..„t half an imd, fn.u. il... uj,. ,, 
. a.I ttiih a M-ivtt idaitij., luii llial- llirM.iiii.t ul.(aim'd was iM-rliajiN iiaav lika 
ai! / ilian an v. " | is ri-asi>n in iliiid% dial l.iir I'ar.at an\'rah- nt iddi'clv 
n|d. , lavs rajn.ilv i., a nmintaini-d hiss, jdt.di is ,d' ihn nnl<-r nf lo.ool) 

j.ri 'rin-last iviiiark was fmind.'il ujmn nxiMTiin.-nts aiivadv l.ii.-(i\ 

d' t'ldt* d * and''!' liii' in*ad " Ihti'h (d Silnlani.s.'* 


i '..id.ih ss dlls I,lay vary ..v.t a cniisid.Tald.' ranan. In n,s i-xii.-rinifnt.s 
if im dtnd Was dial nl iindns and Innjis (/'/n7. Mill/. \’id. \ n, |i. ! J!! I IS7!(); 
>. i.all/d- l-ii/iirs. \’nl. 1. |.. Km:i, rx...Mill'd wiili a s.'iisidv.- fianii' and sliding 
A hiss nAi-ti h\ Mr h.iini'k, w’hii'h in nn* s.*i‘ni.*d very liii^h and iini 
"'••I Midildi-, niar a Wav.' haiadi (A) t'i|ual In 2a iiuii., witii nn,»d ai(n'iMnnlil 
•<n irj,, iitmn, hiss w hinh I ,i'nv.' was ,i;ravi'r and lass d.dinid', cnrr.'sj.nii.iinj,' 
In A :i2 inin. 'rif rr.'ijn.'ni'y wniild Itc nf ih.- nnlnr nf lo.fHK) j«.r sn.'nntl' 
l|i4ii o nhnw i 


Anmiin ih,- ri'idins |iii!dicly nr jirivatnly ^dv.-n, wit.h which I wan tavnnrcd, 
was niin frnia Ihnt. K. H, 'riti-h.-ticr. nf ('nrn.dl Knivnrsity*, wh.. wmi.-; 

Lmd Hay|.■l•^dl'H snimd iimr.' like an /’ than an .v is due. ai-cnrdinij In 
K'dd. r s .d.s, i vaimns. in a .slij,didy inn high pilch. A (ialtnii wlnstl.', set fnr 

.1 H'l'tHi v,«!,. will ^ivi* a [Hirr .v.” 

li was pardy 111 I'nimexinii with diis that i remarked later^ that f dniiltt.-d 
wle di< r any piim inne giv.'s t he full impressinti nf an .v, having nfteii experi- 
lie ni. d Widi lard.calls nf ahniit the right pitch. In my piildislied jiapiTs i 


* \ ifijir^A Voi. I. ji. nlM, Uih’i. 

^ \4i|, %vi, i'.HiH ; .SViVwlf/iK /Vi|irris, Vol. v, |n ■IHO. 

I Vsiriiir, Vol. \4i, |4, 151, I’ll3, 
i Viil, %t i, p, I‘113, 
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ON THE CHAEACTEK OF THE "S" SOUND. 

[Nature, Vol. xcv. pp. 645, 646, 1915.] 

Some two years ago I asked for suggestions as to the formation of an 
artificial hiss, and I remarked that the best I had then been able to do was by 
blowing through a rubber tube nipped at about half an inch from the open 
end with a screw clamp, but that the sound so obtained was perhaps more like 
an/than an s. ‘'There is reason to think that the ear, at any rate of elderly 
people, tires rapidly to a maintained hiss. The pitch is of the order of 10,000 
per second The last remark was founded upon experiments already briefiy 
described-f* under the head " Pitch of Sibilants.” 

“ Doubtless this may vary over a considerable range. In my experiments 
the method was that of nodes and loops {Phil. Mag. Vol. vii. p. 149 (1879); 
Scientific Papers, Vol. i. p. 406), executed with a sensitive flame and sliding 
reflector. A hiss given by Mr Enock, which to me seemed very high and not 
over audible, gave a wave-length (X.) equal to 25 mm., with good agreement 
on repetition. A hiss which I gave was graver and less definite, corresponding 
to X = 32 mm. The frequency would be of the order of 10,000 per second, 
more than 5 octaves above middle C.” 

Among the replies, publicly or privately given, with which I was favoured, 
was one from Prof. E. B. Titchener, of Cornell Universitywho wrote : 

“ Lord Rayleigh’s sound more like an f than an s is due, according to 
Kohler’s observations, to a slightly too high pitch. A Galton whistle, set for 
a tone of 8400 v.d., will give a pure 5.” 

It was partly in connexion with this that I remarked later § that I doubted 
whether any pure tone gives the full impression of an s, having often experi¬ 
mented with bird-calls of about the right pitch. In my published papers I 

* Nature, Vol. xci. p. 319, 1913. 

t Phil. Mag. Vol. xvi. p. 235, 1908 ; Scientific Papers, Vol. v. p. 486. 

J Nature, Vol. xci. p. 451, 1913. 

§ Nature, Vol. xci. p. 558, 1913. 


R. VI. 


22 
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find references to wave-lengths 31‘2mm.,l‘304in. = 33*l mm., l*28in.=32*5mm.'^ 
It is true that these are of a pitch too high for Kohler's optimum, which at 
ordinary temperatures corresponds to a wave-length of 40’6 mm., or 1;60 inches; 
but they agree pretty well with the pitch found for actual hisses in my obser- ’ 
vations with Enoch. 

Prof. Titchener has lately returned to the subject. In a communication 
to the American Philosophical Societyf he writes: 

''It occurred to me that the question might be put to the test of experiment. 
The sound of a Galton s whistle set for 8400 v.d. might be imitated by the 
mouth, and a series of observations might be taken upon material composed 
partly of the natural (mouth) sounds and partly of the artificial (whistle) tones. 
If a listening observer were unable to distinguish between the two stimuli, 
and if the mouth sound were shown, phonetically, to be a true hiss, then it 
would be proved that the whistle also gives an and Lord Rayleigh would 
be answered. 

" The experiment was more troublesome than I had anticipated; but I may 
say at once that it has been carried out, and with affirmative result." 

A whistle of Edelmann's pattern (symmetrical, like a steam whistle) was 
used, actuated by a rubber bulb ; and it appears clear that a practised operator 
was able to imitate the whistle so successfully that the observer could not say 
with any certainty which was which. More doubt may be felt as to whether 
the sound was really a fully developed hiss. Reliance seems to have .been 
placed almost exclusively upon the position of the lips and tongue of the 
operator. I confess I should prefer the opinion of unsophisticated observers 
judging of the result simply by ear. The only evidence of this kind mentioned 
is in a footnote (p. 328): " Mr Stephens' use of the word ' hiss ’ was spontane¬ 
ous, not due to suggestion." I have noticed that sometimes a hiss passes 
momentarily into what may almost be described as a whistle, but I do not 
think this can be regarded as a normal s. 

Since reading Prof. Titchener's paper I have made further experiments 
with results that I propose to describe. The pitch of the sounds was deter¬ 
mined by the sensitive flame and sliding reflector method, which is abundantly 
sensitive for the purpose. The reflector is gradually drawn back from the 
burner, and the positions noted in which the flame is unaffected. This phase 
occurs when the burner occupies a node of the stationary waves. It is a place 
where there is no to and fro motion.. The places of recovery are thus at 
distances from the reflector which are (odd or even) multiples of the half 
wave-length. The reflector was usually.drawn back until there had been five 

* Scientific Papers, Vol. i. p. 407; Vol. ii. p. 100. . 

+ Proceedings, Vol. liii. August—rDecember, 1914, p. 323. 
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iinlifiitiiiL( ilia! fri»in th«‘ ImnMT was laiw a x |X.. and 

f!ii> tlinfaiifi* was tlirii iaraHiir«*d, 

riir lir*^! MhHi.rvu!lulls wi'O* ii|nai a whisti<* iiii KdflfiianuH patiiaii uf lay 
tavii rii«a |,iii, '['III- llaiar uimI rs'lli-atur i^avi* X ■"* 1*7 in., a!»aif a sanii-toia* 
thil oil Ktiiih-r’s .»|jiiiauiu. Ah r*'i(artls jla* fharaatur <.i|' itiu suiiiiih it .Haairiatl 
t«» iiii- aial uihf'rs to huar .s«aiia rosiauhlaiiri* lu an ,s*, !att. Hfill lu hr Iac‘kfri|4' in 
liitju .'SHiiitial 1 staaiht nay that si!u.a‘ lay «»wn hi‘ariitir fhr .v h is Uuw 
tils!iittily had. I !ia\r always rMnhnarci lav u|»iiiiun !»y that i»f' utlirr liHirnrix 
wliM^r is Thai llaa'r .slaadd hr .s«aiir rr.srjahlanrr It* an .s‘ at a 

fatrii uliii-li Is rrriainl}' I hr jirriluiainaiit jiilrli ut'an .v is nut. snr|riistiig ; and 
n Is thtlirilll t*i iloHrrihr r\j|t*||y in wlmt thr drlirirnry t'uIlHistrd. My’«*WM 

liiijirrsHiMii was that iht^ HMund wan Um nnirty n |Mir«' iunr, and that if it had 
iirtil I|liitr a j,»in‘r Inlir tlir ri*.Hrlijhlalirr !m an A* W«.ndd ha\r hrrn IrsH. Ill 
suhHri|i|riit iiliHrrvatiunH thr pifrh was raisrd throu^di A hh in., hni waliiMiii 
liirdityill'y: tllr |||,iM\r itlljirrSHiulIX 

Wihhiiig t«i Iry uthi*r Hi»nrr**H wlnnh I th*tnrht na>rr likrly to |4ivr jiiir** 

1 ftdl bark «ai hird ru!l.' 4 . \ nrw unr. with adjliHfalili" dtsfalirr hr! Wrrn 

thr jirrfurafrd ji!a! rs. *»n dilVrrriii ! rials X IH in., X I'dim In inillirr 
rii>r was tllr .sMiuid j*id’4i'd to hi* at all a pr«»p*’r llniUgh |»*‘rhaps Hiwnt* 
r*'"H«liililanr«' r»*iiiaifii*d. I'hr rth***! was simply tlint. *d a hij^h !ik«* tin* 

s*|ii»';ik of' .I hnd or inso«*f. Knrthi*!’ trials un an»»!.ln*r tlay gavr ruiittrmaliiry 
O'shIi s. 

Tfio iio\i ohs**rvaUoiis wt*rr matir with tin* higln^Ht pipr* friiin an ur^an. 
v,:r.idi|.d!\ I'aisril m pilidi In' rn!iini4 away a! tin* i>p«sn liaf Tlirn* was sumr 
d!ttii‘iii!y III ;:ri 11114 i|nif»’ liiM nM*ahnri*s wia'«* lakrn ^iviri); 

\ in., a l'!i in., and i'\rnlually' X. ■ 1 U in. In im nmr was ilirr<* laur** 

t'iiajl I ||r sti^lilrsl .HU^^rsflon u|’at! H 

•As I luis ,iiMi s.aUs|i,ri| tiiaf at lin* inghrst pili*h thr ifrgair-pi|.ir wax spraktiig 
j»ro|‘riiv. i Iliad*' aiiutlirr fruin h*at| fnbr, whirli i’oult! hr hl«nvii fruin an 
^itilitMf'iiiiit' Hinil 11*?/,/!**. ’rniird to givr X I't* in., it .s*»und«*d faint t.u iny rar. 
wifiti rofiVi'Vril nu f Htirr ohsrru-rs. wlm Iii*urd if wa*!h saiil it was nu a*. 

Ill all ihrsr' t'nporiilirni s th** Huintds wrrr I hr \ari<iiis iiistrin^ 

iii«iiis liriiio hluwii froni a l**a<fr*i l>Hg. c'hiu'grd hrt»»r»*hand with a tuut hhnvrr. 
In !lii.s is*ri ilirv ai'r ilut fu!!\' «**»niparaUlr with thusr <♦! Prof. lilrliriirr, 
w!i».»:hi’ wliisilr was arliiairii hy s*|iirr/ing a ruhbrr l>nlh. . 1 'brw-rvrr, I havr 
also frird a fiihr, id’d lit hmgn Hiippirl rd at ! hr mifldlr mid riibbrd with 

a iwiiird lisiflirr. 1liis slimild hr id' tllr right pitch, hut tlir M|iiriik lirard 
liiii iim! liii A, I H'light |.»rrliapH !*» add that tin* tJiilig did rio| wurk 

jiarliriihirly wadi. 

It ivil! hr Hrrii tli-iil liiv riiiirluHi»»ii.H difVrt a g«H*t| deal irnii thosr of Pn*!. 
Titr!irii*‘r. lint, sinrr tlirnr **HliiuHtrs drpi*nd lijiim imlividmil Jiidgiiif'iii. |M’rliiij>s 
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not uninfluenced by prepossessions, they are not fully satisfactory. Further 
independent aural observations are desirable. I fear a record, or ocular obser¬ 
vation, of vibrations at so high a pitch is hardly feasible. 

I may perhaps be asked if a characteristic s, having a dominant pitch, is 
not a pure tone, what is it ? I am disposed to think that the vibration 
is irregular. A fairly deflned pitch does not necessitate regular sequences of 
more than a few (say 3—10) vibrations. What is the state of affairs in an organ- 
pipe which does not speak well, or in a violin string badly bowed? An 
example more amenable to observation is afforded by the procession of drops 
into which a liquid jet breaks up. If the jet is w^ell protected from outside 
influences, the procession is irregular, and yet there is a dominant interval 
between consecutive drops, giving rise under suitable conditions to a sound 
having a dominant pitch. Vibrations of this sort deserve more attention than 
they have received. In the case of the s the pitch is so high that there would 
be opportunity for interruptions so frequent that they would not be separately 
audible, and yet not so many as to preclude a fairly defined dominant pitch. 
I have an impression, too, that the s includes subordinate components de¬ 
cidedly graver than the dominant pitch. 

Similar questions naturally arise over the character of the sh, /, and th 
sounds. 


<»N’ THK STAIIILITV flK THK SIMPLK SHICAHI.\'(J MOTION 
OF A Visrors l.VOOMl'HKSSIUIJ-: FLFII). 

\ I'hitmuphiml Mtii/tniiw. Vul. XXX. ]>j). UTH, j 


A (‘HKfl.sK I'un(inlnli..ii ..f ih,. [ir,,l,|,.ui f;.r liv.* ittliiuti-simiil aiHtuHmnr..s 
ttas I.y On-(I!H)7>», It is .sui,i„.s...| that ftl.h.* vnrth-ity) atal /Oth.- 

v*-li«'ity jnTj*i‘t»<iiciilur til till' Walls tali' jtrii|Mtrt iuiial |m c'"' wlti'ri' » p f h/. 

If T*"-’#* V X, IVr ha Vi* 


f/"w 
dt ' 


A- 




i p i* /*V%) s, 


A. 1 I 


i/''r dip ■ ■ Irv ■■ H ... ,12 ^ 

rim! r^ni^^dr dp -{) at tliir whIIh wlaav p in 
tii-rr a iH fill' kiiaaiiafir vi.^^ntsify, aial pi in )mip*»iiiuiial !*» lliu 
iiiifi.tl vtirlimfy. Urr easily that tin* prniMfinn takns 

tlio iMiln 


ainl 

wuii fin* 
vuinaaii!. 


\S,t^'^dij. ■ 0 , . 

ulai«* Aj, *S.^ ari’ any two ii}f|i‘{Hiitii*nf inolutinUH nf (l| aial thi* iiilui^ratinirN 
afo nVi'f tiln iltinrval l:N*iUi^rli thn walls. All I'ljuivalniji 1‘tjnaiinri 

^va.'<4 ^iviii a, liitln !ut.i*r 11HUKi iiuli'pi'iairiitiv hv Sniniiaainhi, 

Sfsiliiliiy tlial. fnr liu viiltin nf k shall any uf t.tn* iluirnniiii'd 

In I M l hi* fn his flistaisHiun Chr arrives af. tin* vnnrliisiun that this 

jnii is HaiiHlti'il. Anutlii'r of C h'r h rosnits nmy In* mriitioiiiTl Hn 
!liai ppkiip lirroHsanly ehang«*s sign in tho intm-val lint.wi'rn tin* 

walK*^. 

Iii ilir ji;iji«*r r<*fi*raiiri* was iiia<lo also t.o tin* work of v. .Misos mid 

llojit, iiiiii it, Wii« iliiit tlm |ii’nhlinii inighf< ho HinijjHfiocl if it mnld 

ill’ slinwii tliai p pk^ oiiiiiioi vfiiiiHli, If so, it will follow that p is alwatvs 


Vrm\ lri§h /IismI. Vo|. x.iiiVll, 

+ i*hiL VmI, |i. fiiHiiaMa 
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positive and indeed greater than inasmuch as this is certainly the case 
when yS = 0 The assumption that q = vk^, by which the real part of the { } 
in (1) disappears, is indeed a considerable simplification, but my hope that it 
would lead to an easy solution of the stability problem has been disappointed. 
Nevertheless, a certain amount of progress has been made which it may be 
desirable to record, especially as the preliminary results may have other 
applications. 


If we take a real tj such that 

p + k^y — — (9vk^/3^)^ rj, . (4) 

we obtain ^^= — 9i7)S. ..(5) 

dr)^ 

This is the equation discussed by Stokes in several papers f, if we take x in 
his equation (18) to be the pure imaginary irj. 

The boundary equation (3) retains the same form with, dr) for e^y dy, 
where . . 

\^ = 9pk^lj3 .. (6) 

In (5), (6) 7) and X are non-dimensional. 

Stokes exhibits the general solution of the equation 

..® 

in two forms. In ascending series which are always convergent, 

{ Q/y>3 Q2 /m 6 Q3>y»9 

5^ = ^ |l + 273+ 2.3.5.6 ■^2.3.5.6.879 

■ ■ ■ , n f , 9"*'“ ' ' ) /ox 

r ■^3.4'^3.4.6.7'^3.4.6.7.9.10'^ ■■ j. 

The alternative semi-convergent form, suitable for calculation when x is 
large, is 

^ 1.5 '1.5.7.11 1.5.7.11.13.17 

b ^ Lx e -^1-^ H -^—:- ^^—+... 

( 1.144^^ 1.2.144^^'* 1.2.3.144««^ 

,1.5.7.11 1.5.7.11.13.17 ] 

-hjDx n-h-^ +-4--+ ...(9 

I 1.144^"^ 1.2.144V 1.2.3.144V^ 1 

in which, however, the ’ constants G and D are liable to a discontinuity. 
When X is real—the case in which Stokes was mainly interested—or a pure 
imaginary, the calculations are of course simplified. 

Phil, Mag. Vol. xxxiv. p. 69 (1892); Scientific Papers, '^o\. ni. p. 583. 
t Especially Camb. Phil. Trans. Vol. x*. p. 106 (1867); Ooliected Papers, Vol. iv. p. 77. 
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MuTUiX OF A VlsroF-s I.XOOMliUvSSIBLK FLUID MU 


If wi' faki* Its ,S| and K. tin* 

»4 t^jii'fi arr r«'ailil\- ,s«*|«trn!i‘d. 


tWf> .serifs in (H), the real and iniu^iiiary parts 

Thus if 


W I' 


•^1 ■■ ■ ^1 4 ” i/|, X; - s.. -I ' it,, . 

liau* Nil uiiOMiiitiiNn i»|‘o; 

V, 1 .. , , !»*'/■■ 

z.n.;)A) 2..•{.:>, (I..s.i). 11 . 1-2 

/ ^ itv 

2.:{ 2.:{.r).(:..s.!) . 

!•'/* }N;‘“ 

:4.4'7.!). 10 . 


( 10 ) 

(ID 

( 12 ) 

(i:!> 


( 00/'“ 

44 - 4 .( i .7 ‘ . n . 4.(;.7 . 0 . 10 . 12 . i:r '. 

HI «hifli it will Im- .sih'ii tiint .v,, artt fvcn in ?/, whilt* t,. i.j iin- mid. 

Ill'll t) < 2. ilii'Hi' nwiiiiiii^; wrii-K an- Nuitalilf. Wlii'ii 7 / > 2. it is lifttiT 
!■< iisi> i1ji. ili'.si'ctKlidjtf sfi'ii's, hut (hr this ]»ur|»iisf it is iifccssarv ti> know t in* 
•■omi.'xion hi'twiTii the cnnsluiiiH . 1 , H and 0 ' I). For .r = ‘/,; t.iif.so an- 
«S|okl*M) 

a IT 1 Ft.af /O' +■/>«”»*’....(1.7) 


'i’hiiM for iho (irsi Ncrios (.1 1. /I () ii, (.S)/ 

lo).;/I 1 O.S20.") 1 (i. (O-s// k"''!; .(Hi) 

■utd tor ,s'.^ (,l -- 0, /t - 1 ) 

log/Ora l-4()I2;ill(i. - //V . .. (17) 

that if till' two fuiu-tioiis in (0) ho ruilod ii, ami X.j, 

.S’, * (' i;, + 1) i:.,. S, ( "V, + //V,^.(,H) 


i hoso villuoN may hi- t-onfirinod hy a I’oniparison of rosults oaioidatod 
till! tfoiii till' asoonding .sorios anil soi-ondly from the dosconding sorics whi-n 
1/ 2 . .Mnoli ot iho ijoi-osHurv aritliniotic has boon givi-n alroady hvStokos*. 

Thns tile itsreiidinK 

.^1 { 2 ) ^ 1 MMO 10 , /, ( 2 ) 11 *a 28 ;m ; 

^ ( 2 ) 2 - 25287 , t, ( 2 ) « - I VUilihk 

III eiilfiilftiiiig trein the damaaaiingKiTies the mere iinpertant jiiiri is 'Ei, Hiri<‘e 

fAtr ■■ 2 Sf.ifkes fiitdn 

2-1 ^ l 4 i)H 52 (D-f 4 :i‘HI 04 in, 

**f whirli ilif ioK. niirthduH in rhd 5 fHKhk ^nd the phase + ICtS'* 52 * 

\\ li«ai iiif* iiiiiliiplirr (* nr (V ig introiineed, tlien* will he an addiiitai of ± 8 Cf' 
1*1 lliig jiliiine. Tiiwarrlg tJu* value t»f I find 

-I 8 - 824 H 7 + Il-talOINIi; 

* l.m\ i’ll, A|i|>i»ii«iiX. tl waM lo tftk« ftclviatlRgi* of Ihiss thiil ihii ** wrh iiiirtMliicFfl iii fA}. 
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and towards that of <8, 

-2-24892-11-44496 i 

For the other part involving I) or D' we get in like manner 

--00523--00258 V 
and — -00345 — -00170 i. 


TABLE I 


7? 


h 

So 

h 

0-0 

+ 

1-0000 

- -0000 

+ -0000 

+ 

-0000 

0*1 


1-0000 

- -0015 

+ -0001 

+ 

•1000 

0-2 

+- 

1-0000 

- -0120 

+ -0012 

+ 

•2000 

0-3 

+ 

-9997 

- -0405 

+ -0061 

+ 

■3000 

0-4 

+ 

-9982 

- -0960 

+ -0192 

+ 

•3997 

0-5 


-9930 

- -1874 

+ -0469 

+ 

•4987 

0*6 

+ 

-9790 

- -3234 

+ *0971 

+ 

•5955 

0-7 

+ 

-9393 

- -5485 

+ -1969 

+ 

•6845 

0-8 


-8825 

— -7605 

+ -3055 

+ 

■7663 

0*9 

+ 

-7619 

- 1-0717 

+ -4865 

+ 

•8234 

1*0 

+ 

•554 

- 1-444 

+ *734 

+ 

•■•840 

1-1 

+ 

-215 

- 2-007 

+ 1-057 

+ 

•790 

1*2 

— 

•310 

- 2-304 

+ 1-456 

+ 

•634 

1-3 

- 

1-083 

- 2-707 

+ 1-923 

+ 

•320 

1*4 

_ 

2-173 

- 2-979 

+ 2-424 

— 

•221 

1-5 

— 

3-635 

- 2-972 

+ 2-893 


1-067 

1-6 

— 

5-493 

- 2-466 

+ 3*212 

— 

2-303 

1-7 

— 

7-694 

- 1-161 

+ 3-191 


3-998 

1-8 


10-057 

+ 1-325 

+ 2-550 

— 

6-173 

1*9 


12-177 

+ 5-441 

+ -899 


8-745 

2-0 


13-330 

+ 11-628 

- 2-252 

— 

11-447 

2-1 

— 

12-34 

+ 20-19 

- 7-46 

— 

13-70 

2*2 

— 

7-49 

+ 31-01 

-15-24 

— 

14*50 

2'3 

+ 

3-54 

+43-20 

-25-84 


12*22 

2-4 

+ 23-55 

+ 54*54 

-38-90 

_ 

4--53 

2-5 

+ 55-20 

+ 60-44 

-52-70 

+ 11-59 


It appears that with the values of C, D, C, D' defined by (16), (17) the 
calculations from the ascending and descending series lead to the same results 
when 77 = 2. What is more, and it is for this reason principally that I have 
detailed the numbers, the second part involving 22 loses its importance when 
77 exceeds 2 . Beyond this point the numbers given in the table are calculated 
from 2i only. Thus (77 > 2) 

Si + = Dt? ■ ^ s'-'^ e “ * ~ 


X 1- 


1.5 


1.5.7.11 


^2 + ^*4 = — - O '// ‘ 

xll- 

i 


1.144(7:77)^ 1.2.1442(777)^ 

■ i g - i (V2.77® + tt/S + 7r/6) 


1.5 


1.5.7.11 


1.144 ({ 77 )^ 1.2 .1442 (777)2 


(19) 


(20) 











